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Preface 
 

 

 

The Physarum polycephalum slime mould is a large single cell capable for distributed 

sensing, concurrent information processing, parallel computation, and decentralized actuation. 

The ease of culturing and experimenting with Physarum polycephalum makes this slime 

mould an ideal substrate for real-world implementations of unconventional sensing and com-

puting devices. The project Physarum Chip: Growing Computers from Slime Mould (its lead-

er is prof. Andrew Adamatzky, the research is supported by the Seventh Framework Pro-

gramme FP7-ICT-2011-8) focused on theoretical and experimental laboratory studies on sens-

ing and computing properties of slime mould, and development of mathematical and logical 

theories of Physarum behaviour. The project resulted in the design and prototyping of                      

a Physarum Chip. 

This book contains some selected works prepared by us within the Physarum Chip                

project. 

We would like to express our warm gratitude to all our collaborators in the Physarum 

Chip project, but, first of all, to Andrew Adamatzky, Ludmila Akimova and Jeff Dale Jones 

with whom the collaboration was really significant for us. This book includes some papers 

written jointly with them. 

 

Andrew Schumann,  

Krzysztof Pancerz 

 

 



 

Introduction 
 

 

 

Physarum polycephalum belongs to the species of order Physarales, subclass Myxo-

gastromycetidae, class Myxomycetes, division Myxostelida. Plasmodium is a ‘vegetative’ 

phase of P. polycephalum, it is a single cell with a myriad of diploid nuclei. It behaves and 

moves as a giant amoeba. Typically, the plasmodium forms a network of protoplasmic tubes 

connecting the masses of protoplasm at the food sources which has been shown to be efficient 

in terms of network length and resilience. 

A Physarum Chip is a biological sensing and computing device implemented in vege-

tative stage of acellular slime mould Physarum polycephalum. The Physarum Chip is pro-

grammed by spatio-temporal configurations of repelling and attracting gradients. There are 

several classes of Physarum Chips: morphological processors, sensing devices, frequency-

based, bio-molecular and microfluidic logical circuits, and electronic devices. 

In the project, we have proposed several logical methods for designing the Physarum 

Chip: 

 

p-Adic valued gates 

 

The slime mould is considered a natural fuzzy processor with fuzzy values on the set 

of p-adic integers. The point is that in any experiment with the slime mould we deal with at-

tractants which can be placed differently to obtain different topologies and to induce different 

transitions of the slime mould. If the set A of attractants, involved into the experiment, has the 

cardinality number p – 1, then any subset of A can be regarded as a condition for the experi-

ment such as “Attractants occupied by the plasmodium”. These conditions change during the 

time, t = 0, 1, 2, …,  and for the infinite time, we obtain p-adic integers as values of fuzzy 

(probability) measures defined on conditions (properties) of the experiment. This space is                 

a semantics for p-adic valued fuzzy syllogistic we constructed for describing the propagation 

of the slime mould. Also, we propose an implementation of finite part of p-adic arithmetic by 

means of p-adic valued logic gates on the slime mould. So, each experiment with Physarum 

may be understood as a p-adic valued fuzzy controller on Physarum with calculations over              

p-adic integers. 

 

Syllogistic systems  

 

To make computations on the plasmodium tree more expressive we propose a syllo-

gistic system of propagation. This system can logically simulate a massive-parallel behaviour 

in the propagation of any swarm. In particular, this system simulates the behaviour of collec-

tives of Trematode larvae (miracidia and cercariae). Also, this syllogistic system of propaga-

tion can be used as basic logical theory for quantum logic (without logical atoms). In this the-

ory we can build non-well-founded trees for which there cannot be logical atoms. This theory 

is much more expressive than standard spatial algorithms in simulating the plasmodium mo-



 

tions. We define some unconventional algorithms on non-well-founded trees to make calcula-

tions on plasmodia more effective. These algorithms are implemented on plasmodia by means 

of reversible logic gates. 

 

Kolmogorov-Uspensky machine  

 

By implementing the double-slit experiment in Physarum, we showed that conven-

tional approaches to computation such as Kolmogorov-Uspensky machines can be imple-

mented only in a form of approximation, because we cannot extract individual actions from 

the slime mould's behaviour. Therefore we constructed the syllogistic that models Physarum 

simultaneous propagations in all directions (i.e. it is massive-parallel), the cellular-automatic 

game theory that describes reflexive and context-based games, where players are presented by 

different localization of plasmodia, the unconventional logic combining different games into 

one complex game by their different logical superpositions. 

 

Syllogistic interpretation of storage modification machine  

 

We constructed syllogistic versions of storage modification machine in Physarum. We 

implemented two syllogistics in the biological behaviour of Physarum: the Aristotelian syllo-

gistic and a non-Aristotelian syllogistic. While Aristotelian syllogistic may describe concrete 

directions of Physarum spatial expansions, non-Aristotelian syllogistic may describe 

Physarum simultaneous propagations in all directions. 

 

Non-well-founded calculi  

 

We constructed an unconventional logic, which deals with non-well-founded data, 

namely with infinite streams and wave sets (sets of mutually defined infinite streams). Within 

this logic we can logically combine cellular automata, where Boolean functions are regarded 

as local transition rules which can change at in time. This symbolic logic can simulate reflex-

ive games of different levels and can simulate the Physarum propagations with much localiza-

tion of plasmodia. 

 

Computing with storage modification machines  

 

We eliminated notions of apriority (axioms, theorems) in symbolic logic to show how 

we can build up formal theories using only notions of aposteriority. The new kind of logic is 

said to be anti-Platonic. It satisfies basic presuppositions of unconventional computing. Due 

to the double-slit experiment with Physarum, we know that we cannot obtain a partition of 

subsets of Physarum actions, therefore we appeal to the new probability theory, where there 

cannot be a partition in an algebra of subsets, too. This theory has probability measures de-

fined on infinite streams or p-adic numbers. 

 

 

 



 

Petri-nets based graphical language  

 

We constructed an abstract graphical language in the form of Petri nets to describe 

Physarum. Such a tool for modelling behaviour of Physarum has several advantages. Petri 

nets are a graphical tool with well-defined elements which can be easily implemented in                   

a new object-oriented programming language defined by us. Petri nets are also a powerful tool 

for modelling concurrent systems. Moreover, Petri nets with inhibitor arcs can be used to 

model semantics of other types of computations, for example, pi-calculus or process algebra. 

 

Process algebra  

 

To formalize Physarum computing we appeal first to some timed and probabilistic ex-

tensions of standard process algebra to implement timed and rough set models of behaviour of 

Physarum machines in our new object-oriented programming language. In this language we 

define Bayesian networks on rough sets. Computations on the basis of rough set models ena-

ble us to take into consideration some ambiguities in Physarum motions. We propose to use 

rough set models created over transition systems. Second, we define an extension of process 

algebra, where simple actions of labelled transition systems cannot be atomic; consequently, 

their compositions cannot be inductive. Their informal meaning is that in one simple action 

we can suppose the maximum of its modifications. Such actions are called hybrid. Then we 

propose two formal theories on hybrid actions (the hybrid actions are defined there as non-

well-founded terms and non-well-founded formulas): group theory and Boolean algebra. 

 

Theories on hybrid actions  

 

The group theory proposed by us can be used as the new design method to construct 

reversible logic gates on plasmodia. In this way, we should appeal to the so-called non-linear 

permutation groups. These groups contain non-well-founded objects such as infinite streams 

and their families. The theory of non-linear permutation groups proposed by us can be used 

for designing reversible logic gates on any behavioural systems. The simple versions of these 

gates are represented by logic circuits constructed on the basis of the performative syllogistic.                     

It seems to be natural for behavioural systems and these circuits have very high accuracy in 

implementing. Our general motivation in designing logic circuits in behavioural systems 

without repellents is as follows: in this way, we can present behavioural systems as a calcula-

tion process more naturally; we can design devices, where there are much more outputs than 

inputs for performing massive-parallel computations in the bio-inspired way; we can obtain 

unconventional (co)algorithms by programming behavioural systems. Computations on pro-

toplasmic tree are understood as a kind of extension of concurrent processes defined in con-

current games. This extension is called context-based processes and they are defined in the 

theory of context-based games proposed by us. 

 

 

 



 

We have designed a programming language for the storage modification machines on 

plasmodia: 

 

Physarum programming language  

 

We obtained a basis of new object-oriented programming language for Physarum 

computing. Within this language we can check possibilities of practical implementations of 

storage modification machines on plasmodia and their applications to behavioural science 

such as behavioural economics and game theory. The proposed language can be used for de-

veloping programs for Physarum by the spatial configuration of stationary nodes. Geometrical 

distribution of stimuli can be identified with a low-level programming language for Physarum 

machines. Our programming language uses the prototype-based approach called also the 

class-less or instance-based approach. There are inbuilt sets of prototypes corresponding to 

both the high-level models used for describing behaviour of Physarum (e.g., ladder diagrams, 

transition systems, Petri nets) and the low-level model (distribution of stimuli). According to 

the prototype-based approach, objects representing individuals can be created without refer-

ence to class-defining via the “new” keyword using defined constructors. Methods are used to 

manipulate features of the objects and create relationships between objects. The objects can 

be manipulated at runtime. 

 

Symbolic transformations  

 

We examined the potential to transform symbolic representations of logic circuits to 

the spatial computing domain. By utilising transformations between ladder diagrams and Petri 

nets we were able to automatically generate spatial representations of a de-multiplexer circuit 

which was successfully implemented and assessed on a model of Physarum. 

 

Decision making 

 

We analysed biological mechanisms for Physarum decision making and selected the 

mechanisms (e.g. chemo-attraction, self-avoidance, competition between different species of 

moulds) as basis for design of novel computing devices using Physarum. 

 

Strategies  

 

Within the unconventional logic, we introduced the notion of payoff cellular automata 

instead of payoff matrices. By using these automata we can formalize context-based reflexive 

games for k players on different finite or infinite levels of reflexion. We defined games as 

interactions among rational players, where decisions impact the payoffs of others, but players 

are limited by contexts that permanently change. A game is described by (i) its players who 

are presented in appropriate transition rules of cellular automata; (ii) players’ possible strate-

gies which are supposed known before the game and a combination of all possible payoffs 

from each strategy outcome gives the resulting payoffs which are collected as a set of states of 

cellular automata; (iii) a neighbourhood of cellular automata that makes some strategies ac-



 

tual and others non-actual (i.e. accepts the most important strategies in the given context at 

time t) and also changes or correct strategies. So, in this form of game description, players 

analyze strategies not purely logically, but contextually. Therefore players take decisions not 

only in an environment given by the payoff that corresponds to each possible outcome, but 

also in an environment of different other circumstances, e.g. by defining: which strategies can 

be accepted in this context, how they can be changed by the given context, how past contexts 

have influenced present contexts, whether some public announcements are false in fact, etc. 

 

Probabilistic behaviour 

 

In the stream-valued or p-adic valued probability theory, we can disprove the Au-

mann’s agreement theorem (the so-called reflexion disagreement theorem). This result can be 

obtained if (1) we assume that rational agents can become unpredictable for each other and try 

to manipulate; (2) we define probabilities on streams (e.g. on hypernumbers or p-adic num-

bers); (3) games are presented as coalgebras. This new theorem is an important statement 

within the new mathematics (coalgebras, transition systems, process calculi, etc.) which has 

been involved into game theory recently. Instead of the agreement theorem, the reflexion dis-

agreement theorem is valid if we cannot obtain inductive sets, e.g. in case of sets of streams. 

The reflexion disagreement theorem opens the door for new mathematics in game theory and 

decision theory; in particular it shows that it has sense to use stream calculus, non-

Archimedean mathematics, and p-adic analysis there. Within this mathematics we can formal-

ize reflexive games of different reflexive levels (up to the the infinite reflexive level).  And 

these results we use for formalizing the game theory of plasmodia. 

 

Zero-sum games in plasmodia 

 

We have designed the zero-sum game between plasmodia of Physarum polycephalum 

and Badhamia utricularis, the so-called PHY game. To simulate Physarum games, we have 

created a specialized software tool. It is a part of the larger platform developed, using the Java 

environment, under the support of the PhyChip project. The tool works under the client-server 

paradigm. The server window contains: 

• a text area with information about actions undertaken, 

• a combox for selecting one of two defined situations, 

• start and stop server buttons. 

 

Communication between clients and the server is realized through text messages con-

taining statements of a new object-oriented programming language, called the Physarum lan-

guage, created by us for Physarum polycephalum computing. The locations of attractants and 

repellents are determined by the players during the game. At the beginning, origin points of 

Physarum polycephalum and Badhamia utricularis are scattered randomly on the plane. Dur-

ing the game, players can place stimuli. New veins of plasmodia are created. The server sends 

to clients information about the current configuration of the Physarum machine (localization 

of origin points of Physarum polycephalum and Badhamia utricularis, localization of stimuli 

as well as a list of edges, corresponding to veins of plasmodia, between active points). 



 

So, we have proposed a game-theoretic visualization of morphological dynamics with 

non-symbolic interfaces between living objects and humans. These non-symbolic interfaces 

are more general than just sonification and have a game-theoretic form. The user interface for 

this game is designed on the basis of the following game steps: first, the system of Physarum 

language generates locations of attractants and repellents; second, we can chose n plasmo-

dia/agents of Physarum polycephalum and m plasmodia/agents of Badhamia utricularis; third, 

we obtain the task, for example to reach as many as possible attractants or to construct the 

longest path consisting of occupied attractants, etc.; fourth, we can choose initial points for 

Physarum polycephalum transitions and initial points for Badhamia utricularis transitions; 

fifth, we start to move step by step; sixth, we define who wins, either Physarum polycephalum 

or Badhamia utricularis. 

We assume that bio-inspired games wake new interests in designing new games and 

new game platforms. 

For more details please see http://www.phychip.eu/. 

 

Andrew Schumann,  

Krzysztof Pancerz 
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I 

Anti-Platonic Logic and Mathematics 
 

 

Andrew Schumann 

 

 

Abstract 
 

 

In this paper, I show that we can absolutely eliminate notions of apriority (axioms, theo-

rems) in symbolic logic and mathematics and build up formal theories using only notions of 

aposteriority. The new kind of logic and mathematics is said to be anti-Platonic. Both satisfy 

basic presuppositions of unconventional computing.   

 

 

1.1. Platonism in logic and mathematics 
 

 

According to Platonism, mathematical entities, which we obtain from primary terms and 

axioms, are eternal and unchanging. This means that, on the one hand, they exist in fact and, 

on the other hand, they are abstract and have supranatural properties instead of spatiotemporal 

or causal ones. Plato says about as follows: 

 

The sphere of the intelligible will also have two divisions, — one of mathematics, in which there is no as-

cent but all is descent; no inquiring into premises, but only drawing of inferences. In this division the 

mind works with figures and numbers, the images of which are taken not from the shadows, but from the 

objects, although the truth of them is seen only with the mind’s eye; and they are used as hypotheses 

without being analysed. Whereas in the other division reason uses the hypotheses as stages or steps in the 

ascent to the idea of good, to which she fastens them, and then again descends, walking firmly in the re-

gion of ideas, and of ideas only, in her ascent as well as descent, and finally resting in them. ‘I partly un-

derstand’, he replied; ‘you mean that the ideas of science are superior to the hypothetical, metaphorical 

conceptions of geometry and the other arts or sciences, whichever is to be the name of them; and the latter 

conceptions you refuse to make subjects of pure intellect, because they have no first principle, although 

when resting on a first principle, they pass into the higher sphere.’ You understand me very well, I said. 

And now to those four divisions of knowledge you may assign four corresponding faculties — pure intel-

ligence to the highest sphere; active intelligence to the second; to the third, faith; to the fourth, the percep-

tion of shadows — and the clearness of the several faculties will be in the same ratio as the truth of the 

objects to which they are related... (The Republic (Jowell translation). Book VII).  

 

The main question of mathematical ontology and epistemology, whether mathematics is 

discovered or invented, was answered by Plato and Platonists rigorously. They claimed that 

mathematical entities exist indeed as abstract eternal objects that were discovered, not invent-



 

ed. According to this claim, the mathematical realm is considered as plenitudinous. Such an 

approach is regarded by Marc Balaguer as full-blooded Platonism. In his words, the pure Pla-

tonistic point of view is expressed as follows: “all the mathematical objects (logically possi-

bly) could exist actually do exist” (Balaguer). Formally: 

 

x [(x is a mathematical object & x is logically possible)  x exists] 

 

This approach was fully embodied in modern logic and mathematics. Since David Hil-

bert, logicians and mathematicians have been sure that if a mathematical entity is correctly 

defined within axiomatic method, then it really exists as eternal object: 

 

An example of this way of setting up a theory can be found in Hilbert's axiomatization of geometry. If we 

compare Hilbert's axiom system to Euclid's, ignoring the fact that the Greek geometer fails to include cer-

tain [necessary] postulates, we notice that Euclid speaks of figures to be constructed, whereas, for Hilbert, 

system of points, straight lines, and planes exist from the outset. Euclid postulates: One can join two 

points by a straight line; Hilbert states the axiom: Given any two points, there exists a straight line on 

which both are situated. “Exists” refers here to existence in the system of straight lines (Bernays). 

 

 

The world of eternal objects that has been assumed in modern logic and mathematics 

was considered by Gottlob Frege as das dritte Reich (the third world) that exists independent-

ly on the physical world (the first world) and our subjective impressions, fictions and imagi-

nations (the second world). Das dritte Reich contains all interpersonal senses (Sinne):  

 

Die Gedanken sind weder Dinge der Außenwelt noch Vorstellungen. Ein drittes Reich muß anerkannt 

werden. 

The thoughts neither are things of physical world nor impressions. A third world should be accepted (Fre-

ge 1918/19). 

 

However, we could prove that modern logic and mathematics may be established with-

out das dritte Reich, i.e. without axiomatic method and Platonic presuppositions. In the be-

ginning, let us show, where exactly there are Platonic assumptions in modern logic and math-

ematics in order to avoid them. 

 

 

1.2. Classical logic 
 

 

Let us take a set consisting of k1 one-placed predicates, k2 two-placed predicates,                                 

kn n-placed predicates, P11, P12, …, P1k1, P21, …, P2k2, …, Pnkn, i.e. Pij means a j-th i-placed 

predicate. Let x, y, z, … are individual variables, i.e. their values are individuals (specific 

names). A proposition of the form Pij (x1, x2, …, xi) is said to be atomic. Take now logical 

connectives  (‘ … is …’), & (conjunction),  (disjunction), , (implication),  (negation). 

Then formulas are defined as follows: 

• Each atomic formula is a formula. 



 

• If Pil, Pim are atomic formulas, then Pil (x1, x2, …, xi)  Pim (x1, x2, …, xi) is a formula                     

(e.g. let H be a predicate to be a human being and M to be mortal. Both predicates are 

one-placed. Then the formula H (x)  M (x) has the meaning: “The human being is mor-

tal”). 

• If Ф1, Ф2 are formulas, then Ф1 & Ф2, Ф1  Ф2, Ф1  Ф2, Ф1, Ф2 are formulas. 

 

A formula of the form Pil (x1, x2, …, xi)  Pim (x1, x2, …, xi) is called quasi-atomic. 

 

Let us take an algebraic system M consisting of k1 one-placed relations, k2 two-placed 

relations, kn n-placed relations, R11, R12, …, R1k1, R21, …, R2k2, …, Rnkn, i.e. Rij means                                  

j-th i-placed relations. We assume that these relations are defined on a set A. Then we can 

assign values on the set A to individual variables x, y, z, … by means of an interpretation I. In 

other words, I(x)  А. Let Г be the set of propositions of our formal language. Taking into 

account that for each predicate Pij there is a relation Rij of algebraic system M, we can consid-

er M as a model of the set Г, it is denoted by M = Г, if the following conditions are satisfied 

for all formulas Ф1, Ф2 of Г: 

I (Pij (x1, x2, …, xi)) = Rij (I(x1), I(x2), …, I(xi))  Ai, i.e. M = Rij (I(x1), I(x2), …, I(xi)); 

M =  Ф1 iff it is false that M = Ф1; 

M = Ф1 & Ф2 iff M = Ф1 and M = Ф2; 

M = Ф1  Ф2 iff M = Ф1 or M = Ф2; 

M = Ф1  Ф2 iff from M = Ф1 it follows that M = Ф2; 

M = Pil (x1, x2, …, xi)  Pim (x1, x2, …, xi) iff M = Pil (x1, x2, …, xi) and M = Pil (x1, x2, …, xi) 

 Pim (x1, x2, …, xi). 

 

A proof of formula Ф is a sequence of formulas Ф1, …, Фn such that Фn = Ф and for 

every i (i  n) the formula Ф satisfies one of the following conditions: 

• Фi is an axiom; 

• Фi is entailed from Фj {i > j} by one of the inference rules. 

 

If for the formula Ф there is its proof, then Ф is called a theorem or provable formula. 

In this case we write – Ф. 

A deduction of formula Ф from the set of formulas Г is a sequence of formulas                              

Ф1, …, Фn such that Фn = Ф and for every i (i  n) the formula Ф satisfies one of the follow-

ing conditions: 

• Фi is provable; 

• Фi belongs to the set of formulas Г; 

• Фi is entailed from Фj {i > j} by one of the inference rules. 

 

If there is a deduction of formula Ф from the set Г, then the formula Ф is called deduci-

ble from Г, and the set of formulas Г is called the set of hypotheses. It is obvious that the 

provability of formula is equivalent to its deducibility from the empty set of hypotheses.                 

A deducibility of formula Ф from the set Г is denoted by Г – Ф. 



 

If Г is a set of propositions, then by Th(Г) we denote the set of all propositions deduci-

ble from Г, i.e. Th(Г) = {Ф : Г – Ф}. Instead of Г – Ф it is possible to write Ф  Th(Г). In 

particular, if Ф is a theorem and Ф is a proposition, then Ф  Th(). The set Th() consists 

of axioms and theorems of the first-order logic. 

The set Г of propositions such that Г = Th(Г) is called the elementary theory. Members 

of Г are called theorems of theory Г. 

If Г is an elementary theory, A  Г and Г = Th(Г), then the set A is called the set of axi-

oms of  theory Г or simply the axiomatics for Г, and its members are axioms. In particular,                

Г is an axiomatics for Г. 

If Г1 and Г2 are elementary theories and Г1  Г2, then Г2 is called the overtheory (exten-

sion of theory Г1) and Г1 the subtheory (restriction) of theory Г2. Theories Г1 and Г2 are 

called equivalent (deductively equal) if everyone of them is an extension for another.  

Let us get a class of algebraic systems, K, consisting of the same set of relations                         

R11, R12, …, R1k1, R21, …, R2k2, …, Rnkn. The proposition Ф is called:  

• true on a class K if Ф is true on each system of a class K; 

• realizable on a class K if in K there is a system in which Ф is true. 

 

Clearly, valid propositions (propositions from Th()) are true on any class of algebraic 

systems. Also, if a proposition Ф is true on any class of algebraic systems, then the proposi-

tion Ф is valid.  

Let Г be a collection of propositions. A class of all algebraic systems such that on each 

of them all propositions from Г are true is denoted by Mod (Г). Evidently, if Г1  Г2, then 

Mod (Г1)  Mod (Г2).  

Let K be an arbitrary class of algebraic systems. The collection of all propositions that 

are true on the class K is an elementary theory and it is called the elementary theory of class                  

K. The elementary theory of class K is denoted by Th(K). Let us notice that if K1  K2, then 

Th(K1)  Th(K2). Obviously also that K  Mod(Th(K)). If M is an algebraic system, then 

Th({M}) is called the elementary theory of system M and it is denoted by Th(M). The class                

K of systems is called axiomatized if K = Mod(Th(K)), i.e. the class K of algebraic systems is 

axiomatized if and only if there exists an elementary theory Th(K) such that K is a set of all 

models for the set of propositions Th(M). 

In the Critique of Pure Reason, Kant defines the following four kinds of quasi-atomic 

propositions: 

Analytic proposition: a quasi-atomic proposition Pil(x1, x2, …, xi)  Pim(x1, x2, …, xi) 

whose predicate concept (i.e. Pim(x1, x2, …, xi)) is a genus for its subject concept (i.e. for                                     

Pil(x1, x2, …, xi)) is analytic, i.e. it is analytic if the formula Pil(x1, x2, …, xi)  Pim(x1, x2, …, 

xi) is true in any class K that contains Ril(I(x1), I(x2), …, I(xi)), Rim(I(x1), I(x2), …, I(xi)).  

Kant’s example of analytic propositions/judgements is based on the presupposition that 

individuals of algebraic models are presented by real things. Now let us take the predicate,                 

H, to be a human being and the predicate, R, to be rational. Then the quasi-atomic formula              

H(x)  R(x) is analytic, becouse H(I(x))  R(I(x)) holds everywhere. 

Synthetic proposition: a quasi-atomic proposition Pil(x1, x2, …, xi)  Pim(x1, x2, …, xi) 

whose predicate concept is not contained in its subject concept in general case is synthetic. 



 

Kant’s example is as follows. Let H(x) mean that x is a human being and F(x) mean that x is 

featherless bipeds. Then H(I(x))  F(I(x)) holds just in some models. 

A priori proposition: a quasi-atomic proposition Pil(x1, x2, …, xi)  Pim(x1, x2, …, xi) 

whose justification does not rely upon experience is a priori, i.e. Pil(x1, x2, …, xi)  Pim(x1, x2, 

…, xi) is a priori iff Pil(x1, x2, …, xi) – Pim(x1, x2, …, xi), namely iff Pim(x1, x2, …, xi) is de-

duceble from Pil(x1, x2, …, xi). 

A posteriori proposition: a quasi-atomic proposition Pil(x1, x2, …, xi)  Pim(x1, x2, …, xi) 

whose justification does rely upon experience is a posteriori, i.e. Pil(x1, x2, …, xi)  Pim(x1, x2, 

…, xi) is a posteriori iff Pim(x1, x2, …, xi) is not deduceble from Pil(x1, x2, …, xi). 

We can extend these definitions up to the case of all formulas. 

Analytic proposition: a proposition Ф is analytic iff  it is true in any class K. On the ba-

sis of implication ‘if Г1  Г2, then Mod (Г1)  Mod(Г2)’ it is possible to claim that the more  

propositions are contained in a theory, the less it is analytic. 

Synthetic proposition: a proposition Ф is synthetic iff it is not true in any class K. 

A priori proposition: a proposition Ф is a priori iff – Ф. On the basis of implication                 

‘if  K1  K2, then Th(K1)  Th(K2)’ it is possible to claim that the greater the class of algebra-

ic systems K is, the more the theory containing of propositions true on the class K is a priori. 

A posteriori proposition: a proposition Ф is a posteriori iff Г– Ф and Г  . 

Kant combines his distinction between analytic and synthetic propositions with the dis-

tinction between a priori and a posteriori propositions to explain Platonic presuppositions that 

there are abstract objects, pure senses. As a result of that combination, he obtaines the follow-

ing kinds of propositions: (i) analytic a priori; (ii) synthetic a priori, (iii) analytic a posteriori;                 

(iv) synthetic a posteriori. Kant claims that the third type is self-contradictory. Indeed, if                  

a formula Ф is analytic (holds in any class K), then it is a priori (is a theorem). Could we say 

at the same time that if it is a priori, then it is analytic? In Kant’s view, the answer is negative. 

In modern logic it is too, namely there are theorems that do not hold in any class K. Hence, in 

order to explicate Platonic assumptions in modern logic we should consider the meaning of 

analytic a priori and synthetic a priori propositions more in details and explain, why there are 

synthetic a priori propositions.  

The family of propositions Th() is analytic, because it holds in any class K. This fami-

ly is included in any theory Г: Г. (Г = Th(Г)  Th()  Г). It means that this set is a priori. 

This Th() is called the set of logical axioms. A theory Г without the propositions of                   

Th() (formally: Г / Th(), where Г = Th(Г)) is called the set of non-logical axioms. It is 

denoted by NonL(Г). The propositions of NonL(Г) are not analytic, but they are a priori.  

Thus, Kant’s distinction between analytic a priori and synthetic a priori propositions 

could be explicated as follows: (i) analytic a priori propositions are logical axioms of any 

formal theory (i.e. belong to the set Th()) and (ii) synthetic a priori propositions are non-

logical axioms of an apropriate theory (i.e. they belong to NonL(Г)).  

Now we could find out, where das dritte Reich (the world of pure senses) in modern 

logic has been hidden. In order to ground pure senses (Sinne), Gottlob Frege provides the dis-

tinction between sense (Sinn) and reference (Bedeutung). He takes into account that proposi-

tions  a = a and a = b are obviously of differing cognitive value. Propositions of the form              

a = a are to be labeled analytic a priori, while propositions of the form a = b are synthetic. 



 

The first kind of propositions has the same sense, the second kind of propositions expresses 

two different senses (‘a’ and ‘b’), but have the same reference that makes them true: 

 

When we found ‘a = a’ and ‘a = b’ to have different cognitive values, the explanation is that for the pur-

pose of knowledge, the sense of the sentence, viz., the thought expressed by it, is no less relevant than its 

reference, i.e. its truth value. If now a = b, then indeed the reference of ‘b’ is the same ‘a’, and thereby the 

sense expressed in ‘a = b’ differs from that of ‘a = a’. In that case the two sentences do not have the same 

cognitive value. If we understand by 'judgment' the advance from the thought to its truth value, as in the 

above paper, we can also say that the judgments are different (Frege 1892). 

 

In the Meaning and Necessity Rudolf Carnap explicates the two kinds of meaning pro-

posed by Frege as follows:  

Extension: it is a corresponding class of references (denotations, Bedeutungen) for                      

a predicate or proposition. Let Г be a family of propositions and М be a model for                                       

Г, i.e. М  Mod(Г). Then two propositions Ф1, Ф2 of Г have the same extension iff                                     

M = (Ф1  Ф2) & (Ф2  Ф1). If H(x) means that x is a human being and F(x) means that             

x is featherless bipeds, then there is a model, where (H(x)  F(x)) & (F(x)  H(x)) is true. In 

other words, H and F have the same extension in M. For Frege the extension is expressed in 

propositions of the form a = b. 

Intension: it is a corresponding family of properties (senses, Sinne) for a predicate or 

proposition. Let Г be a collection of propositions derivated with the use of predicates                                 

P11, P12, …, P1k1, P21, …, P2k2, …, Pnkn, and К be a class of algebraic systems consisting of the 

same set of relations R11, R12, …, R1k1, R21, …, R2k2, …, Rnkn. Then two propositions Ф1, Ф2 

of Г have the same intension iff (Ф1  Ф2) & (Ф2  Ф1) is true on K. For instance, if we 

take the predicate, H, to be a human being and the predicate, R, to be rational, then we obtain 

the formula (H(x)  R(x)) & (R(x)  H(x)) is true everywhere. This means that H and                    

R have the same intension. For Frege the intension is expressed in propositions of the form              

a = a. 

 

Now we shall introduce the terms ‘extension’ and ‘intension’ with respect to predicators. If two predica-

tors apply to the same individuals in other words, if they are equivalent it is sometimes said that they are 

coextensive or that they have the same extension (in one of the various customary uses of this term). The 

use of ‘intension’ varies still more than that of ‘extension’. Two predicators have the same intension if 

and only if they are L-equivalent (Carnap). 

 

 

1.3. Analytic a posteriori 
 

 

Thus, das dritte Reich as the Platonic world of pure senses consists of analytic a priori, 

synthetic a priori and intensions. However, the basic idea of this approach that allows us to 

build up classical logic assumes that analytic a posteriori does not exist. Is it really so? In the 

Naming and Necessity Saul Kripke states that there exist ‘contingent a priori’ (instead of this 

term it is more presicely to say analytic a posteriori) propositions as well. They are construct-

ed by using indexicals like ‘I’, ‘here’, ‘now’, ‘actually’, ‘you’. The example of analytic a pos-

teriori is Descartes' famous cogito argument: 



 

To say ‘I think, therefore I am’ expresses a necessary truth only if it is taken as an analytic a posteriori 

principle: ‘I know from experience (a posteriori) that I can and do think, and this implies (analytically) 

that I exist’ (Palmquist). 

 

According to Platonic presuppositions, which Kant, Frege and Carnap shared, logical             

relations do not depend upon our experience (the actual world), they are defined everywhere, 

i.e. on any class of algebraic systems (since they are analytic a priori). However, as Kripke 

showes, there are logical relations, namely modal operators (‘possible’, ‘necessary’), that can 

not be interpreted on any model. In defining them we can dot the I’s and cross the T’s only if 

we appreciate the so-called Kripke models. Modal relations being logical ones are to be la-

belled contingent a priori (as Kripke says) or analytic a posteriori (as Palmquist says and we 

are saying). 

Kripke proposes to differ necessary truth from a priori knowable truth: 

 

Philosophers have talked ... [about] various categories of truth, which are sometimes called ‘a pri-

ori’, ‘analytic,’ ‘necessary’ ... these terms are often used as if whether there are things answering to 

these concepts is an interesting question, but we might as well regard them all as meaning the 

same thing. 

... First the notion of a prioricity is a concept of epistemology. I guess the traditional characteriza-

tion from Kant goes something like: a priori truths are those which can be known independently of 

any experience.  

...The second concept which is in question is that of necessity ... what I am concerned with here is  

a notion which is not a notion of epistemology but of metaphysics ...We ask whether something 

might have been true, or might have been false. Well, if something is false, it’s obviously not nec-

essarily true. If it is true, might it have been otherwise? Is it possible that, in this respect, the world 

should have been different than the way that it is? ... This in and of itself has nothing to do with 

anyone’s knowledge of anything. It’s certainly a philosophical thesis, and not a matter of obvious 

definitional equivalence, either that everything a priori is necessary or that everything necessary is 

a priori ... at any rate they are dealing with two different domains, two different areas, the episte-

mological and the metaphysical (Kripke). 

 

Necessary truth may be a posteriori. This means that logical relations may be a posterio-

ri, too. From this it follows that we could design logic as theory of necessary truth without 

Platonic presuppositions, i.e. without axioms. As a result, we could destroy das dritten Reich. 

So, we could hit Goliath’ head, i.e. the big head of Platonism. 

Stephen Palmquis claims that analytic a posteriori takes place if conceptual (analytic) 

content satisfies not general, but particular conditions: 

 

What then is the difference between the 'analytic a posteriori' and Kant's special 'synthetic a priori' class 

of knowledge? The analytic a posteriori and synthetic a priori are similar classes of knowledge insofar as 

both are concerned with conditions imposed on the world by the subject (in contrast to the analytic a pri-

ori and synthetic a posteriori types, which are concerned with information that can be drawn out of, or 

deduced from, what we find in experience), but they differ by virtue of the fact that the former imposes 

particular conditions (a posteriori) with conceptual (analytic) content, whereas the latter imposes general 

conditions (a priori) with intuitive (synthetic) content (Palmquist). 

 

This understanding of analytic a posteriori is too metaphysic. It is very far from logic 

and mathematics. In order to formally explicate the notion of analytic a posteriori, instead of 



 

primary terms and axioms as basic, initial notions of logic and mathematics let us consider 

transition and behavior as ground concepts. In this connection we can assume that there are no 

unchangeable things. Everything changes and nothing remains still (πάντα χωρεῖ καὶ οὐδὲν 

μένει). Entities that are felt eternal by us are an iteration in fact, i.e. a permanent iterance of 

the same. Eternal entities also move and vary, but in the modification they come back to the 

initial states. 

The eternal existence in logic and mathematics, treated as iteration or recursion, will 

correspond to the notion ‘analytic a posteriori’. On the one hand, iteration or recursion are                     

a posteriori, because they stay in the eternal transition that is detected by experience. On the 

other hand, they are analytic, because they are eternal and contain a permanent iterance in the 

modification. 

If we admit analytic a posteriori in logic and mathematics, we will already be able to 

deny notions ‘analytic a priori’ and ‘synthetic a priori’. These notions are exhaling. The eter-

nal in its pure sense disappears. We face just changeable things of two sorts: analytic a poste-

riori and synthetic a posteriori. The first notion expresses iteration in transitions, the second                 

a permanent modification in transitions.  

 

Logic and mathematics where all propositions (mathematical entities) are either analyt-

ic a posteriori or synthetic a posteriori are called anti-Platonic. 

 

Anti-Platonic logic and mathematics (as the novel program of foundations of mathemat-

ics without Platonism) satisfy the following basic presuppositions: 

• there are no propositions that are true on any class K (i.e. there are no logical axioms); 

• there are no non-logical axioms, we draw conclusions from premises having the equal 

status, all formulas are infered from hypotheses;  

• finally, any object has only a relative existence.  

 

Within these assumptions we build up derivations without using axioms, therefore there 

is no sense in distinguishing logic and theory (i.e. logical and non-logical axioms), derivable 

and provable formulas, etc. In such a formal theory the conclusion is understood as massive-

parallel computing, i.e. the deduction is considered as a transition of automaton. This formal 

proof theory is reduced to an appropriate cellular automaton which is called a proof-theoretic 

cellular automaton, whose cell states are regarded as well-formed formulas of a logical lan-

guage. As a result, in deduction we do not obtain derivation trees and instead of the latter we 

find out derivation traces, i.e. a linear evolution of each singular premise. Thereby some deri-

vation traces may be circular, i.e. some premises could be derivable from themselves, and 

hence some derivation traces may be infinite. Propositions from circular derivations are said 

to be analytic a posteriori. Other propositions are called synthetic a posteriori. 

 

 

 

 

 



 

1.4. Proof-theoretic cellular automata 
 

 

For any logical language L  we can construct a proof-theoretic cellular automaton                    

(instead of conventional deductive systems) simulating massive-parallel proofs. 

  

Definition 4.1.  A proof-theoretic cellular automaton is a 4-tuple 
dZA = , S , N , 

, where:   

• Nd  is a number of dimensions and the members of dZ  are referred as cells,  

• S  is a finite or infinite set of elements called the states of an automaton A , the mem-

bers of dZ  take their values in S , the set S  is collected from well-formed formulas of       

a language L ,  

• 
ddN {0}\Z  is a finite ordered set of n elements, N  is said to be a neighborhood,  

• SS n 1:  that is   is the inference rule of a language L , it plays the role of local 

transition function of an automaton A .  

 

 As we see, an automaton is considered on the endless d-dimensional space of integers, 

i.e. on dZ . Discrete time is introduced for 0,1,2,=t  fixing each step of inferring. 

For any given dz Z , its neighborhood is determined by }:{= NzNz   . 

There are two often-used neighborhoods:   

• Von Neumann neighborhood 1}|=|{=
1= k

d

k

d

VN zzN  :Z   

• Moore neighborhood 
dd

k
dk

d

M zzN {0}1,0,1}{=1}|=|{=
1,=

\max: Z   

 

For example, if 2=d , NVN = {(–1, 0), (1, 0), (0, –1), (0, 1)}; NM = {(–1, –1), (–1, 0),           

(–1, 1), (0, –1), (0, 1), (1, –1), (1, 0), (1, 1)}. 

In the case 1=d , von Neumann and Moore neighborhoods coincide. It is easily seen 

that dNVN 2|=| , 13|=| d

MN . 

At the moment t , the configuration of the whole system (or the global state) is given by 

the mapping Sx dt Z: , and the evolution is the sequence ,,, 210 xxx  defined as fol-

lows: ))(,),(),((=)( 1

1

n

tttt zxzxzxzx    , where 1 , ... , Nn  . Here 
0x  is the 

initial configuration, and it fully determines the future behavior of the automaton. It is the set 

of all premises (not axioms). 

We assume that   is an inference rule, i.e. a mapping from the set of premises                   

(their number cannot exceed |=| Nn ) to a conclusion. For any dz Z  the sequence                 

)(0 zx , )(1 zx , … , )(zx t
, is called a derivation trace from a state )(0 zx . If there exists t such 



 

that )(=)( zxzx lt
 for all tl > , then a derivation trace is finite. It is circular/cyclic if there          

exists l  such that )(=)( zxzx ltt 
 for all t. 

  

Definition 4.2. In case all derivation traces of a proof-theoretic cellular automaton                    

 are circular, this automaton A  is said to be reversible.   

 

Notice that 1tx  depends only upon tx , i.e. the previous configuration. It enables us to 

build the function AAA CCG : , where AC  is the set of all possible configurations of the 

cellular automaton A  (it is the set of all mappings Sd Z , because we can take each ele-

ment of this set as the initial configuration 0x , though not every element can arise in the evo-

lution of some other configuration). AG  is called the global function of the automaton. 

  

1. Example of modus ponens Consider a propositional language L  that is built in the 

standard way with the only binary operation of implication  . Let us suppose that well-

formed formulas of that language are used as the set of states for a proof-theoretic cellular 

automaton A . Further, assume that modus ponens is a transition rule of this automaton         

A  and it is formulated for any  , L  as follows: 
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The further dynamics will depend on the neighborhood. If we assume the Moor neigh-

borhood in the 2-dimensional space, this dynamics will be exemplified by the evolution of 

cell states in fig. 4.1 – fig. 4.3.  

 

Figure 4.1. An initial configuration of a proof-theoretic cellular automaton  with the Moor neighborhood in 

the 2-dimensional space, its states run over formulas set up in a propositional language with the only binary 

operation , . Notice that  are propositional variables. 
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Figure 4.2. An evolution of  described in fig. 4.1 at the time step . 
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Figure 4.3. An evolution of described i fig. 4.1 at the time step . Its configuration cannot                    

vary further. 
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This example shows that first we completely avoid axioms and secondly we take prem-

isses from the cell states of the neighborhood according to a transition function. As a result, 

we do not come across proof trees in our novel approach to deduction taking into account that                   

a cell state has just a linear dynamics (the number of cells and their location do not change). 

This allows us evidently to simplify deductive systems. 

Now we are trying to consider a cellular-automaton presentation of two basic deductive 

approaches: Hilbert's type and sequent ones. 

  

2. Example of Hilbert's inference rules Suppose a propositional language L  contains 

two basic propositional operations: negation and disjunction. As usual, the set of all formulas 

of L  is regarded as the set of states of an appropriate proof-theoretic cellular automata. In 

that we will use the exclusive disjunction of the following five inference rules converted from 

Joseph R. Shoenfield's deductive system: 
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3. Example of sequent inference rules Let us take a sequent propositional language               

L , in which the classical propositional language with negation, conjunction, disjunction and 

implication is extended by adding the sequent relation ° . Recall that a sequent is an expres-

sion of the form 21  ° , where },,{= 11 j  , },,{= 12 i   are finite sets of well-formed 

formulas of the standard propositional language, that has the following interpretation: 21  °  

is logically valid iff  

i
i

j
j

  

 
 

is logically valid. Let S  denote the set of all sequents of L , furthermore let us assume that 

this family S  is regarded as the set of states for a proof-theoretic cellular automaton A . 

A 3=t



 

The transition rule of  is an exclusive disjunction of the 14 singular rules (6 structural rules 

and 8 logical rules): 
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4. Example of Brotherston's cyclic proofs The sequent language used in the previous 

example we extend by adding predicates N , E , O  and appropriate inference rules of               

Fig. 4.4 for them. Further, let us extend also the automaton of Example 3 in the same way by 

representing inference rules of Fig.4.4 in the cellular-automatic form. 

 

Now we assume that a cell has an initial state )](),(,)(,[ zEzOzN  °  and its neighbor 

cell an initial state ]0=,[  °z  that is equal to )](),(,0=,[ zEzOz  °  for any 4,14,24,=t  

and to )](),(,0=,[ zOzEz  °  for any 9,19,29,=t . Then we will have the following infi-

nite cycle:  

)](),(,)(,[)](),(,)(,[
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yEyOyNzEzOzN
onsubstituti

 °° 1)](),(,)(,[  yOyOyN °  
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Figure 4.4.  Inference rules for predicates  (‘being a natural number’),  (‘being an even number’),                 

 (‘being an odd number’), see Brotherston. 
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As we see, the possibility of cyclic derivation traces depends on configuration of cell 

states.  

 

Definition 4.3. Initial states of cyclic derivation traces are called analytic a posteriori 

propositions. All other states are called synthetic a posteriori propositions. For instance, the 

premise )](),(,)(,[ zEzOzN  °  of Example 4 is an analytic a posteriori proposition. 

 

From this it follows immediately that all premisses of a reversible proof-theoretic cellu-

lar automaton are analytic a posteriori propositions.  

 

Definition 4.4. A set of all premisses of a cyclic derivation trace is called a logical bio-

ta. For instance, the premises )](),(,)(,[ zEzOzN  °  and ]0=,[  °z of Example 4 forms            

a logical biota. 

 

Each logical biota contains at least one analytic a posteriori proposition. 

 

Proposition 4.1. Let us assume that a proof-theoretic cellular automaton A is not re-

versible and contains at least one logical biota. Then there is a natural number n such that at 

the time step n the configuration of logical biota cannot vary further. 

 

A logical biota is a kind of self-organization in deductions and may be considered as                    

a dissipative system in proof-theoretic cellular automata. Also here, it is possible to say that 

for logical biotas the dissipation (energy dispersion) takes place. It is related by that logical 

biotas under the influence of an environment can disintegate, too. In other words, their dy-

namics can stop at the time step n. 

A vivid example of dissipative systems in the nature is presented by an auto-oscillation, 

namely by an undamped wave supported from outside in non-linear system with the energy 

damping. In spite of the fact that auto-oscillations are provided with exterior effects, their 

properties are determined by parametres of the system. We observe a version of auto-

oscillations in logical biotas. 

N E

O



 

The evolutionary character of behaviour is a major property of the dissipative structure. 

Meanwhile in the class of evolutionary processes it is possible to distinguish various types of 

dissipative systems. The first type includes systems whose evolution moves to a stationary 

state, the second one contains systems whose evolution goes through a sequence of nonequi-

librium stationary states of an open system. Systems of the first type are termed as simple 

structures, systems of the second type as difficult ones.  

Let us notice that an absolute stability in front of exterior effects is achievable only at 

very great values of entropy and it is equivalent to the thermal death. For cellular automata the 

state, when the configuration of cellular automata cannot vary further, is an analogue with the  

thermal death. In other cases the system stays in states which have no ultimate balance. Nev-

ertheless, entropy can have a certain relative maximum. In this situation, the system appears 

as a dissipative structure having a complex organisation (and it is capable to adaptation, evo-

lution, etc.). 

The common feature of self-organized processes is in an increase of the order from the 

chaos due to the occurrence of inconvertible thermodynamic balance with the environment, 

which is opposite, however, to the thermal death (a balance of pices of environment that have 

inetracted in the independent and unstructured way). Self-organized processes of dissipative 

systems proceed together with processes that lead to a degradation and decay of system as                      

a whole.  

In proof-theoretic cellular automata we can consider dissipative and self-organized phe-

nomena as well. The notion of analytic a posteriori allows us to do it. At the same time, tadi-

tional tasks concerning proof theory like completeness and independence of axioms lose their 

sense in massive-parallel proof theory, although it can be readily shown that we can speak 

about consistency: 

  

Proposition 4.2. Proof theories given in Examples from 1 to 4 are consistent, i.e. we 

cannot deduce a contradiction within them.  

 

 

1.5. Unconventional (non-well-founded) logic 
 

 

We have just constructed the theory of proofs in which there is no place for theorems or 

provable formulas (a priori propositions). But in this theory, there appears the notion of cyclic 

proofs (analytic a posteriori propositions). We can go further and construct a formal language 

in which there is no basic notions of classical semantics, e.g. there are no valid formulas (ana-

lytic a priori propositions) and propositions that are true on a class of models (synthetic a pri-

ori propositions). 

The modern language will be called unconventional or non-well-funded. Its formulas are 

defined as follows: 

• Each atomic formula is a formula. 

• If Ф1  Ф2 or Ф1 & Ф2 or Ф1  Ф2 or Ф1  Ф2 or Ф1, Ф2 are formulas, then                                    

Ф1, Ф2 are formulas. 



 

 

The above definition assumes that the formula is a syntactic object which does                            

not satisfy the set-theoretic axiom of foundation. It means that the given syntactic                                 

objects can already be of an infinite length and comprise cycles. For example, cyclic expres-

sions (Ф1  (Ф2   (Ф1  (Ф2   (…))))) or  (Ф1 & (Ф1 & (Ф1 & (Ф1 & (…))))) are well 

formed formulas. These expressions can be defined by recursion, too: 

The formula of infinite length (Ф1  (Ф2   (Ф1  (Ф2   (…))))) is equivalent to the 

cyclic definition Ф =  (Ф1  (Ф2   Ф)). 

The formula of infinite length (Ф1 & (Ф1 & (Ф1 & (Ф1 & (…))))) is equivalent to the 

cyclic definition Ф =  (Ф1 & Ф). 

Meanings of unconventional-logical connectives , &, , ,  are defined not by true 

tables as this proceeds usually, but by hybrid cellular automata. Let us take now a cellular 

automaton 
dZA = , S , N ,  , where:   

• Nd  is a number of dimensions and the members of dZ  are referred as cells,  

• S  is a finite or infinite set of elements called the states of an automaton , the mem-

bers of dZ  take their values in S , the set S  is collected from two truth values 1 and          

0 for well-formed formulas of a language L ,  

• 
ddN {0}\Z  is a finite ordered set of n elements, N  is said to be a neighborhood,  

• SS n 1:  that is   ,,&,,  is the truth valuation for each logical operation 

of a language L , it plays the role of local transition function of an automaton A . 

 

Definition 5.1. A truth valuation of conjunction is a transition rule of the automaton                 

A , where S = {1, 0}, and it is formulated for any formula Ф1 & Ф2 L  as follows: 
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Definition 5.2. A truth valuation of disjunction is a transition rule of the automaton                  

A , where S = {1, 0}, and it is formulated for any formula Ф1  Ф2 L  as follows: 
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Definition 5.3. A truth valuation of implication (respectively affirmation) is a transition 

rule of the automaton A , where S = {1, 0}, and it is formulated for any formula Ф1  Ф2

L (respectively Ф1  Ф2 L ) as follows: 
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Definition 5.4. A truth valuation of negation is a transition rule of the automaton                          

A , where S = {1, 0}, and it is formulated for any formula Ф L  as follows: 
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Algorithm of truth valuation Let Ф be a formula. If it is atomic, then its truth value is 

an initial configuration of a cellular automaton with the set of states {1, 0}. If it is not atomic, 

then we start the evaluation with the most outside connective k1. By using one of definitions                

5.1 – 5.4 that corresponds to k1, we transform an initial configuration of a cellular automaton 

with the set of states {1, 0}. This transformation is fixed by steps tk1 = 1, 2, 3, … Then we 

move to a more inside connective k2. For each step tk1 = 1, 2, 3, … we transform a configura-

tion at the step tk1 in accordance with one of definitions 5.1 – 5.4 that corresponds to the  new 

connective k2. This means that for each step tk1 we obtain a new cellular automaton for the 

truth evaluation of k2. Each transformation of that cellular automaton is fixed by new steps tk2 

= 1, 2, 3, … Notice that it is possible that simultaneously we have two inside connectives k2 

and k2’ of the same range. In this case we do all the same, but in parallel manner. Further, we 

can move to a more inside connective k3. For each step tk2 = 1, 2, 3, … we transform  a con-

figuration at the step tk2 in accordance with one of  definitions 5.1 – 5.4 that corresponds to 

the connective k3 and so on. 

 

To provide an example, let us evaluate the formula (Ф1  (Ф2 & Ф1)) in a cellular au-

tomaton A  with the Moor neighborhood in the 2-dimensional space:  

 

(I)  Initial configuration, 0=t  

1 0 0 

0 1 1 

0 1 0 

 

We begin our evaluation with the connective  as most outside. Thereby we are using definition 3: 

 

 (II)   1=t  

1 1 1 

1 1 1 

1 1 0 

 

So, we have only one transformation fixed by step 1. Then we move to the inside connective & and by 

definition 5.1 we obtain the following data over (II): 



 

 

(III)   2=t  

1 1 1 

1 0 0 

1 0 0 

  

  

(IV)   3=t  

0 0 0 

0 0 0 

0 0 0 

   

 

The automaton cannot vary further. If we had an additional more inside connective, then 

we would have two automata (III) and (IV) for further modification in accordance with this 

more inside connective. 

 

Definition 5.5. The formula is called analytic a posteriori if its truth valuation cellular 

automaton is reversible. The most simple case of analytic a posteriori formula is Ф as it 

follows from definition 5.4 directly.   

 

As models of unconventional (non-well-founded) formulas we will use coalgebraic sys-

tems, e.g. labelled transition systems. The latter are defined as systems <S, S, A>, consist-

ing of a set S of states, a transition relation S  S  A  S, and a set A of labels. As always, 

𝑠 →S
a  s'   is used to denote <s, a, s’>  S.  

Cellular automata 
dZA = , S , N ,   may be regarded as a kind of labelled transi-

tion systems of the form S ,  S, ii}{ , where S is a set of states, S  S  ii}{   S, and            

ii}{   is a set of labels for the local transition function   of an automaton A . The members 

of ii}{  is obtained as follows. We have i different combinations of neighbor states. This 

number depends on the number of neighborhood |=|Nn  and the number of states |=|Sk , 

namely   i = kn. Hence,  iii |}{|  . Each combination of i has its own label ij1 . 

Further let us define: 

 

B(X) = P(A  X) = {V : V  A  X}, for any set X . 

 

Then a labeled transition system <S, S, A> can be represented as a B-coalgebra                        

<S, S> by defining: 

 

S : S  B(S); s  {<a, s’> : 𝑠 →S
a  s' } 

 

Notice that the class of all labelled transition systems coincides with the class of all                     

B-coalgebras. 



 

Let us consider now two B-coalgebras <S, S> and <T, T>. A B-bisimulation between 

S and T is said to be a relation R  S  T satisfying, for all <s, t>  R, the following condi-

tions: 

1. for all s’ in S, if 𝑠 →S
a  s', then there is t’ in T with 𝑡 →T

a  t' and <s’, t’>  R, 

2. for all t’ in T, if  𝑡 →T
a  t', then there is s’ in S with 𝑠 →S

a  s' and <s’, t’>  R 

 

Instead of the induction proof principle used in algebras, the coinduction proof                                   

principle is involved into coalgebras: for every bisimulation R on S, R  S (where                                     

S = {<s, s> : s  S}. Equivalently, for all s and s’ in S, if s and s’ are bisimilar in S, then                        

s = s’. 

Let M be a B-coalgebra <S, S>. Let us tale the set consisting of k1 one-placed relations, 

k2 two-placed relations, kn n-placed relations, R11, R12, …, R1k1, R21, …, R2k2, …, Rnkn, i.e. Rij 

means j-th i-placed relations. Then an i-placed relation in М is defined as a B-coalgebra over 

Si, namely  S : Si  B(Si).  

To individual variables x, y, z, … we can assign meanings in the set S by an interpreta-

tion I. In other words, I(x)S. To predicates Pij we can assign relations Rij understood as              

B-coalgebras over Si. 

Let Г be a set of propositions of our formal language. Taking into account that for                     

every predicate Pij there exists a relation Rij of B-coalgebra М, we can consider М as a model 

of Г (it is denoted by M = Г) if the following conditions are satisfied for any formulas                        

Ф1, Ф2 of Г: 

I(Pij(x1, x2, …, xi)) = Rij(I(x1), I(x2), …, I(xi)) is a B-coalgebra over Si, i.e. M = Rij(I(x1), I(x2), 

…, I(xi)); 

M =  Ф1 iff the truth valuation of  Ф1 is bisimilar with M; 

M = Ф1 & Ф2 iff the truth valuation of Ф1 & Ф2 is bisimilar with M; 

M = Ф1  Ф2 iff the truth valuation of Ф1  Ф2 is bisimilar with M; 

M = Ф1  Ф2 iff the truth valuation of Ф1  Ф2 is bisimilar with M; 

M = Ф1  Ф2 iff iff the truth valuation of Ф1  Ф2 is bisimilar with M. 

Let us assume that there is a class of coalgebras consisting of the same set of relations 

R11, R12, …, R1k1, R21, …, R2k2, …, Rnkn. Then there is no proposition Ф that is true on any 

system of the class К. However, there exists a proposition Ф that is rearizable on the class                                       

К, i.e. К contains a system where Ф is true. 

Let Г be a family of propositions. The class of all coalgebraic systems, where all propo-

sitions of Г are true, is denoted by Mod(Г).  

 

Proposition 5.1. If Г1  Г2, then Mod (Г1)  Mod(Г2).  

 

Let К be a class of coalgebraic systems. The family of all propositions that are true on 

the class К is an elementary theory and is called an elementary theory of the class К. It is de-

noted by Th(К).  

 

 

 



 

Proposition 5.2. If K1  K2, then Th(K1)  Th(K2).  

 

Propositions 5.1 – 5.2 demonstrate some features of anti-Platonic logic and mathemat-

ics: the more there are propositions, the more there are models and also the more there are 

models, the more there are propositions. 

 

 

1.6. Analytic a posteriori and unconventional computing 
 

 

Modern logic was finally formed in the beginning of the 20th century. At that time the 

formal language of logic has been created and since then its main properties have been stud-

ied. Then modern logic has had no key modifications. Since then and till now it has been con-

structed as axiomatic theory. There is, say, many-valued logic. However, the way of its de-

signing does not differ from two-valued logic as a matter of principle. We have there an axi-

omatic system in which axioms differ, but the formal language is almost the same. 

The main advantage of logic is that on its basis the computer architecture has been con-

structed (for example, circuits are modelled by logical relations), and also programming lan-

guages have been developed. Since then the computer equipment has not varied essentially 

from the logical point of view. For instance, due to computers new materials memory, speed 

are to increase, but the logic remained almost same. 

In the last decades one has carried out many researches in direction of how it is possible 

to design logic which would describe dynamics of any natural process as computation. The 

given field of research is called unconventional computing. According to this approach any 

physical, chemical or biological process is an unconventional computer. In unconventional 

computers, the architecture (“iron”) and the software coincide, i.e. during computations the 

architecture of the computer varies, too.  

Conventional computers are based on logic that was obtained more than a century ago. 

Now the problem is set up, if unconventional computers (chemical, biological, etc.) are possi-

ble. For designing them we should know, what logic they need, whether this logic is conven-

tional or not. Many (if not all) experts claim that logic of unconventional computing (e.g. log-

ic of circuits) should differ from conventional one. Some new logic such as glider logic was 

proposed. However, universal logical methods for unconventional computing were not ob-

tained still. 

If one does the trick to build up universal logic of unconventional computers (and soon-

er or later it will be possible), then rational robots-humanoids round us will become a part of 

everyday’s reality. Every thing in our world is an unconventional computer, any physical, 

chemical or biological system. And the human being is not an exception to the rule here. If we 

understand logic of these systems, it will make an enormous break-in in computer equipments 

and in all exact sciences. We will already live in another world. Our reality will vary cardinal-

ly. 



 

One of the tasks of logic for unconventional computing consists in the logical formali-

zation of self-organized phenomena. These phenomena can be understood as logical biotas,                     

i.e. cyclic deductions. 

As we see, logic will soon become a science that rocks the world. Logic will privatise 

life for good and all. All exact sciences including classical ontology will disappear. Please 

ponder what the project of logic for unconventional computing means in fact. It is a project of 

absorbing all exact sciences. The necessity for operating theoretical terms of physics, chemis-

try, biology will disappear. There will be no foggy notions such as “matter”, “energy”, 

“chemical reaction”, “morphology”, “physiology”. Instead of them there will be notions of 

computations describing processes in physical, chemical and biological systems. There will be 

a reduction of all natural-science knowledge to logic! 

Logic has now grown up from children's panties of semiotics. In a few time, it will ab-

sorb all other sciences. Then we will speak not only about being, but also about any natural 

processes purely from the logical point of view. Logic will become a unified general science. 

As concerns engineering, we will face the most grandious revolutionary changes in the human 

civilisation that have never been still! 

 

 

1.7. The proof-theoretic cellular automaton                                            

for Belousov-Zhabotinsky reaction 
 

 

Unconventional computing assumes that massive-parallel computations are observed 

everywhere in natural systems. There are different approaches to nature-inspired computing: 

reaction-diffusion computing (Adamatzky, De Lacy Costello, Asai), chemical computing 

(Berry, Boudol), biological computing (Adamatzky 2007, Schumann, Adamatzky 2011), etc.             

In all those computational models parallel inferring and concurrency are assumed as key no-

tions. In the paper (Khrennikov, Schumann 2009, Khrennikov 2010) a hypothesis was put 

forward that the paradigm of parallel and concurrent computation caused by rejecting the set-

theoretic axiom of foundation can be widely applied in modern physics. In this section we are 

analyzing simulating Belousov-Zhabotinsky reaction within the framework of our theory of 

massive-parallel proofs. 

Belousov-Zhabotinsky reaction is the best-known example of auto-wave phenomenon 

in chemistry, i.e. the most famous example of self-organizing system there. We could show 

that the Belousov-Zhabotinsky reaction can be understood as a logical biota in massively par-

allel proof theory. In other words, we need a proof-theoretic cellular automaton with circular 

proofs for formalizing the Belousov-Zhabotinsky reaction containing feedback relations. The 

mechanism of this reaction (namely, cerium (III)  cerium (IV) catalyzed reaction) is very 

complicated: its recent model contains 80 elementary steps and 26 variable species concentra-

tions. Let us consider a simplification of Belousov-Zhabotinsky reaction assuming that the set 

of states consists just of the following reactants: Ce3+, HBrO2, BrO3
–, H+, Ce4+, H2O, 

BrCH(COOH)2, Br–, HCOOH, CO2, HOBr, Br2, CH2(COOH)2 which interact according to 

inference rules (reactions) (1) – (7). In this reaction we observe sudden oscillations in color 



 

from yellow to colorless, allowing the oscillations to be observed visually. In spatially non-

homogeneous systems (such as a simple petri dish), the oscillations propagate as spiral wave 

fronts. The oscillations last about one minute and are repeated over a long period of time. The 

color changes are caused by alternating oxidation-reductions in which cerium changes its oxi-

dation state from cerium (III) to cerium (IV) and vice versa:   343 CeCeCe . 

When Br  has been significantly lowered, the reaction pictured by inference rule                    

(1) causes an exponential increase in bromous acid (HBrO2) and the oxidized form of the 

metal ion catalyst and indicator, cerium(IV). Bromous acid is subsequently converted to bro-

mate (BrO3
–) and HOBr (the step (3)). Meanwhile, the step (2) reduces the cerium (IV) to 

cerium (III) and simultaneously increase bromide (Br–) concentration. Once the bromide con-

centration is high enough, it reacts with bromate (BrO3
–) and HOBr in (4) and (6) to form Br2, 

further Br2 reacts with CH2(COOH)2 to form BrCH(COOH)2 and the process begins again. 

Thus, parallel processes in (1) – (7) have several cycles which are performed synchronously. 

The proof-theoretic simulation of Belousov-Zhabotinsky reaction can be defined as fol-

lows: 

  

Definition 7.1. Consider a propositional language L  with the only binary operation           

 , it is built in the standard way over the set of variables S = {Ce3+, HBrO2, BrO3
–, H+, 

Ce4+, H2O, BrCH(COOH)2, Br–, HCOOH, CO2, HOBr, Br2, CH2(COOH)2}. Let S  be the set 

of states of proof-theoretic cellular automaton A . The inference rule of the automaton is 

presented by the conjunction of singular inference rules  (1) – (7): 

 

.7654321 )()()()()()()(   
 

The operation   has the following meaning: BA  defines a probability distribution 

of events A  and B  in neighbor cells participated in a reaction caused the appearance of                

BA . Then A  simulates the Belousov-Zhabotinsky reaction.  

   

 Definition 7.2. Let p, si, si+1  {Ce3+, HBrO2, BrO3
–, H+, Ce4+, H2O, BrCH(COOH)2, 

Br–, HCOOH, CO2, HOBr, Br2, CH2(COOH)2}. A state  p is called a premise for deducing 

si+1 from si by the inference rule )7()2()1(    iff   

• p  is is  or,  

• in a neighbor cell we find out an expression of the form CBAp  , , where CBA ,,  are 

propositional metavariables, i.e. they run over either the empty set or the set of states 

closed under the operation  . Thus, we assume that each premise should occur in a sep-

arate cell. This means that if we find out an expression CBpp ji  ,  or 

CpAp ji  ,  in a neighbor cell and both ip  and jp  are needed for deducing, whereas 

ip , jp  do not occur in other neighbor cells, then ip , jp  could not be considered as 

premises.  
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Example of Belousov-Zhabotinsky's cyclic proofs We can simplify the automaton de-

fined above assuming that   is a metatheoretic operation with the following operational 

semantics:  

,
B

BA

A

BA 

 
 

where A  and B  are metavariables defined on S . The informal meaning of that operation is 

that we can ignore one of both variables coupled by  . In the cellular automaton A  this 

metaoperation will be used as follows:  
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Let us suppose now that YX ,  run over the set of states closed under the operation  .  

 




























.)7()1(

)(,=)()(,

;)7()1(

)(,=)()(,

2);()7()1(

)(

)(,=)()(,,

=)(1

ofruleoneleastatinpremiseaas

usableisYonlyiiandYXzxiifY

ofruleoneleastatinpremiseaas

usableisXonlyiiandYXzxiifX

definitionseeof

rulesdifferenttwoleastatinpremisesas

usablenotusableuslysimultaneoare

YandXbothiiandYXzxiifYX

zx

t

t

t

t
 (9) 

 

 indempotency: A ::= A, A. (10) 

  



 

 commutativity: A, B ::= B, A. (11) 

 

Hence, we cannot ignore one of both variables coupled by   and should accept both 

them if in the neighborhood there are reactants that catenate both variables and change them. 

This rule is the simplest interpretation of BA  in definition 7.1. We have three cases:              

(i) both variables are catenated with reactants from the neighborhood, in this case we mean 

that the probability distribution of events A  and B  is the same and equal to 0.5 and, as              

a result, we cannot choose one of them and accept both; (ii) only A  is catenated with reac-

tants from the neighborhood, then the probability distribution of event A  is equal to 1.0 and 

that of B  to  0.0; (iii) only B  is catenated with reactants from the neighborhood, then the 

probability distribution of event B  is equal to 1.0 and that of A  to 0.0. Thus, BA  is           

a function that associates either exactly one value with its arguments (i.e. either A  or B ) or 

simultaneously both values (i.e. A  and B ). 

This simplified version of the automaton A  is exemplified in fig. 7.1.   

Evidently, reducing the complicated dynamics of Belousov-Zhabotinsky reaction to 

conventional logical proofs is a task that cannot be solved in easy way differently from simu-

lating within massive-parallel proofs. 

 

Figure 7.1. The evolution of a reversible proof-theoretic cellular automaton  with the Moor neighborhood in 

the 2-dimensional space for the Belousov-Zhabotinsky reaction. This automaton simulates the circular feedback 

 (more precisely temporal oscillations in a well-stirred solution):  is col-

orless and  is yellow. The initial configuration of - cells described in (I) occurs in the same form at the 

further steps and the cycle repeats several times. For entailing (I)  (II) we have just used inference rule              

(1) (row 2, column 2) and inference rule (3) (row 1, column 1), for entailing (II)  (III) inference rules                

(2), (3) and (8) (row 2, column 2), for entailing (III)  (IV) inference rule (4) (row 1, column 2) and inference 

rules (4), (6), (8) and (9) (row 2, column 2), for entailing (IV)  (V) inference rules (3) and (6) (row 1, column 

2) inference rules (1), (3), (5), (6), (7), (8) and (9) (row 2, column 2), for entailing (V)  (VI) inference rules 

(4), (6) (row 1, column 1), inference rules (4), (6), (10) (row 1, column 2), inference rules                                             

(2), (3), (4), (6), (7), (9), (10), (11) (row 2, column 2). 
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1.8. The proof-theoretic cellular automaton for dynamics                                             

of plasmodium of Physarum polycephalum 
 

 

The dynamics of plasmodium of Physarum polycephalum could be regarded as another 

simple example of the natural proof-theoretic automata. The point is that when the plasmodi-

um is cultivated on a nutrient-rich substrate (agar gel containing crushed oat flakes) it exhibits 

uniform circular growth similar to the excitation waves in the excitable Belousov-Zhabotinsky 

medium (Fig. 8.1). If the growth substrate lacks nutrients, e.g. the plasmodium is cultivated 

on a non-nutrient and repellent containing gel, a wet filter paper or even glass surface locali-

zations emerge and branching patterns become clearly visible (Fig. 8.2, 8.3). 

 

Figure 8.1. An example of computational process in Physarum machine. Photographs are taken with time lapse 

circa 24 hours. Courtesy of Andy Adamatzky. 

 

 
 

The plasmodium continues its spreading, reconfiguration and development as long as 

there are enough nutrients. When the supply of nutrients is over, the plasmodium either 

switches to fructification state (if level of illumination is high enough), when sporangia are 

produced, or forms sclerotium (encapsulates itself in hard membrane), if in darkness. 

The pseudopodium propagates in a manner analogous to the formation of wave-

fragments in sub-excitable Belousov-Zhabotinsky systems. Starting in the initial conditions 

the plasmodium exhibits foraging behavior, searching for sources of nutrients (Fig. 8.1). 

When such sources are located and taken over, the plasmodium forms characteristic veins of 

protoplasm, which contracts periodically. Belousov-Zhabotinsky reaction and plasmodium are 



 

light-sensitive, which gives us the means to program them. Physarum exhibits articulated 

negative phototaxis, Belousov-Zhabotinsky reaction is inhibited by light. Therefore, by using 

masks of illumination one can control the dynamics of localizations in these media. Light-

sensitivity of Plasmodium has been already explored in the design of robotics controllers (Ad-

amatzky 2007, Adamatzky, Jones 2009). 

 

Figure 8.2. Basic components of Physarum and its environment: (a) oat flake, (b) propagating pseudopodium, 

plasmodium's wave-fragment, (c) oat flake colonized by plasmodium, (d) protoplasmic tube. Courtesy of Andy 

Adamatzky. 

 

 
 

Experiments with Physarum polycephalum were carried out by Prof. Adamatzky as fol-

lows. The plasmodia of Physarum polycephalum were cultured on wet paper towels, fed with 

oat flakes, and moistened regularly. We subcultured the plasmodium every 5 – 7 days. 

Experiments were performed in standard Petri dishes, 9 cm in diameter. Depending on 

particular experiments we used 2% agar gel or moisten filter paper, nutrient-poor substrates, 

and 2% oatmeal agar, nutrient-rich substrate (Sigma-Aldrich). All experiments were conduct-

ed in a room with diffusive light of 3 – 5 cd/m, 220C temperature. In each experiment an oat 

flake colonized by the plasmodium was placed on a substrate in a Petri dish, and few intact 

oat flakes distributed on the substrate. The intact oat flakes acted as source of nutrients, at-

tractants for the plasmodium. Petri dishes with plasmodium were scanned on a standard HP 

scanner. The only editing done to scanned images is color enhancement: increase of saturation 

and contrast. 

Repellents were implemented with illumination domains using blue electroluminescent 

sheets, see details in Adamatzky 2010. Masks were prepared from black plastic, namely the 



 

triangle was cut in the plastic, when this mask was placed on top of the electro-luminescent 

sheet, the light was passing only through the cuts (Adamatzky 2010). 

 

Figure 8.3. Snapshot of experimental dish with propagating plasmodium, new activated propagating zone               

(a) and sites of branching pseudopodia, junctions of protoplasmic tubes (b) are shown by arrows. Courtesy of 

Andy Adamatzky. 

 

 
 

Results of experiments may be described in terms of proof-theoretic cellular automata. 

Let us assume that its set of states consists of the entities from the following sets (Fig. 8.2).  

• The set of neutral zones, 1{Z , },2 Z , where nothing goes.  

• The set of growing pseudopodia, 1{P , },2 P , localized in active zones (see an example 

on Fig. 8.2a). On a nutrient-rich substrate plasmodium propagates as a typical circular, 

target wave, while on the nutrient-poor substrates localized wave-fragments are formed.  

• The set of attractants },,{ 21 AA , they are sources of nutrients, on which the plasmodi-

um feeds. It is still subject of discussion how exactly plasmodium feels presence of at-

tracts, indeed diffusion of some kind is involved. Based on previous experiments by Prof. 

Adamatzky we can assume that if the whole experimental area is about cm108  in di-

ameter then the plasmodium can locate and colonize nearby sources of nutrients.  

• The set of repellents },,{ 21 RR . Plasmodium of Physarum avoids light. Thus, domains 

of high illumination are repellents such that each repellent R  is characterized by its posi-

tion and intensity of illumination, or force of repelling.  

• The set of protoplasmic tubes },,{ 21 CC . Typically, plasmodium spans sources of nu-



 

trients with protoplasmic tubes/veins (Fig. 8.2). The plasmodium builds a planar graph, 

where nodes are sources of nutrients, e.g. oat flakes, and edges are protoplasmic tubes.  

 

Hence, the set of states in the proof-theoretic cellular automaton for dynamics                                

of plasmodium of Physarum polycephalum is equal to: 

 

1{Z , 1212 {},,{}, APPZ   , },,{},,{}, 21212  CCRRA  . 

 

The proof-theoretic simulation of Physarum polycephalum is defined as follows: 

  

Definition 8.11. Consider a propositional language L  with the only binary operation             

 , it is built in the standard way over the set of variables:  

 

1{= ZS , 1212 ,,,,, APPZ  , 212 ,,, RRA  ,…, },, 21 CC . 

 

Let S  be the set of states of proof-theoretic cellular automaton A . The inference rule of the 

automaton is presented by the conjunction of singular inference rules (1) – (7): 

 

.7654321 )()()()()()()(   
 

The operation   has the following meaning: BA  defines a probability distribution 

of events A  and B  in cells. The operation   is idempotent, commutative and associative. 

Then A  simulates the dynamics of Plasmodium of Physarum polycephalum.  

   

Definition 8.2. Let 11 {,, Zssp ii  , 1212 ,,,,, APPZ  , 212 ,,, RRA  ,…, },, 21 CC .           

A state p  is called a premise for deducing 1is  from is  by inference rules (1) – (7) iff   

• p  is is  or,  

• in a neighbor cell we find out an expression of the form Xp , where X  is a proposi-

tional metavariable, i.e. it runs over either the empty set or the set of states closed under 

the operation  . Thus, we assume that each premise should occur in a separate cell. This 

means that if we find out an expression Xpp ji   in a neighbor cell and both ip  and 

jp  are needed for deducing, whereas ip , jp  do not occur in other neighbor cells, then        

ip , jp  could not be considered as premises. This restriction is just for rule (7).  
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Figure 8.4. The evolution of a proof-theoretic cellular automaton  with the Moor neighborhood in                        

the 2-dimensional space for Physarum polycephalum. 
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1.9. Unconventional computing as novel paradigm                                      

in natural sciences 
 

 

In natural sciences, there are many theoretical terms which as it seems to us allow to 

understand reality better, but actually they replace true reality by images made up. For exam-

ple, in understanding the Belousov-Zhabotinsky reaction the following theoretical terms of 

chemistry are used: matter, chemical element, chemical reaction, autowave, valence etc. In 

A



 

understanding the dynamics of plasmodium of Physarum polycephalum the following theoret-

ical terms of biology are assumed: contiguous living system, cell, protoplasm, physiology, 

morphology etc. 

If we share positions of unconventional computing and agree that any natural process is 

a computation and nature as a whole is a computer, theoretical terms of physics, chemistry 

and biology will lose a sense. We can eliminate them from the language of scientific theories. 

Theoretical terms cannot be verified, i.e. they are not reduced to observation terms. 

However, within the limits of unconventional computing we can substitute logical terms 

simulating the process of computation for theoretical terms. Logical terms do not require al-

ready verification. They form only the structure and algorithmization of observation terms. 

Let us suppose that we created the universal language UL  of unconventional computing, 

i.e. the universal logical language that allows us to consider any natural process as computa-

tion process. Then the language UL , first, eliminates all theoretical terms of natural sciences, 

replacing them by logical terms of massively parallel proof theory and, second, instead of 

huge number of scientific theories of physics, chemistry, biology we obtain an opportunity to 

have the universal logical theory that simulates the Universe. 

Let us show, how we could eliminate theoretical terms in the language UL . Take n theo-

retical terms: nTTT ,,, 21  , linked to observation terms by correspondence rules of an appro-

priate theory and m observation terms, i.e. their references are found out immediately: 

mOOO ,,, 21  . The complete theoretical statement is a union consisting of T - and O - terms: 

 

.,,,;,,, 2121  mn OOOTTT   

 

This formula can be replaced by another, identical to the first in the way that all theoret-

ical terms are replaced by logical terms kUUU ,,, 21   which describe the process of computa-

tion of an appropriate automata with features  mOOO ,,, 21  : 

 

.,,,;,,, 2121  mk OOOUUU   

 

In such a statement, empirical values of theoretical terms are positioned, i.e. they obtain 

references. These references are expressed by observation terms. Such a representation of 

theoretical expressions has a number of advantages, e.g. sophisticated theoretical terms of 

natural sciences could find the classes of references. For example, it is obvious that the state-

ments describing Earth's rotation have the set {the Earth} as a class of references. However, it 

is not clearly, which set of physical bodies realises the statements describing the concept 

‘electron’. 

In a proposition of language UL  the sophisticated expression setting theoretical terms is 

transformed into an expression in which there are only observation terms as well as terms of 



 

anti-Platonic (a posteriori) logic and mathematics, therefore the concept ‘electron’ may be 

eliminated from theory expressions. 

In our simulation of Belousov-Zhabotinsky reaction as observation terms the following 

states of an appropriate cellular automaton were used {Ce3+, HBrO2, BrO3
–, H+, Ce4+, H2O, 

BrCH(COOH)2, Br–, HCOOH, CO2, HOBr, Br2, CH2(COOH)2}, and in the simulation of the 

dynamics of Plasmodium of Physarum polycephalum the following states: 1{Z , 12 ,, PZ  , 

12 ,, AP  , 212 ,,, RRA  , …, },, 21 CC . 

The theoretical terms needed for understanding the Belousov-Zhabotinsky reaction were 

replaced by inference rules of definition 7.1, and theoretical terms needed for understanding 

the dynamics of plasmodium of Physarum polycephalum by inference rules of definition 8.1. 
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II 

Logical Modelling of Physarum                     

Polycephalum 
 

 

Andrew Schumann, Andrew Adamatzky 

 

 

Abstract 
 

 

In the paper, we proposed a novel model of unconventional computing where a struc-

tural part of computation is presented by dynamics of plasmodium of Physarum polycepha-

lum, a large single cell. We sketch a new logical approach combining conventional logic with 

process calculus to demonstrate how to employ formal methods in design of unconventional 

computing media presented by Physarum polycephalum.  

 

 

Introduction 
 

 

In the paper, we are demonstrating how to design unconventional computing media 

taking into account the problem that in unconventional computing media both structural parts 

and computing data of computers are variable ones, in particular in reaction-diffusion proces-

sors [1] we are dealing with, both the data and the results of the computation are encoded as 

concentration profiles of the reagents (on the contrary, in conventional models of computation 

one makes a distinction between the structural part of a computer, which is fixed, and the data 

which are variable and on which the computer operates). As a result, while in conventional 

models circuits are fixed, in unconventional computing media circuits could be set up just as 

dynamically variable ones within spatio-temporal logic. Solving this task allows us to build 

up nature-inspired computer models and to consider biological and physical systems as com-

putational models. 

One of the unconventional, nature-inspired models similar to reaction-diffusion com-

puting is chemical machine in that molecules are viewed as computational processes supple-

mented with a minimal reaction kinetics. Berry and Boudol first built up a chemical abstract 

machine [4] as an example of how a chemical paradigm of the interactions between molecules 

can be utilized in concurrent computations (in algebraic process calculi). We are considering 

another abstract machine of reaction-diffusion computing exemplified by dynamics of plas-

modium of Physarum polycephalum. This machine is constructed by using process algebra, 

too. Using it, we are studying a possibility of logical representation of the computation in re-



 

action-diffusion systems. Using notions of space-time trajectories of local domains of a reac-

tion-diffusion medium we will could the spatial logic of trajectories, where well-formed for-

mulas and their truth-values are defined in the unconventional way. 

Experimental studies and designs of reaction-diffusion computers could be traced back 

to the pioneer discovery of L. Kuhnert (1986). He demonstrated that some very basic image 

transformations can be implemented in the light-sensitive Belousov-Zhabotinsky system. The 

ideas by L. Kuhnert., K.L. Agladze, I. Krinsky (1989) on image and planar shape transfor-

mations in two-dimensional excitable chemical media were further developed and modified 

by N.G. Rambidi (1998). At that time, during the mid and late nineties, a range of chemical 

logical gates were experimentally built in the Showalter and Yoshikawa laboratories. The first 

chemical laboratory prototypes of precipitating chemical processors for computational geome-

try were developed by A. Adamatzky (1996). He also designed and studied a range of hexag-

onal cellular-automaton models of reaction-diffusion excitable chemical systems. Now reac-

tion-diffusion computing is an extremely wide area of researches towards unconventional 

computing. 

 

Figure 1. An example of computational process in Physarum machine. Photographs are taken with time lapse 

circa 24 hours. 

 

  
 

The dynamics of plasmodium of Physarum polycephalum could be regarded as one of 

the natural reaction-diffusion computers. The point is that when the plasmodium is cultivated 

on a nutrient-rich substrate (agar gel containing crushed oat flakes) it exhibits uniform circular 

growth similar to the excitation waves in the excitable Belousov-Zhabotinsky medium                        

(Fig. 1). If the growth substrate lacks nutrients, e.g. the plasmodium is cultivated on a non-



 

nutrient and repellent containing gel, a wet filter paper or even glass surface localizations 

emerge and branching patterns become clearly visible (Fig. 2, 3). 

The plasmodium continues its spreading, reconfiguration and development till there 

are enough nutrients. When the supply of nutrients is over, the plasmodium either switches to 

fructification state (if level of illumination is high enough), when sporangia are produced, or 

forms sclerotium (encapsulates itself in hard membrane), if in darkness. 

 

Figure 2. Basic components of Physarum and its environment: (a) oat flake, (b) propagating pseudopodium, 

plasmodium's wave-fragment, (c) oat flake colonized by plasmodium, (d) protoplasmic tube. 

 

  
  

The pseudopodium propagates in a manner analogous to the formation of wave-

fragments in sub-excitable Belousov-Zhabotinsky systems. Starting in the initial conditions 

the plasmodium exhibits foraging behavior, searching for sources of nutrients (Fig. 1). When 

such sources are located and taken over, the plasmodium forms characteristic veins of proto-

plasm, which contracts periodically. Belousov-Zhabotinsky reaction and plasmodium are 

light-sensitive, which gives us the means to program them. Physarum exhibits articulated 

negative phototaxis, Belousov-Zhabotinsky reaction is inhibited by light. Therefore, by using 

masks of illumination one can control dynamics of localizations in these media: change a sig-

nal's trajectory or even stop a signal's propagation, amplify the signal, generate trains of sig-

nals. Light-sensitive of plasmodium has been already explored in design of robotics control-

lers [2], [3]. 

Despite numerous experimental implementations of Physarum computers there is                       

a lack of formalization of the plasmodium's behavior abstract enough to infer high-level prin-

ciple of information transmission by the plasmodium and accurate enough to reflect peculiari-



 

ties of the Physarum foraging behavior. In the paper we are trying to fill the gap and offer 

interpretation of Physarum behavior in a framework of process calculi. In the paper we are 

trying to define Physarum machine as a process calculus built on an unconventional interpre-

tation of logical connectives. 

 

Figure 3. Snapshot of experimental dish with propagating plasmodium, new activated propagating zone                      

(a) and sites of branching pseudopodia, junctions of protoplasmic tubes (b) are shown by arrows. 

 

  
  

 

2.1. A logical approach to analyzing Physarum machine 
 

 

Let us set up the problem how to define logical connectives in Physarum machine. 

The matter is that both structural parts and computing data of Physarum computers are varia-

ble. 

Physarum machine may be viewed as a labelled transition system, which consists of               

a collection of states 
KjNiijp

1,=,1,=
}{=L  and a collection T  of transitions (processes, actions) 

over them. Assume )(: LPLT  , where }:{=)( LLP TT . This means that )( pT  consists 

of all states that a reachable from p . The transition system is understood as a triple  

 

,,,  TL  

 



 

where LTL   is a transition relation that models how a state Lp  can evolve into an-

other state Lp  due to an interaction T . Usually,  pp ,,  is denoted by            

pp 


. So, a state p  is reachable from a state p  if pp 


. 

The finite word n 21  is a finite trace of transition system whenever there is a fi-

nite execution fragment of transition system 

.<0= 1

1

2110 niallforppthatsuchppp i

i

inn  




   

 

The word n 21  is denoted by )(trace . The infinite word 21  is an infinite 

trace whenever there is an infinite execution fragment of of transition system 

.0= 1

1

3322110 iallforppthatsuchpppp i

i

i  




   

 

The word 21  is denoted by )(trace  too.   

 

Definition 2.1.2. An infinite (resp. finite) trace of state p  denoted by )( p  is the 

trace of an infinite (resp. finite) execution fragment starting in .p    

 

Each trace can be regarded as a graph, where nodes represent states and edges transi-

tions. In this way, transition system is viewed as graph trees. 

Conventionally, logical connectives are defined in the algebraic way that is broken 

within transition systems. Therefore, in Physarum machine we will distinguish two kinds of 

logical connectives:   

• logical connectives defined co-algebraically, these ones are closed to conventional logi-

cal connectives: they are “eternal,” because they are defined over traces (i.e. for any fu-

ture states);  

• logical connectives defined as transitions over states, these ones differ from conventional 

logical connectives: they are defined over states, therefore their values could change for 

some future states.  

 

 

2.1.1. Logical connectives defined co-algebraically 

 

 

First, let us consider logical connectives defined co-algebraically, i.e. by coinduction. 

An infinite trace of state )( p  may be presented as a kind of stream. For a trace           

)( p , we call (0)p  the initial value of .)( p  We define the derivative  of a trace       

)( p , for all 0n , by 1)(=)(  nn pp  . For any 0n , )(np  is called the n-th state of 

.)( p  It can also be expressed in terms of higher-order trajectory derivatives, defined, for all 

(0)p



 

0k , by )(=(0) pp  ; )(= )(1)(  k

p

k

p  . In this case the n-th state of a trace )( p  is given by 

(0)=)( )(n

pp n  . So, the trajectory is understood as an infinite sequence of derivatives: 

,::1)(::::(2)::(1)::(0)=)( )(n

ppppp np    or .(2),(1),(0),=)(  pppp   

A bisimulation on the set of traces is a relation R  such that, for all )( p  and )(q , 

if Rqp  )(),(   then (i) (0)=(0) qp   (this means that they have the same initial value) 

and (ii) Rqp    ,  (this means that they have the same differential equation). 

If there exists a bisimulation relation R  with Rqp   ,  then we write qp  :  and 

say that p  and q  are bisimilar. In other words, the bisimilarity relation is the greatest bi-

simulation. In addition, the bisimilarity relation is an equivalence relation. 

  

Theorem 2.1. (Coinduction) 3. For all )(),( qp  , if there exists a bisimulation re-

lation R  with Rqp  )(),(  , then )(=)( qp  .       

 

This proof principle is called coinduction. It is a systematic way of proving the state-

ment using bisimularity: instead of proving only the single identity )(=)( qp  , one com-

putes the greatest bisimulation relation R  that contains the pair  )(),( qp  . By coinduc-

tion, it follows that )(=)( qp   for all pairs Rqp  )(),(  . 

Now consider logical connectives defined by coinduction over traces. Their syntax is 

as follows:  

Variables: rqp ||::=p , 

 

where p, q, r are states of Physarum machine presented as a labelled transition system.  

 

Constants:  |::=c  

where   means the truth (the ideal, universal trace) and   means the falsity (the empty, 

impossible trace).  

 

Formulas:   |||||::=, cp  

 

These definitions are coinductive. For instance:  

• a variable p  is of the form of a trace 
)(::1)(::::(2)::(1)::(0)= nn pppppp  , where 

},,,{)( rqpi p  for each i ;  

• a constant c  is of the form of a trace 
)(::1)(::::(2)::(1)::(0)= nn cccccc  , where 

},{)( ic  for each i , a particular case is 
)(][::::](2)[::](1)[::](0)[=][ n  , 

where  =)]([ i  for each i ;  



 

• a formula   has the differential equation )(=)(    and its initial value is 

(0)=)(0)(   , this formula will be understood as ][ ;  

• a formula    has the differential equation   =)(  and its initial value is 

(0)(0)=)(0)(   ;  

• a formula    has the differential equation   =)(  and its initial value is 

(0)(0)=)(0)(   ;  

• a formula    has the differential equation   =)(  and its initial value is 

(0)(0)=)(0)(   .  

 

 

2.1.2. Logical connectives defined as transitions over states 

 

 

In analyzing the plasmodium we observe processes of inaction, fusion and choice, 

which could be interpreted as unconventional (spatial) falsity, conjunction and disjunction 

respectively, denoted by Nil , &  and  . These operations differ from conventional ones, 

because they cannot have a denotational semantics in the standard way. However, they may 

be described as special transitions over states of Physarum machine:  

• inaction ( Nil ) means that pseudopodia has just stopped to behave,  

• fusion ( & ) means that two pseudopodia come in contact one with another and then 

merge,  

• choice (+) means a competition between two pseudopodia in their bahaviours.  

 

Let us notice that a Boolean algebra may be extended up to the case of the system of 

logical connectives defined by coinduction [5] (see the previous subsection). However, if we 

define three basic logical connectives (falsity, conjunction, disjunction) as transitions over 

states of Physarum machine, they will be extremely non-classical and Boolean properties do 

not hold for them in general case. 

 

 

2.2. Physarum process calculus 
 

 

Further, let us try to build up a process calculus combining two approaches to logical 

connectives for describing the dynamics of Physarum machine, i.e. we are trying to show that 

indeed this machine could be presented as a labelled transition system with some logical rela-

tions. 

Assume that the computational domain   is partitioned into computational cells 

Kc j ,1,=   such that  =ji cc , ji   and =
1= j

K

j
c . Then suppose that in the K  cells, 

there are N  active species or growing pseudopodia and the state of species i  in cell j  is de-



 

noted by ijp , Ni ,1,=  , Kj ,1,=  . These states are time dependent and they are changed 

by plasmodium's active zones interacting with each other and affected by attractants or repel-

lents. Plasmodium's active zones interact concurrently and in a parallel manner. Foraging 

plasmodium can be represented as a set of following abstract entities (Fig. 2).  

• The set of active zones (growing pseudopodia or actions) },,{= baZ  (Fig. 2a). On                

a nutrient-rich substrate, plasmodium propagates as a typical circular, target, wave, while 

on the nutrient-poor substrates localized wave-fragments are formed. Each action a from 

Z  belongs to a state ijp , Ni ,1,=  , Kj ,1,=   of a cell i , which is its current posi-

tion, and says about a transition (propagation) of a state ijp  to another state of the same or 

another cell. Part of plasmodium feeding on a source of nutrients may not propagate, so 

its transition is nil, but this part can always start moving. 

• The set of attractants },,{ 21 AA  are sources of nutrients, on which the plasmodium 

feeds. It is still subject of discussion how exactly plasmodium feels presence of attracts, 

indeed diffusion of some kind is involved. Based on our previous experiments we can as-

sume that if the whole experimental area is about cm:108  in diameter then the plasmo-

dium can locate and colonize nearby sources of nutrients. Each attract )(aA  is a function 

from a to another action b . 

• The set of repellents },,{ 21 RR . Plasmodium of Physarum avoids light. Thus, domains 

of high illumination are repellents such that each repellent R is characterized by its posi-

tion and intensity of illumination, or force of repelling. In other words, each repellent 

)(aR  is a function from a to another action b . 

• The set of protoplasmic tubes },,{ 21 CC . Typically plasmodium spans sources of nutri-

ents with protoplasmic tubes/veins (Fig. 2). The plasmodium builds a planar graph, where 

nodes are sources of nutrients, e.g. oat flakes, and edges are protoplasmic tubes.                          

)(aC  means a diffusion of growing pseudopodia by an action a. 

 

Our process calculus contains the following basic operators: Nil  (inaction), å  (pre-

fix), |  (cooperation), \  (hiding), &  (reaction/fusion),   (choice), a  (constant or restriction 

to a stable state), )(A  (attraction), )(R  (repelling), )(C  (spreading/diffusion). Let 

},,{= ba  be a set of names. With every a  we associate a complementary action a . 

Define }:,{= aaaL , where a  is considered as activator and as inhibitor for a , be the set 

of labels built on   (under this interpretation, aa = ). Suppose that an action a  communi-

cates with its complement a  to produce the internal action  . Define }{=  LL . 

We use the symbols  ,  , etc., to range over labels (actions), with aa = , and the 

symbols P , Q , etc., to range over processes on states ijp , Ni ,1,=  , Kj ,1,=  . The 

processes are given by the syntax:  



 

 

|   \   |   )|(   |   )(   |   )(   |   )(   |      |   ::=, QPQPCPRPAPNilQP  ååå  

aQPQP    |      |   &              

Each label is a process, but not vice versa. An operational semantics for this syntax is 

defined as follows: 

,    :Prefix

PP


 å

 

 

),=)((  

)(






A

PPA å
 

 

),=)((  

)(






R

PPR å
 

 

(the conclusion states that the process of the form På  (resp. PA å)(  or PR å)( ) may en-

gage in   (resp. )(A  or )(R ) and thereafter they behave like P ; in the presentations of 

behaviors as trees, På  (resp. PA å)(  or PR å)( ) is understood as an edge with two nodes:       

  (resp. )(A  or )(R ) and the first action of P ), 

),::=)((   

)(

   :Diffusion PC

CP

PP












 

 

),,::=(      :Constant 



LaPa

Pa

PP





 

 

,   ,   :Choice

QQP

QQ

PQP

PP
















 

 

(these both rules state that a system of the form QP   saves the transitions of its subsystems 

P  and Q ), 

,

||
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||

   :nCooperatio

QPQP

QQ

QPQP

PP
















 

 

(according to these rules, the cooperation | interleaves the transitions of its subsystems), 

 

,

|| QPQP

QQPP








 

 



 

(i.e. subsystems may synchronize in the internal action   on complementary actions                         

  and  ), 

),,(  

\\

   :Hiding LQQ

QPQP

PP











 

 

(this rule allows actions not mentioned in Q  to be performed by QP \ ), 

 

NilPP


 &

   :Fusion

å

 

 

(the fusion of complementary processes are to be performed into the inaction), 

 

PPQ

PQPP

PQP

PQPP
















&

,

&

 

 

(this means that if we obtain the same result P  that is produced by the same action   and 

evaluates from two different processes P  and Q , then P  may be obtained by that action            

  started from the fusion QP &  or PQ & ), 

 

 

PCNilPQ

PP

PCNilQP

PP









)(&

,

)(& 








 

 

(these rules state that if the result P  is produced by the action   from the processes                

P , then a fusion QP &  (or PQ & ) is transformed by that same   either into the inaction 

or diffusion or process P ). 

These are inference rules for basic operations. The ternary relation PP 


 means that 

the initial action P  is capable of engaging in action   and then behaving like P . 

The informal meanings of basic operations are as follows:  

• Nil , this is the empty process which does nothing. In other words, Nil  represents the 

component which is not capable of performing any activities: a deadlocked component.  

• På , a process L  followed by the process P : P  becomes active only after the ac-

tion   has been performed. An activator L  followed by the process P  is interpret-

ed as branching pseudopodia into two or more pseudopodia, when the site of branching 

represents newly formed process På . 

 

In turn, an inhibitor L  followed by the process P  is annihilating protoplasmic 

strands forming a process at their intersection.  



 

• PA å)(  denotes a process that waits for a value   and then continues as P . This 

means that an attractor A  modifies propagation vector of action   towards P . Attract-

ants are sources of nutrients. When such a source is colonized by plasmodium the nutri-

ents are exhausted and attracts ceases to function: NilA å)( .  

• PR å)(  denotes a process that waits for a value   and then continues as P . This 

means that a repellent R  modifies propagation vector of action   towards P . Process 

can be cancelled, or annihilated, by a repellent: NilR å)( . This happens when propagat-

ing localized pseudopodium   enters the domain of repellent, e.g. illuminated domain, 

and    does not have a chance to divert or split. 

• )(C , a diffusion of activator L  is observed in placing sources of nutrients nearby 

the protoplasmic tubes belonging to   or inactive zone ( Nil::= ). More precisely, dif-

fusion generates propagating processes which establish a protoplasm vein (the case of ac-

tivator  ) or annihilate it (when source of nutrients exhausted, the case of inhibitor  ). 

• QP | , this is a parallel composition (commutative and associative) of actions: P  and             

Q  are performed in parallel. The parallel composition may appear in the case, two more 

food sources are added to either side of the array and then the plasmodium sends two 

streams outwards to engulf the sources. When the food sources have been engulfed, the 

plasmodium shifts in position by redistributing its component parts to cover the area cre-

ated by the addition of the two new processes P  and Q  that will already behave in par-

allel. 

• Process P  can be split, or multiplied, by two sources of attractants 2121 |))(( PPPAA å . 

Pseudopodium P  approaches the site where distance to 1A  is the same as distance to           

2A . Then P  subdivides itself onto two pseudopodia 1P  and 2P . Each of the pseudopo-

dia travels to its unique source of attractants. Also, process P  can be split, or multiplied, 

by a repellent: 21 |)( PPPR å . Biophysics of fission with illuminated geometrical shapes is 

discussed in [5]. The fission happens when a propagating pseudopodium ‘hits’ a repel-

lent. The part of pseudopodium most affected by the repellent ceases propagating, while 

two distant parts continue their development. Thus, two separate pseudopodia are formed. 

• QP \ , this restriction operator allows us to force some of P 's actions not to occur; all of 

the actions in the set LQ   are prohibited, i.e. the component QP \  behaves as P ex-

cept that any activities of types within the set Q  are hidden, meaning that their type is 

not visible outside the component upon completion. 

• QP & , this is the fusion of P  and Q ; QP &  represents a system which may behave 

as both component P  and Q . For instance, Nil  behaves as PP & , where P  is an ac-

tivator and P  an appropriate inhibitor respectively. The fusion of P  and Q  is under-

stood as collision of two active zones P  and Q . When they collide they fuse and anni-

hilate,  NilQP å& . Depending on the particular circumstances the new active zone   



 

(the result of fusing) may become inactive ( Nil ), transform to protoplasmic tubes ( )(C

), or remain active and continue propagation in a new direction (the case of prefix å ). 

 

When two pseudopodia come in contact one with another, they do usually merge                     

(Fig. 4). Thus by directing processes with attractors we can merge the processes: 

2121 &),( PPPPA å  (see details in [5]). 

 

Figure 4. Merging of two plasmodium's wave-fronts. Photos are made with interval 9 hours.  

 

 
 

• QP  , this is the choice between P  and Q ; QP   represents a system which may be-

have either as component P  or as Q . Thus, the first activity to complete identifies one 

of the components which is selected as the component that continues to evolve; the other 

component is discarded. In Physarum calculi, the choice QP   between processes P  

and  Q  sometimes is represented by competition between pseudopodia tubes )(PC  and          

,)(QC  i.e. )()(=),( QCPCQPC  . In other words, two processes P  and Q  can com-

pete with each, during this competition one process ‘pulls’ protoplasm from another pro-

cess, thus making this another process inactive. The competition happens via protoplas-

mic tube. 

• a , constants belonging to labels are components whose meaning is given by equations 

such as Pa ::= . Here the constant a  is given the behaviour of the component P . Con-

stants can be used to describe infinite behaviours, via mutually recursive defining equa-

tions. 

Thus, in this process calculus we have two kinds of logical connectives.  

• The group of connectives defined by coinduction. They are derivable from the hiding. 

Indeed, let 1 be a universal set of active zones, then the following equalities hold:  

 

     \1::= PP negation 

 

   )\(1\::= QPQP  conjunction 

 

     )\)\((1\1::= QPQP  disjunction 

 

    )\(\1::= QPQP  implication 

 

These connectives satisfy all properties of Boolean algebra.  

 

• The group of connectives defined as transitions. It consists of three operations:                     

inaction, fusion and choice. Their basic properties:  



 

 

,\ NilPNil   (1) 

,& NilPP   (2) 

 

,& PPP   (3) 

 

,& NilNilP   (4) 

 

,\\\)( PQPPPQP   (5) 

 

,\&\\)&( PQPPPQP   (6) 

 

,&& PQQP   (7) 

 

,&)&()&(& RQPRQP   (8) 

 

,PPP   (9) 

 

,PNilP   (10) 

 

,PQQP   (11) 

 

,)()( RQPRQP   (12) 

 

),&()&()(& RPQPRQP   (13) 

 

),(&)()&( RPQPRQP   (14) 

 

where  is a congruence relation defined on the set of processes. 

 

 

Conclusion 
 

 

In the paper, we have just shown that the behavior of plasmodium of Physarum poly-

cephalum could be considered as a kind of process calculus with several logical connectives 

defined in non-standard way. Thus, the media of Physarum polycephalum can be viewed as 

one of the natural unconventional (reaction-diffusion) computers. Its weakest point is that the 

speed of computation is so slow: each new state of Physarum dynamics may be observed just 

in hours (see Fig. 1). 
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and Reflexive Games 
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Abstract 
 

 

In this paper, probability measures on streams (e.g. on hypernumbers and p-adic num-

bers) are defined. Then it is shown that these probabilities can be used for simulations of re-

flexive games. In particular, it can be proved that Aumann's Agreement Theorem does not 

hold on these probabilities. Instead of this theorem, there is a statement that is called Reflex-

ion Disagreement Theorem. Due to this theorem, probabilistic and knowledge conditions can 

be defined for reflexive games at different reflexion levels up to the infinite level.  

 

 

Introduction 
 

 

For the first time probabilities on streams are defined in papers [46; 47]. They are a nat-

ural generalization of probabilities on hypernumbers and p-adic numbers. On the theory of p-

adic valued probabilities there are surveys and many deatails in [19; 20; 21; 22; 23; 41]. Some 

basic properties of non-Archimedean (p-adic as well as hypernumber-valued) logical multi-

ple-validity are considered in [41; 43, 44; 45; 48]. Recall that the fundamental work on non-

Archimedean systems is [37]. 

All results of this paper are obtained due to some basic features of streams and coinduc-

tive probabilities on them. Streams refer to mathematical objects which cannot be generated 

as inductive sets. For more details please see [15; 18; 31; 32; 35; 36; 38; 39; 40]. Using these 

probabilities on streams, the reflexion disagreement theorem (theorem 2, section 3.3) can be 

readily proved, which contradicts to Aumann's agreement theorem proved on standard real 

probabilities. It is possible to simulate reflexive games on coinductive probabilities. It is as-

sumed that the reader knows some basic notions of speech act theory (see [50; 51; 52]) such 

as performative, illocutionary, perlocutionary. In the paper, I propose a formalization of the 

notion ‘perlocutionary effect’ to coinductively define knowledge operators in reflexive games. 

 



 

3.1. Why can we reject Aumann's agreement theorem? 
 

 

Aumann's agreement theorem [3; 4] actually says that two agents acting rationally (ac-

cording to Bayesian formulas) and with common knowledge of each other's beliefs cannot 

agree to disagree. More specifically, if two people share common priors, and have common 

knowledge of each other's current probability assignments (their posteriors for a given event                   

A are common knowledge), then they must have equal probability assignments (these posteri-

ors must be equal). It is one of the most important statement of game theory, epistemic logic 

and so on. For example, according to this statement, each rational player has to behave in the 

same manner under the same circumstances. Rational players have always a common 

knowledge, they know all parameters of the game and have to be sure that their opponents 

know that they know parameters of the game, that they know that they know and so on ad 

infinitum. 

To prove his theorem, Aumann appeals to representing the possibility operator )(iP  

and the common knowledge operator Ki as the least fixed points, i.e. as inductive sets. Let us 

remember their definitions.  

Let   be a finite set of possible states of the world which are called propositions, N be                              

a set of agents, call them i = 1, ...,  N. Agent i's knowledge structure is a function iP  which 

assigns to each   a non-empty subset of  . iP  is a partition of  : each world   be-

longs to exactly one element of each iP , i.e.   is a set of mutually disjoint subsets iP  

whose union is  . Then )(iP  is called i's knowledge state at  . This means that if the true 

state is  , the individual only knows that the true state is in )(iP . We can interpret )(iP  

probabilistically as follows: 0}>)|(:{=)(  
ii PP . Then all propositions in   in any of 

the             N partitions form a -field . Ai )(P  is interpreted as meaning that at  agent i 

knows that A, i.e.  for all states  that i considers possible at . 

For each i, the expression below defines a knowledge operator Ki which, applied to any 

set AA , yields the set AAK i  of worlds in which i knows A:  

 

}.)(:{= AAK ii  P  

 

The most important property of the knowledge operator is AAKi  ; i.e. if an agent 

knows an event A in state   (i.e., AKi ), then A is true in state   (i.e., A ). 

We can prove the following statements: 

 

;= iK  (1) 

 

A

A 



 

;=)( BKAKBAK iii   (2) 

 

;BKAKBA ii   (3) 

 

;AAKi   (4) 

 

;= AKAKK iii  (5) 

 

.AKAKK iii   (6) 

 

The properties of (1) – (6) are considered fundamental for defining knowledge operators 

in epistemic logic.   

Nevertheless, we can define the possibility operator )(iP  and the common knowledge 

operator Ki as the greatest fixed points as well, i.e. as coinductive sets. In this way we cannot 

prove Aumann’s agreement theorem. Instead of the latter statement we then prove the reflec-

tion disagreement theorem as an appropriate negation of Aumann’s theorem. While for Au-

mann’s theorem we need the property }:{=)( AKA ii  P , for its negation we need the 

property }:{=)( AKA ii  P . In other words, this new statement can be proven if we 

change some standard philosophical presuppositions in game theory by the following new 

assumptions: each rational agent can cheat (disagree in his heart with) other rational agents, 

each player cannot know everything prior the game, each agent can try to foresee knowledge 

(beliefs) of his/her opponents and manipulate them, therefore the common knowledge does 

not mean that an agent cannot disagree and will be completely predictable for all others. 

These philosophical presuppositions contradicting to Aumann’s ideas were first formu-

lated by Vladimir Lefebvre in his notion ‘reflexive games’ in 1965 [25; 27; 28]. A game is 

called reflexive if to choose the action the agent has to model (predict) actions of his/her op-

ponents [33; 34], e.g. (s)he can try to manipulate them or cheat them. The Early Levebvre 

formulated reflexive games assuming many reflexion levels [28]. On the zero level I ignore 

beliefs  of opponents, on the first level I take into account their beliefs, on the second level             

I take into account that they try to predict my beliefs, on the third level I foresee their beliefs                              

in which my beliefs are foreseen by them, etc. The game-theoretic mathematics for ideas                                 

of the Early Levebvre has been devoloped by D.A. Novikov and A.G. Chkhirtishvili                                

[11; 12; 13; 14; 33; 34]. The reflexion disagreement theorem that will be proved in the next 

section holds true for their approach, namely if we suppose a possibility of reflexive games on 

a reflexion level of any natural number. I was inspirated and suggested by the ideas of the 

Early Levebvre in the same measure as them.  

The Later Levebvre tried to simulate decision making in reflexive games by means of 

Boolean functions [26]. The main disadvantages of approaches encouraged by the Later 

Lefebvre consist in that reflexive levels are ignored and agents are presented as automata. 

However, the self-estimation is a variable. Reflexion varies depending on characteristic 



 

moods (illocutionary acts) as well as the persuasiveness and emotionality of our interlocutors 

(perlocutionary effects). In this sense, the dynamism of reflexion quite corresponds to the 

well-known paradox of Chevalley and Belzung [10] which is formulated as such: an emotion-

al response of the same person in the same situation can be various in different points of time. 

Thus, the simulation of decision making in reflexive games by means of Boolean functions is 

too speculative and cannot help in analyzing everyday situations. Within this approach we 

assume that reactions and evaluations of the same agent remain the same forever. Neverthe-

less, it is false. This approach can be useful only in explicating some basic features of reflex-

ive management that take place in the given situation (such as the case of Soviet and Ameri-

can ethical patterns [26]). 

The ideas of the Early Lefebvre which I try to develop in this paper are very close to 

ideas of metagame which were proposed by Nigel Howard [17]. According to him, for any 

game  G and any player i there can be a metagame iG, in which player i chooses in knowledge 

of the choices of all the others. More formally, let G = S1, S2; M1, M2 be the normal form of 

the game, where S1 (resp. S2) is the set of strategies for player 1 (resp. 2) and M1 (resp. M2) is 

his/her preference function. The set of outcomes is S = S1  S2, i.e. an outcome is an ordered 

pair s = s1, s2. Mi(s) = {s' : is not preferred to s by player i}, i = 1, 2. Let B(S1) (resp. B(S2)) 

be the set of non-null subsets of S1 (resp. of S2) and K1  B(S1) (resp. K2  B(S2)). Then the 

first level metagame KG is defined as the normal form KG = X1, X2; M'1, M'2, where                                                       

X1 = {x1 : x1 = f1, c1; c1  K1; f1 : K2  c1}, X2 = {x2 : x2 = f2, c2; c2  K2; f2 : K1  c2}, and 

for i = 1, 2, M'i satisfies the following property: 

 

x'  M'i(x) iff x'  M'i(x), 

 

where  (f1, c1; f2, c2) = (f1(c2), f2(c1)). 

 

By induction, we can obtain an n-th-level metagame KnK(n-1)...K1G. The set of all meta-

games KnK(n-1)...K1G for any natural number n is called the infinite metagame based on G. 

This metagame corresponds to Lefebvre’s reflexive game of infinite level.  

Nigel Howard proposed to use metagames to have possibilities to require “more of ra-

tionality than that each player should optimize given its beliefs about the others’ choices” 

[17]. Now (s)he should be able “to know the others’ choices, and know how the other would 

choose to react to such knowledge, and know each others’ reactions to such reactions, and so 

on” [17]. These ideas are almost the same as ideas introduced in reflexive games [11; 12; 13; 

14; 33; 34]. The difference consists in other ways of defining preference functions. 

The reflection disagreement theorem holds true for the infinite metagame in Howard’s 

meaning as well as for the reflexive game of infinite level in Lefebvre’s meaning. This theo-

rem shows limits in infinite mutual predictions of others’ knowledge. 

The mathematical meaning of the reflexion disagreement theorem is that we cannot 

prove the agreement theorem using probabilities running over streams (e.g. using probabilities 

with values on hypernumbers or p-adic numbers) in any way. In non-standard fields Au-

mann’s theorem is false, because the powerset of any infinite set of streams is not a Boolean 

algebra and the Bayesian theorem does not hold in general case for streams [41; 46; 47]. No-



 

tice that we cannot avoid streams in the case of infinite metagame or reflexive game of infi-

nite level, because we face there an infinite data structure consisting of streams. The fuzzy 

and probability logic with values on streams was obtained in [41; 42; 43; 44; 45; 46; 47]. This 

logic can be used for developing a probability theory and epistemic logic for the infinite met-

agame and reflexive game of infinite level. 

Mathematically, the infinite metagame is a coalgebra [18; 32; 36; 39]. Graphically, 

coalgebras (e.g. processes or games) can be represented as infinite trees. As an example, let us 

refer to the following definition of binary trees labeled with x, y, … and whose interior nodes 

are either unary nodes labeled with u1, u2, … or binary nodes labeled with b1, b2, …: 

1. the variables x, y, … are trees; 

2. if t is a tree, then adding a single node labeled with one of u1, u2, … as a new root with t as 

its only subtree gives a tree; 

3. if s and t are trees, then adding a single node labeled with one of b1, b2, … as a new root 

with s as the left subtree and t as the right subtree again gives a tree; 

4. trees may go on forever (i.e. trees satisfy the greatest fixed point condition). 

 

This definition allows us to define some binary trees by circular definitions such as: 

 

   b1    u1 

 

s =     t =  

 

   t       s    t 

 

To sum up, we obtain the following infinite binary tree: 

 

   b1     

 

      

 

   u1       b1     

 

 

 

     u1  u1     b1 

 

 

 

                 …    …         …       … 

 

 

Let Tr be the set of trees that we have been defined. Then our definition introduces                            

a coalgebra: 

 



 

Tr = {x, y, …}  ({u1, u2, …} × Tr)  ({b1, b2, …} × Tr × Tr). 

 

The reflection disagreement theorem is valid for games presented in the form of coalge-

bra. Recently many researchers [5; 24; 29; 53] have focused on the idea that in economics, in 

particular in decision theory, we cannot avoid coalgebraic notions such as process dynamics, 

behavioral instability, self-reference, or circularity. There exist many more cases of non-

equilibriums in economics, because we engage coinductive databases more often as a matter 

of fact [5; 16]. For example, repeated games may be defined only coalgebraically [1; 30] and 

as well it is better to define epistemic games and belief functors as coalgebras [6; 7; 8; 9]. 

Thus, the reflexion disagreement theorem can be proved if (1) we assume that rational 

agents can become unpredictable for each other and try to manipulate; (2) we define probabil-

ities on streams (e.g. on hypernumbers or p-adic numbers); (3) games are presented as 

coalgebras. As we see, this new theorem is a very important statement within the new mathe-

matics (coalgebras, transition systems, process calculi, etc.) which has been involved into 

game theory recently. Sets of streams which have been modelled coalgebraically cannot gen-

erate inductive sets [2], therefore Aumann’s agreement theorem is meaningless on these sets, 

but we face just the sets of streams in many kinds of games (e.g. if we deal with repeated 

games, games with infinite states, concurrent games, infinite metagame, reflexive game of 

infinite level, etc.). Instead of the agreement theorem, the reflexion disagreement theorem is 

valid if we cannot obtain inductive sets, e.g. in case of sets of streams. Notice that according 

to Aczel [2], the universum of coinductive sets is much larger than the universum of inductive 

sets. 

 

 

3.2. Reflexion disagreement theorem 
 

 

Let A  be any set. We define the set A  of all streams over A  as 

}}{0,1,2,:{= AA 
. For more details on stream calculus see [15; 35; 38; 39; 40]. For       

a stream  , we call (0)  the initial value of  . We define the derivative (0)  of a stream 

 , for all 0n , by 1)(=)(  nn  . For any 0n , )(n  is called the n-th element of           

 . It can also be expressed in terms of higher-order stream derivatives, defined, for all            

0k , by  =(0) ; )(= )(1)(  kk  . In this case the n-th element of a stream   is given by 

(0)=)( )(nn  . Also, the stream is understood as an infinite sequence of derivatives. It will be 

denoted by an infinite sequence of values or by an infinite tuple:  

 

,...::1)(::::(2)::(1)::(0)= n   

 

.(2),(1),(0),=    

 



 

A bisimulation on A  is a relation  AAR   such that, for all   and   in A , if 

R  ,  then (i) (0)=(0)   and (ii) R  , . 

 

Theorem 1. (Coinduction) For all 
 A, , if there exists a bisimulation relation 

 AAR   with R  , , then  = . In other words,  =: .   

 

This proof principle is called coinduction.  

The repeated stream at each step is denoted by (0)][  or by ][a . We can define addi-

tion and multiplication of streams as follows. The sum    and the product    of 

streams   and   are element-wise: 

 

).()(=))((, nnnn   N  

 

).()(=))((,
0=

knknn
n

k

  N  

 

To set addition and multiplication by coinduction, we should use the following                  

facts about differentiation of sums and products by applying the basic operations: 

  =)( , )()|(0)(|=)(   , where  (0),0,0,0,|=(0)|  . We see that 

the sum behaves exactly as in classical calculus, however multiplication does not. Now we 

can define them and as well as two other stream operations as follows:  

 

Differential equation Initial value Name 

 

   =)(   (0)(0)=)(0)(      Sum  

)()|(0)(|=)(      

(0)(0)=)(0)(     

 Product  

111 |(0)||1=|)(      
11 (0)=)(0)(     

 Inverse  

 

 We can embed the real numbers into the streams by defining the following constant 

stream. Let Rr . Then  ,0,0,0,|=| rr  is defined so: its differential equation is                

[0]=|| r , its initial value is rr =(0)|| . This allows us to add and multiply real numbers and 

streams:  

 

,(2),(1),(0),=||   rr  

 

| r |   = r  (0), r  (1), r  (2),.... 

 

Taking into account these equalities we are to rely on our intuitions that it would be 

natural to define the positive real numbers to be less than the positive streams. 



 

Consider the set of streams 
[0,1]  and extend the standard order structure on [0,1] to                

a partial order structure on 
[0,1] . Further define this order as follows:  

  

[0,1]
O   (1) For any streams 

 [0,1],  , we set    if )()( nn    for every Nn . For 

any streams 
 [0,1],  , we set  =  if  ,   are bisimilar. For any streams 

 [0,1],  , we set  <  if )()( nn    for every Nn  and there exists 0n  such that 

)()( 00 nn   . (2) Each stream of the form 
[0,1]|| r  (i.e. constant stream) is less than 

inconstant stream  .  

 

This ordering relation is not linear, but partial, because there exist streams 

,[0,1],    which are incompatible. 

Introduce two operations sup , inf  in the partial order structure [0,1]
O . Assume that 

 [0,1],   are either both constant streams or both inconstant streams. Then their                     

supremum and infimum are defined by coinduction: the differential equation of supremum                

is ),(sup=)),(sup(    and its initial value is (0))(0),(sup=))(0),(sup(  , the differ-

ential equation of infimum is ),(inf=)),(inf(    and its initial value is 

(0))(0),(inf=))(0),(inf(  . Suppose now that one and only one of 
 [0,1],   is con-

stant, then an inconstant stream is greater than a constant one, therefore their supremum gives 

an inconstant stream, but their infimum gives a constant stream. 

According to [0,1]
O , there exist the maximal stream 

[0,1][1]  and the minimal 

stream 
[0,1]|0=|[0]  . 

Each p-adic number has a unique expansion k

kNk
pn 






=
= , where 

1},{0,1,  pk  , Zk , and 0N , that is called the canonical expansion of p-adic 

number n (or p-adic expansion for n). p-Adic numbers can be identified with sequences of 

digits:  

 

Nn    1012 ,=  

 

or with infinite tuples:  

 

.,,,,,,,= 21012     Nn  

 

The set of such numbers is denoted by pQ . 

The expansion:  



 

,==
0=

10

k

k

k

k

k pppn  


 
 

 

where 1},{0,1,  pk  , Nk , is called the  expansion of p-adic integer n. This number 

sometimes has the following notation: 0123= n  or  ,,,,= 3210 n . The set of 

such numbers is denoted by pZ . 

 

It can be easily shown that p-adic numbers may be represented as potentially infinite 

data structures such as streams. Each stream of the form:  

 

,...::1)(::::(2)::(1)::(0)= n   

 

where 1},{0,1,)(  pn   for every Nn , may be converted into a p-adic integer.  

 

It is easily shown that the set A  of all p-adic streams includes the set of natural 

numbers. Let n be a natural number. It has a finite p-adic expansion k

k

m

k
pn  

0=
= . Then 

we can identify n with a p -adic stream 
1)(::)(::::(1)::(0)= mm   , where ii  =)(  

for mi 0,=  and [0]=1)( m . 

Extend the standard order structure on N  to a partial order structure on p-adic streams 

(i.e. on pZ ). 

• for any p-adic streams  , N  we have    in N  iff    in pZ ,  

• each p-adic stream 
1)(::)(::::(1)::(0)= mm   , where [0]=1)( m  (i.e. each fi-

nite natural number), is less than any infinite number  , i.e.  <  for any N  and 

NZ \p .  

 

Define this partial order structure on pZ  as follows: 

 

p
ZO Let 

)(::1)(::::(1)::(0)= nn    and 
)(::1)(::::(1)::(0)= nn    

 

be p -adic streams. (1) We set  <  if the following three conditions hold: (i) there exists          

n such that )(<)( nn  ; (ii) )()( kk    for all nk > ; (iii)   is a finite integer, i.e. there 

exists m such that [0]=)(m . (2) We set  =  if   and   are bisimilar (see theorem                       

1). (3) Suppose that  ,   are infinite integers. We set    by coinduction:                                      

   iff )()( nn    for every Nn . We set  <  if we have    and there exists       

N0n  such that )(<)( 00 nn  .  



 

The ordering relation 
p

ZO  is not linear, but partial, because there exist p-adic streams 

pZ , , which are incompatible. As an example, let 2=p  and let   represents the p-adic 

integer 10110101=
3

1
  and   the p-adic integer 01001010=

3

2
 . Then the p-adic 

streams   and   are incompatible. 

Now introduce two operations sup , inf  in the partial order structure on pZ . Sup-

pose that p-adic streams  ,   represent infinite p-adic integers. Then their sup  and inf                       

may be defined by coinduction as follows: the differential equation of supremum                       

is ),(sup=)),(sup(    and its initial value is (0))(0),(sup=))(0),(sup(  , the                  

differential equation of infimum is ),(inf=)),(inf(    and its initial value is 

(0))(0),(inf=))(0),(inf(  . Now suppose that at most one of two streams  ,   repre-

sents a finite p-adic integer. In this case  =),(sup  if and only if    under condition 

p
ZO  and  =),(inf  if and only if    under condition 

p
ZO . 

It is important to remark that there exists the maximal p-adic stream pmaxN Z  under 

condition 
p

ZO . It is easy to see:   k

max ppppppN 1)(1)(1)(=1=1][=  

Now, using the given notion of streams, let us prove the reflexion disagreement theo-

rem. For  , the finite set of possible states of the world, and N, the set of agents, we can un-

conventionally define agent i 's accepted performances as a function iQ  which assigns to each 

o  a non-empty subset of  , so that each world o belongs to one or more elements of 

each iQ , i.e.   is contained in a union of iQ , but iQ  are not mutually disjoint. Then  )(oiQ  

is called i 's accepted performative state at o. If the successful performance is o, the individual 

knows (accepts) that the performative state is in )(oiQ . The elements of )(oiQ  are those states 

of the world that are considered as types of situations for performative states making the latter 

successful at o. 

We can propose a stream interpretation of )(oiQ  and construct . We know that the set 

 is much larger than . According to the orders [0,1]
O  and 

p
ZO , we can identify all 

members of  with some streams of . Let the set of these streams be denoted by  . Evi-

dently,   . Assume that  is a union of iQ . Therefore iQ  contains   (it means 

that by our assumption  ). 

Now let us define probabilities on streams as follows: a finitely additive probability 

measure is a nonnegative set function P() defined for sets A  , running the set [0, 1], 

and satisfying the following properties:   

 

(i) P()  |0| for all A   . 

 

(ii) P() = [1] and P() = |0|.  



 

(iii) If A    and B    are disjoint, i.e. inf(P(A), P(B)) = |0|, then P(A  B) = P(A) + 

P(B). Otherwise, P(A  B) = P(A) + P(B) – inf(P(A), P(B)) = sup(P(A), P(B)).  

 

(iv) P(A) = [1] – P(A) for all A  , where A = \ A.  

 

(v) Relative probability functions P(A | B)  [0, 1] are characterized by the following con-

straint: 

  

                                     ,
)(

)(
=)|(

BP

BAP
BAP


                                                     (7) 

 

where P(B)  |0| and P(A  B) = inf(P(A), P(B)). Notice that since there are no partitions of 

sets of streams in general case [41; 47], there are some problems in defining the conditional 

relation P(A | B) between events also. There are much more dependent events than in the usu-

al -field. For example, any real number of [0, 1] is less than any inconstant stream of [0, 1]. 

Let P(B) = a, P(A) = b, where a is a number of [0, 1] and b is an inconstant stream of [0, 1]. 

Then according to [0,1]
O , P(A | B) = 1. However, this case cannot be defined within the tradi-

tional independence condition P(B) = P(BA). Instead of that we use the following condition: 

P(A)P(B) = inf(P(A), P(B)). 

The main originality of those probabilities is that conditions (iii), (iv) are independent. 

As a result, in a probability space , P some Bayes' formulas do not hold in the general 

case [41; 47] and Aumann's theorem cannot be proven.  

A particular case of non-Archimedean probabilities is presented by p-adic probabilities. 

Let us define them on any subsets of  as follows: a finitely additive probability measure is                

a set function P() defined for sets A  , running over the set pZ  and satisfying the fol-

lowing properties:   

 

(i') P() = –1 and P() = 0. 

 

(ii') If A    and B    are disjoint, i.e. inf(P(A), P(B)) = 0, then P(A  B) = P(A) + 

P(B). Otherwise, P(A  B) = P(A) + P(B) – inf(P(A), P(B)) = sup(P(A), P(B)). Let us exem-

plify this property by 7-adic probabilities. Let P(A) = …323241 and P(B) = …354322 in                 

7-adic metrics. Then P(A) + P(B) = ...010563; inf(P(A), P(B)) = …323221; P(A) + P(B) – 

inf(P(A), P(B)) = sup(P(A), P(B)) = …354342. 

 

(iii') P(A) = –1 – P(A) for all A  , where A = \ A. 

 

(iv') Relative probability functions P(A | B)  pQ  are characterized by the following con-

straint:  

 



 

 ,
)(

)(
=)|(

BP

BAP
BAP


 

 

where P(B)  0 and P(A  B) = inf(P(A), P(B)).  

 

Now we can interpret |)(| oiQ , where || o , probabilistically as follows: 

[0]}>|)||(:{=|)(| oPo ii Q . These relative probabilities cannot set a partition of . In 

other words, using them we cannot define an equivalence relation corresponding to a parti-

tion. Instead of that the following properties hold, as we can prove on the basis of the orders                       

[0,1]
O  and 

p
ZO :   

• If [0]>)|( iP , then there exists  such that [0]>)|( iP  and [0]>)|( iP . This 

property takes place instead of the usual transitivity in real probability logic: if 

0>)|( iP  and 0>)|( iP , then 0>)|( iP .  

• |1=||)||( iP , where  ||  and   \ .  

• 
[0]>)|( iP

.  

 

Thus, the possibility operator iQ  has the following properties: for all 
 , :  

 

                                          )( iQ                                                   (8) 

 

                                                      )(=)()(  iii QQQ                                     (9) 

 

Now we consider the relation )(oA iQ , where A , as the statement that at           

o agent i  accepts the performance A , i.e. Ao ||  for all states ||  that i  considers possible 

at || o : 

 

 |)}.(|:|{|= oAoAK ii Q  (10) 

 

This set is another interpretation of knowledge operator which is coinductive now.               

If |)(| oA iQ , an individual i  who observes || o , will accept a state of the performance A. 

The most important property of the knowledge operator is AKA i ; i.e. if A is successful in 

state || o  (i.e., Ao || ), then an agent accepts a performance A in state || o  (i.e., AKo i|| ). 

The following statements can be proved in relation to coinductive knowledge operator 

defined in (10): 

 



 

 ;  iK  (11) 

 

 );()( BAKBKAK iii   (12) 

 

 );()( BKAKBAK iii   (13) 

 

 );(=)( BKAKBAK iii   (14) 

 

 ;AKBKBA ii   (15) 

 

 ;AKA i  (16) 

 

 .= AKAKK iii  (17) 

 

We can compare Aumann’s statements (1) – (6) with statements (11) – (17) to notice 

that the latters assume a new epistemic logic with a stream interpretation. For example, it is 

possible to build up a kind of multy-valued illocutionary logic [50; 51; 52], where streams are 

values for perlocutionary effects. So, the coinductive knowledge operator Ki of (11) – (17) 

designates perlocutionary effects of illocutionary acts, i.e. it takes into account just successful 

performative propositions (it defines what influence was made on hearer's behavior). Let KjA 

(respectively KiA) means agent j's (respectively i's) performative (cognitive or emotional) es-

timations of states of affairs A with an expected perlocutionary effect of these estimations on 

agent j (respectively i). So, KjA means ‘j + performative verb + that A’ (e.g. ‘j thinks that                

A’, ‘j likes A’, ‘j hates A’, etc.) and agent j follows this statement in his(her) behavior.  

On the basis of the standard propositional language L  with the set of values [0, 1] (or 

{0, 1, …, p – 1}) we can construct an extension L   containing new modal operators E, E1, 

E2, ...  said to be perlocutionary effects. The semantics of L   is defined in the following way. 

Assume that V is a valuation of well-formed formulas of L  and it takes values in  [0, 1] (or  

{0, 1, …, p – 1}). Let us extend V to Ve as follows:  

a) If for  L , V() = r, then Ve(Ei()) = (0) = r, (1), (2), …, i.e.  Ve(Ei()) is a map-

ping from V() to an inconstant stream  starting with V().  

b) If for  L , V() = r, then Ve() = |r|. 

c) For all ,  L , Ve(Ei()) = Ve(Ei()  Ve(Ei()). 

 

In this semantics the following propositions will be perlocutionary tautologies, i.e. 

they will be true: 
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The epistemic logic closed under tautologies (18) – (24) is a kind of many-valued log-

ic with values on non-Archimedean numbers [41; 43, 44; 45; 48]. 

Aumann's understanding of common knowledge satisfies the classical intuition of in-

ductiveness of all logical entities, i.e. the presupposition that we can appeal only to inductive 

sets in our reasoning. For example, we can always find out an infinite intersection according 

to knowledge operators of different people. However, this intuition contradicts to the possibil-

ity of reflexive games when I can cheat or make false public announcements and should de-

tect if I am cheated by other people. 

Under conditions of reflexive games I cannot define common perlocutionary effects as 

the infinite intersection A . An infinite mutual reflexion between two individuals assumes an 

infinite union: both have mutual knowledge of A or both know that both know A or both know 

that both know that both know A etc. ad infinitum. In other words, the common perlocution-

ary operator KA  is defined as follows:  

 

 AKKKAKKAKKAKAKKA 121122121=  

 

For each natural number n an operator nM  expressing “n-th degree mutual reflexion 

for perlocutionary effects” is defined so:  

 

AMKAMAAM ni

N

i

n 
1=

10 =;=   

 

Common perlocutionary effect,  , is understood as a mutual reflexion for perlocu-

tionary effects of all finite degrees:  
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Also, let us define for each natural number n an operator nM  expressing “n-th degree 

mutual reflexion”:  

 

AMKAMAAM ni

N

i

n 
1=

10 =;=   

 

and common knowledge,  , as mutual reflexion for common knowledge of all finite de-

grees:  
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Lemma 1. If Ao || , then for any i , |)(| oA iQ . And if Ao || , then for some                

i , |)(| oA iQ .   

Proof. If Ao || , then AMKo ni||  for all agents i  and degrees n of mutual reflexion 

for common knowledge. Therefore |)(| oA iQ  for any i . If Ao || , then AMKo ni||  for 

some agents i  and degrees n of mutual reflexion for perlocutionary effects. Therefore 

|)(| oAM in Q  for some n, and thus |)(| oA iQ  for some i . Q.E.D.   

 

Theorem 2. (Reflexion Disagreement Theorem) Let us consider a hypothesis H  of 

coinductive probability logic [46; 47] for which the various agents' coinductive probabilities 

are Nqq ,,1   after they condition )(P  on priors. The propositions C  and C  of coinductive 

probability logic identify these probabilities:  
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Let the coinductive probability space  P,
 be closed under all of the operators            

iK , nM ,  , iK , nM , and   and let P  be the old probability measure that is common to 

all the agents. Assume that the possibility of C 's and C 's becoming common knowledge or 

common perlocution is not equal to zero: [0])( CP   and [0])( CP  , then: 
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Proof. By lemma 1, ij

j

DC = , where ij

j

D  covers iQ , but it is not a partition of           

iQ  because of basic properties of coinductive probabilities. Then: 
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Thus, iqCHP )|(   in general case. In the same way we can show that 

iqCHP )|(   in general case. Q.E.D. 

 

 

3.3. Cellular-automatic reflexive games 
 

 

The reflexion disagreement theorem is valid for games presented in the coalgebraic 

form. There are many kinds of such games: repeated, concurrent, etc. In this section a new 

game presentation  in the coalgebraic form will be proposed on the basis of proof-theoretic 

cellular automata [49]. These automata can be used in formulating context-based decision 

rules in games. Usually, for representing databases of games, payoff matrices are involved 

(see Figure 1). However, in the case of coinductive databases we cannot appeal to payoff ma-

trices. For example, we cannot appeal to them if we deal with games limited by some contexts 

or with infinite games. Some kinds of coinductive databases for making decisions could be 

presented by payoff cellular automata. These automata are constructed as follows. Cells of 

automata belong to the set  and they take its value in S. The set S of states consists of pay-

off for all n players. The cardinality S is equal i1 i2…  in, where ij is the number of all 

strategies for the j-th player, j = 1, …, n. Each state has the form of n-tuple aij…k, bij…k, …, 

cij…k, where 

(1) aij…k is the payoff to player 1 when (1) he plays ai; (2) player 2 plays bj; …, (n) player                          

n plays ck; 

(2) bij…k is the payoff to player 2 when (1) player 1 plays ai; (2) player 2 plays bj; …, (n) and 

player n plays ck,  etc.,  

        … 

(n) cij…k is the payoff to player n when (1) player 1 plays ai; (2) player 2 plays bj; …, (n) and 

player n plays ck.  

 

 

dZ



 

 

 Figure 1. An example of a payoff matrix showing the possible strategies available to player 1 (namely 

a1 and  a2) and player 2 (namely b1 and b2) and the payoff that each player receives for his choice, depending             

on what the other players do.  The payoff is in the form aij,bij, where aij is the payoff to player 1 when he plays 

ai and player 2 plays bj and bij is the payoff to player 2 when he plays bj and player 2 plays ai. 

 

                  Player 1 

          a1         a2 

    b1 a11, b11 a21, b21   

  Player 2 

    b2 a12, b12 a22, b22 

      

 

The local transition function, j, for player j, where j = 1, …, n, is presented by a deci-

sion rule based on the past payoff for all players. The rule j can be the same for all players                                 

or different. The initial configuration of payoff cellular automaton is the set of all premises 

which fully determines the future behaviour of the automaton. They may be understood                                

as the expected payoff for different contexts before the game. The game context is defined                    

by the neighbourhood N(z) for the cell z. The number of premises (the past payoff that we                 

can take into account) cannot exceed the number n = N(z)  z. The decision rule j is                              

a mapping from the set of premises N(z)  z to a conclusion. This rule generates the sequence 

a0(z), a1(z), …, at(z), … for any , where a = aij…k, bij…k, …, cij…k and ai(z) means the 

state of z at the i-th step of application of j to a0(z), the state of z at step 0. That sequence is 

called a derivation trace from an initial state a0(z). Obviously, this sequence is an infinite 

stream. 

 

Example 1. (Saddle Point). 

 

Let us consider a simple payoff cellular automaton for the game with two players 1 and 

2. Let aij be a payoff for the i-th strategy of player 1 and j-th strategy of player 2. If maxi minj 

aij = minj maxi aij for z  N(z) at step t, then aij is called a saddle point for z at time t. Thus,                  

a saddle point is the element of the payoff cellular automaton at time t which is both a maxi-

mum of the minimums of each row within the neighbourhood N(z) and a minimum of the 

maximums of each column within the same neighbourhood. The cells z  N(z) may have no 

saddle points, one saddle point, or multiple saddle points. Let the payoff states pictured in 

figure 2 be an initial configuration of the automaton. The set S of states consists of the inte-

gers –5, –4, –3, …, 7, 8. 

 

Figure 2. An initial configuration of a payoff cellular automaton  with the neighbourhood consisting                      

of 8 members in the 2-dimensional space and with players 1 and 2. 

8 2 3 2 3 

–3 0 2 –5 –4 

–2 –1 6 –1 8 

4 1 9 2 4 

5 –2 3 0 2 

dz Z

A



 

 

The local transition function is defined as follows: 

 

 

 

At time t = 1, the configuration of figure 2 has the following form: 

 

Figure 3. Values of given in figure 2 at time t = 1. 

2 2 2 2 2 

2 2 2 2 2 

1 1 1 2 2 

1 1 1 2 2 

1 1 1 2 2 

 

Now let us define reflexive games within payoff cellular automata. Designate reflexive 

players by 1 and 2. Let A, a state of affairs, be identified with a set of payoffs within a game 

context (i.e. within a neighbourhood). In other words, let Aaij, bij be a set of payoffs at the 

point z∈Zd consisting of all payoffs of N(z)∪z, where z has a state aij, bij, see figure 4. 

 

Figure 4. An initial configuration of a payoff cellular automaton with the neighbourhood consisting of                             

8 members in a 2-dimensional space and with players 1 and 2. This configuration presents 9 states                               

of affairs: A⟨3, 3⟩ = {⟨3, 3⟩, ⟨12,−12⟩, ⟨−12, 12⟩, ⟨−5,−5⟩}; 

A⟨12, −12⟩ = {⟨3, 3⟩, ⟨12,−12⟩, ⟨13,−15⟩, ⟨−12, 12⟩, ⟨−5,−5⟩, ⟨−2,−2⟩}, 

A⟨13, −15⟩ = {⟨12,−12⟩, ⟨13,−15⟩, ⟨−5,−5⟩, ⟨−2,−2⟩}; A⟨−12, 12⟩ = 

{⟨3, 3⟩, ⟨12,−12⟩, ⟨−12, 12⟩, ⟨−5,−5⟩, ⟨−1, 1⟩, ⟨0,−6⟩}, ...  

 

 3,3 12,−12 13,−15 

−12,12 −5,−5 −2,−2 

−1,1 0,−6 2,−3 

 

Let B1
1 Aaij, bij (accordingly, B2

1 Aaij, bij) mean agent 1’s (accordingly, agent 2’s) Bool-

ean superpositions of 1’s payoffs of Aaij, bij (accordingly, 2’s payoffs) for each first (accord-

ingly, second) projection of all points of Aaij, bij. Then K1Aaij, bij = Aaij, bij  B1
1 Aaij, bij and                      

K2Aaij, bij = Aaij, bij  B2
1 Aaij, bij. Let B1

2 Aaij, bij  (accordingly, B2
2 Aaij, bij) mean agent                     

1’s (accordingly, agent 2’s) Boolean superpositions of B1
1 Aaij, bij and B2

1 Aaij, bij for each 

first (accordingly, second) projection of all points of Aaij, bij. Then K1K2Aaij, bij = Aaij, bij                

 B2
1 Aaij, bij   B1

2 Aaij, bij and K2K1Aaij, bij = Aaij, bij  B1
1 Aaij, bij  B2

2 Aaij, bij. Let B1
3 

Aaij, bij  (accordingly, B2
3 Aaij, bij) mean agent 1’s (accordingly, agent 2’s) Boolean superposi-

tions of B1
2 Aaij, bij and B2

2 Aaij, bij for each first (accordingly, second) projection of all points 

of Aaij, bij. Then K2K1K2Aaij, bij = Aaij, bij  B2
1 Aaij, bij  B1

2 Aaij, bij  B2
3 Aaij, bij and 

K1K2K1Aaij, bij = Aaij, bij  B1
1 Aaij, bij  B2

2 Aaij, bij  B1
3 Aaij, bij. And so on. 

 

Example 2. (Reflexive Game of the Second Level). 
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Let us consider a payoff cellular automaton of figure 4 where the set S  of states          

consists of all pairs  t

ij

t

ij ba , , where 
t

ij

t

ij ba ,  at time 0,1,2,=t  are integers of 15,13][              

and the local transition function is as follows:   111 ,=)( t

ij

t

ij

t baza where 
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t
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b  are maximal 

payoffs of player 1 and player 2 respectively at cells zzN )(  at time t, the logical operations 

are understood thus: bbaba  ),(max13:= ; ),(max:= baba . 

This automaton simulates the reflexive game, where player 1 has the second level of re-

flexion, while player 2 has the first level of reflexion. Its evolution at time 1=t  is pictured in 

figure 5. 

 

Figure 5. The configuration of the payoff cellular automaton of figure 4 at time .    

3,13  12,13  15,13  

12,13  5,13  2,13  

1,1  6,3  3,13  

 

 A reflexion of agent i  at the n-th level in bimatrix games is expressed by                 

1)( n - order knowledge operators AKKKAK iji

n

i =1
, where on the right side there are 

1n  mK - operators ( jim ,= ).  Let us consider two agents i  and j  and suppose that the re-

flexive game takes place at level n. This means that we have AK n

i

1
 and/or AK n

j

1
 which are 

understood as perlocutionary effects of illocutionary acts and satisfy requirements (12) – (17). 

We know that AKAKA n

i

n

j

1  and AKAKA n

j

n

i

1 . Therefore 

  AKAK n

j

n

i

11
. 

The payoff of reflexive game at the n-th level in accordance with AK n

i

1
 or AK n

j

1
 is 

called a performative equilibrium of this game.  

We have the following possibilities:   

• both AK n

i

1
 and AK n

j

1
 are a performative equilibrium – this means that agents i  and         

j  are on the same n-th level of reflexion, simultaneously; 

• only AK n

i

1
 is a performative equilibrium (then we can take AKAK n

j

n

j =1
) – this means 

that agent i  stays on the n-th level of reflexion, but agent j  stays on the ( 1n )-th level of 

reflexion; 

• only AK n

j

1
 is a performative equilibrium (then we can take AKAK n

i

n

i =1
) – this means 

that agent j  stays on the n-th level of reflexion, but agent i  stays on the ( 1n )-th level of 

reflexion.  

 

1=t



 

In reflexive game at level n for agent i  it is important that it is AKAK n

j

n

i

1 , i.e. that 

agent i  really corresponded to level  n. Correctly to define reflexion level n may mean a vic-

tory in game. 

Now let us define AK n

i

1
 on p-adic probabilities. Assume we have Np  reflexive 

gamers i, j.  Then all possible combinations AKKK
n 01

  , where },,{ jik  , can be 

presented by finite p -adic integers  

,=00
0=

012

k

k

n

k

n p   

 

where 1},{0,  pk   for each nk ,0,=   and there is a bijection between the sets 

1},{0, p  and },,{ ji . 

Let   be a finite set of possible states of the world and A . Then a finite p -adic 

probability measure 
1n

iP  is defined on sets BA,  as follows: 
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where k , 1},{0,  pk   for each nk ,0,=  ;  
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where inf  is defined digit by digit. For instance, if we have just two agents, then on the zero 

level of reflexion we have only two probability values: either 0 or 1 (meaning e.g. that an 



 

agent either does not follow the content A  or does). On the first level of reflexion we 

have already the following four probability values: 0, 1/3, 2/3, 1 (meaning e.g. that both 

agents do not follow the content A , one of them does not follow, another does, and both 

of them follow), etc. 

Now we can define AK n

i

1
 in the following way: 
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Notice that according to this definition, taking into account our assumption that if 

0>)|( aPn

j , then 0>)|(1 aPn

i


, we have AKAK n

i

n

j

1  for each agent j  participating in 

the reflexive game. 

Let us suppose that there are just three reflexive gamers mlk ,,  at reflexion level                      

n = 2. Then ,1}/8,6/8,7/8,3/8,4/8,5{0,1/8,2/8)(2 APi  for each },,{ mlki . On the 

infinite level of reflexion we have the following p-adic probabilities: 
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The knowledge operators AK n
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1
 satisfy the following relations: 
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Using (finite) p-adic probabilities, we understand reflexion levels discretely. For any 

finite number of agents we can always define a reflexive level n such that probabilities                    

are distributed on an appropriate finite set of p-adic numbers. The larger n (or the larger                  

the number of reflexive agents), the more finite p-adic probabilities. Thereby between n and 

1n  there are no other reflexive levels. 

 



 

Conclusion 
 

 

The Reflexion Disagreement Theorem opens the door for new mathematics in game 

theory and decision theory, in particular it shows that it has sense to use stream calculus, non-

Archimedean mathematics, and p-adic analysis there. Within this mathematics we can formal-

ize reflexive games of different reflexive levels (up to the the infinite reflexive level). These 

results can be implemented in new mathematical tools of behavioral finance. 
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Abstract 
 

 

In the paper, the new syllogistic system is built up. This system simulates a massive-

parallel behavior in the propagation of collectives of parasites. In particular, this system simu-

lates the behavior of collectives of trematode larvae (miracidia and cercariae). 

 

 

Introduction 
 

 

Now we are working on designing a biological computer on the medium of Physarum 

polycepalum [2]. This project is supported by FP7 (FP7-ICT-2011-8). The point is that the 

plasmodium of Physarum polycepalum behaves and moves as a giant amoeba and its behavior 

can be considered a computer processor [1]. This allows us to use the plasmodium of 

Physarum p. as a spatial computing programmed by different configurations of attractants 

(substances with potentially high nutritional value) and repellents (some illumination-, ther-

mo- and salt-based conditions). In [24], we showed that the behavior of plasmodium of 

Physarum polycephalum has an own spatial logic which is one of the natural implementations 

of process calculus. This logic, called Physarum spatial logic, can be used as a programming 

language for the biological computer based on plasmodia. Also, this logic can simulate the 

behavior of Schistosomatidae (Trematoda: Digenea) [25]. 

The basic acts of plasmodium are as follows: (i) Direction: the plasmodium moves 

towards the attractant; (ii) Fuse: the two plasmodia fuse after meeting the same attractant;                         

(iii) Split: the plasmodium splits in front of many attractants. The same acts are observed in 

the behavior of Schistosomatidae cercariae (see Fig. 1) and many other parasites. The differ-

ence is just in different attractants: plasmodia are attracted by nutrients and cercariae are at-

tracted by fatty acids of bird or human skin.  

 



 

Figure 1. The stimulation of the following operations in cercariae motions: (A) the fusion of cercariae collec-

tives, (B) the multiplication of cercariae collective, where the human beings are attractants. 

 
We are constructing an object-oriented programming language [26] for modelling the 

behavior of plasmodia by thousands attractants on the basis of the basic acts mentioned above. 

This complex behavior with many and many attractants, on the one hand, can implement 

complex computer algorithms and, on the other hand, show, how intelligent the Physarum 

plasmodium is. Within this object-oriented language we can model the behavior of collectives 

of the genus Trichobilharzia Skrjabin & Zakharov, 1920 (Schistosomatidae Stiles, Hassall 

1898) and the behavior of many other parasites, as well. 

Schistosomatidae have been studied recently because of cercarial dermatitis which 

they cause in humans by the secretion of penetration glands. Notice that the cercaria begins 

the incorporation into the human skin approximately in 8 seconds (the range from 0 to 80 sec-

onds) just after first contacts [9]. The process of full penetration into the skin takes about                

4 minutes (the range from 83 seconds till 13 minutes 37 seconds). In human kids, the cercari-

ae can be brought by the venous blood into the lungs, causing hemorrhages and inflammations 

[3]. Many other complications can come because of repeated infestations [3]. 

The meaning of the behavior of parasites such as cercariae consists in the propagation 

of their collectives in all possible directions in looking for hosts and then their further propa-

gation according to their life cycle. That behavior is concurrent and not linear (it continuously 

splits and fuses). In this paper, we propose a syllogistic system for a computer modelling of 

this complex behavior within our language [26]. In this system, attractants for parasites are 

considered syllogistic letters. Any two neighbor attractants which can be immediately reached 

by the one collective of parasites are considered a syllogistic string that is true if both attract-

ants are occupied by parasites and false otherwise. The good science-fiction example of the 

propagation of parasites is presented by the movie World War Z (2013) directed by Marc For-

ster. Zombies in this movie are attracted by the chemotaxis from able-bodied humans, sounds 

and motions, which causes the propagation of zombies in all possible directions. Cercariae are 

attracted by the chemotaxis from a skin of potential hosts, turbulence of water and lights. No-

tice that the syllogistic system for modelling the propagation of parasites is proposed in this 

paper for the first time. 



 

4.1. Trichobilharzia szidati (Diginea: Schistosomatidae)                           

and their life cycle 
 

 

All representatives of subclass Digenea Carus, 1863 (Platyhelminthes: Trematoda) in-

cluding Trichobilharzia szidati are endoparasites of animals. Their life cycle has the form of 

heterogony: there are amphimictic and parthenogenetic stages. At these stages, digeneans 

have different outward, different ways of reproduction and different adaptation to different 

specific and incompetent hosts. The majority of them have the life cycle with participation of 

three hosts: intermediate, additional (metacercarial) and final. Molluscs are always the first 

intermediate hosts, while different classes of vertebrate animals are final hosts. 

Among digeneans, there are parasites belonging to the family of Schistosomatidae, 

which have adapted to parasitizing in the circulatory system of vertebrate animals. This fami-

ly includes the following three subfamilies: Schistosomatinae Stiles and Hassall, 1898, they 

parasitize a variety of birds and mammals, including human beings; Bilharziellinae Price, 

1929 and Gigantobilharziinae Mehra, 1940, they parasitize birds. Schistosomatidae can pene-

trate the human skin, where they perish and, therefore, invoke allergic dermatitis. 

The life cycle of all representatives of the family Schistosomatidae is identical (see 

Fig.2). Its members have the following two free-swimming stages: miracidia and cercariae, 

which actively search for their hosts (intermediate and final, respectively). Miracidial and 

cercarial host-finding is initiated mainly by response to some gravitational, light and chemical 

attractants. 

 

Figure 2. The life cycle of Trichobilharzia regenti: (a) mature worms lay the eggs in the nasal mucosa of ducks, 

then the eggs get to water and from these eggs miracidia hatch; (b) miracidia infect the intermediate hosts;                  

(c) from these hosts cercariae are released; (d) they penetrate the skin of a specific host or (e) the skin of an in-

competent mammalian host such as human being (from [16]). 

 

 



 

4.1.1. Miracidia (Genus Trichobilharzia): morphology                                    

and behavior 

 

 

Miracidia are free-swimming larval stage (Fig. 3). Their body surface is covered with 

four rows of epithelial plates that carry a multitude of cilia involved in active motions of mi-

racidia (Fig. 3, B). The anterior part of the body contains terminal openings of the following 

penetration unicellular glands: two cells of apical glands and two cells of lateral glands. The 

posterior part of the body contains clusters of germ cells from which daughter sporosysts are 

formed subsequently. Miracidia lack any digestive system and they cannot feed.  

 

 

Figure 3.  The morphology of miracidia. A. the general morphology of Trichobilharzia szidati (from [23]);                  

B. the general morphology of Trichobilharzia regenti (left) and the arrangement of ciliated plates (right), scale 

bar = 25 mm (from [16]). 

 

 
 

Miracidia of Trichobilharzia szidati [23] hatch from eggs within a short time 5-10 

min. In order to survive, miracidia must infect a snail host within 20h at 24  C before they die 

[23]. The positive photo- and negative geotactic orientation is an adaptation to reach the pre-

ferred habitats of their host-snail species [11], [12], [14], [33], [34]. Also, it is now confirmed 

that miracidia are attracted by some chemical host signals [19], [23], [31], [32]. Snail-hosts 

release various secreted/excreted products into water. Miracidia are activated by the macro-

molecular components of these products, which consist of glycoproteins larger than 30 kDa, 

termed “miracidia attracting glycoproteins” [17]. These glycoproteins produced by different 

species of snails have similar peptide-based, but differ by saccharide component. Miracidia 

can differentiate between these glycosylation patterns in order to find and infect mainly spe-



 

cific snail species [17], [18]. Thus, the chemical cues secreted by the freshwater gastropod 

Lymnaea stagnalis stimulate behavioral responses of Trichobilharzia szidati miracidia. In 

other words, a miracidium moves towards an appropriate chemical signal. Other kinds of at-

tractants for miracidia are presented by light (there is a positive phototaxis) and gravitation 

(negative geotaxis). We will designate all miracidian attractants by syllogistic letters 
1

mS , 

2
mS , … , 

n
mS , 

1
mP , 

2
mP , … , 

n
mP , 

1
mM , 

2
mM , … , 

n
mM . They can differ by their power and 

intensity. 

 

 

 

4.1.2. Cercariae (Genus Trichobilharzia): morphology                                      

and behavior 

 

 

Cercariae are free-swimming larvae of pubertal generation parasitizing vertebrate an-

imals. Their length is about 1.0 mm. They are capable to insinuate into the skin of human be-

ing who is for them an incompetent host. As a result, they cause an allergic reaction, the so-

called cercarial dermatitis. This term was proposed by V.V. Cort [4], who for the first time 

correlated this disease with molluscs of certain kinds, and then with cercariae. 

Cercariae of the genus Trichobilharzia belong to the bunch of furcocercariae, their 

posterior tail part consists of two branches (furcae), and the length of furca is approximately                   

a half of length of tail. Even in a small zoom its pigmented eye-spots are well visible. The 

cercarial body is translucent. During motion it is strongly reduced, receiving various forms 

(Fig. 4). 

 

Figure 4. The appearance of Trichobilharzia szidati. A detection place: the lake of Naroch (the Minsk region, 

the Mjadelsky destrict). Lymnaea stagnalis is an intermediate host. 

 

 
 

All European species of Trichobilharzia possess the five pairs of penetration glands 

(Fig. 5). The two pairs are presented by circumacetabular glands located round the ventral 

sucker, and the three other by postacetabular glands located sequentially one after another 



 

below. The secreta of penetration glands helps larvae to break a dermal barrier of vertebrate 

hosts. 

Cercariae of the genus Trichobilharzia after leaving a mollusc actively swimming in 

the water for an hour. Such an active behavior of larvae after leaving a mollusc provides                       

a cercarial distribution in the water space. Then cercariae pass to a passive behavior. Free-

swimming cercariae need to insinuate into a final host during the limited time interval (1-1.5 

days at temperature 24  C) [23]. In a resting state, cercariae are attached to a vascular wall or 

on a water film by means of acetabulum. Active motions are characteristic only by the strong 

shaking of pot or by the water interfusion. 

 

Figure 5. The constitution of Trichobilharzia szidati. A. The schematic structure of cercaria (from [5]), B. The 

photo of cercaria. 1. Penetration organ, 2. Penetration gland ducts, 3 Pigmented eye-spots, 4. Ventral sucker,               

5. Penetration glands (5 pairs), 6. Tail stem, 7. Furcae. 

 

 
 

 

The cercarial behavior of bird schistosomes (family Schistosomatidae) is well studied 

due to representatives of the genus Trichobilharzia [16]. Their behavior is characterized by 

the specific taxis implying their looking for specific hosts, their affixion to a surface of host 

body as well as their incorporation into a host cutaneous covering and their penetration into             

a circulatory system, where a parasite reaches sexual maturity. Thus, taxis is presented by an 

enough large family of attractants: larvae of digeneans of Trichobilharzia possess a positive 

phototaxis, negative geotaxis, chemotaxis, and also actively react to turbulence of water [8]. 

Larvae have chemoreceptors which receive appropriate chemical signals proceeding 

from a skin of potential host. The similarity of compound of fatty acids of bird and human 

skin leads to that cercariae equally react to the bird and human appearance in water: they 

move in their direction, and then they are attached to the skin and begin penetration into it 

[10]. In experimental researches, it has been shown that any attachment of cercariae of 

Trichobilharzia to the skin is stimulated by cholesterol and ceramides, and incorporation into 

the skin by linoleic and linolenic acids, all these materials are present on the skin of both the 

bird and the human being [9], [20]. Thereby surface lipids of human skin invoke higher fre-

quency of cercarial incorporations into the skin, than surface lipids of birds [10]. 



 

Hence, the chemotaxis from a skin of potential hosts, the positive phototaxis, the nega-

tive geotaxis and the water turbulence should be considered cercarial attractants, which will 

be designated by 
1

cS , 
2

cS , … , 
n

cS , 
1

cP , 
2

cP , … , 
n

cP , 
1

cM , 
2

cM , … , 
n

cM . 

 

 

4.2. Syllogistic system for the propagation of Schistosomatidae 
 

 

The alphabet of syllogistic system for modelling the propagation of Schistosomatidae 

contains:   

• as descriptive signs the syllogistic letters xS , xP , xM , …, where },{ cmx ;  

• as logical-semantic signs the syllogistic connectives:   

- ta
, te

, ti , to
 at time  ,,0,1,= nt ,  

- a
, e

, i , o
 for infinite time;  

• and the propositional connectives  ,  ,  ,  .  

  

Simple propositions are defined as follows: xx PS å , where ta{å , te , ti , to , a , e , i , 

}o  All other propositions are defined thus: (i) each simple proposition is a proposition,                         

(ii) if YX ,  are propositions, then X , Y , YXå , where },,{ å , are propositions, 

too. 

Syllogistic letters mS , mP , mM , … are interpreted as attractants for miracidia as fol-

lows: a data point mS  is evaluated as empty if and only if an appropriate attractant for mira-

cidia denoted by mS  is not occupied by any miracidium. Syllogistic letters cS , cP , cM , … 

are interpreted as attractants for cercariae in the following manner: an item cS  is evaluated as 

empty if and only if an appropriate attractant for cercariae denoted by cS  is not occupied by 

any cercaria. 

Let us define syllogistic strings of the form mmPS  and ccPS  at time t  with the follow-

ing notation: ‘ mtm PsS i ’ and ‘ ctc PsS i ,’ and with the following meaning:   

• mmPS  at time 0,1,2,=t  is true if and only if mS  and mP  are cells occupied by miracidia 

at t  and there is a path between mS  and mP  and this path consists of cells also occupied 

by miracidia at t  (i.e. both mS  and mP  are not empty at t  and between them there is             

a path of non-empty cells), otherwise mmPS  is false (e.g. in Fig.6 there are paths 54SS , 

104SS  at 0=t );  



 

• ccPS  at t  is true if and only if both cS  and cP  are not empty cells at t  and between them 

there is a path of non-empty cells at t , otherwise ccPS  is false.  

 

Now, we define syllogistic propositions ‘All ... are ...’, ‘No ... are ...’, ‘Some ... are ...’, 

‘Some ... are not ...’ in the non-Aristotelian way to construct a syllogistic of propagation. The 

meaning of the proposition ‘All S  are P ’ is that between points S  and P  we observe                

a propagation in all possible directions. The meaning of the proposition ‘Some S  are P ’ is 

that between points S  and P  we cannot observe a propagation in all possible directions and 

the propagation is just contingent and casual. So, while in the Aristotelian syllogistic the 

propositions ‘All ... are ...’ and ‘No ... are ...’ are contrary, in the syllogistic of propagation the 

propositions ‘All ... are ...’ and ‘Some ... are ...’ are contrary. Other propositions are under-

stood conventionally: ‘No ... are ...’ := It is false that ‘Some ... are ...’; ‘Some ... are not ...’                    

:= It is false that ‘All ... are ...’. The point of this non-Aristotelian interpretation is that we 

cannot exclude propagation at all. There are always some forms of propagation from massive-

parallel (when ‘All ... are ...’ is true) to casual (when ‘Some ... are ...’ is true). For more details 

about this non-Aristotelian system, please see [27], [28]. 

Thus, using the definition of syllogistic strings, we can define simple syllogistic prop-

ositions as follows:   

• ‘All mS  are mP  at time t ’ ( mtm PS a ): there is a string mmSA  at time t  and for any                   

mA  which is a neighbor for mS  or mP , there are strings mmSA  and mmPA  at t . This 

means that we have a massive-parallel occupation of the region at t , where the cells mS  

and mP  are located, i.e. the propagation holds in all possible directions.  

• ‘All cS  are cP  at time t ’ ( ctc PS a ): there is a string ccSA  at time t  and for any cA  which 

is a neighbor for cS  or cP , there are strings ccSA  and ccPA  at t .  

• ‘Some mS  are mP  at time t ’ ( mtm PS i ): for any mA  which is a neighbor for mS  or mP  at          

t , there are no strings mmSA  and mmPA . This means that the collective of miracidia can-

not reach mS  from mP  or mP  from mS  immediately at t , but it does not mean that there 

are no propagating miracidia. Some forms of their propagation ever exist.  

• ‘Some cS  are cP  at time t ’ ( ctc PS i ): for any cA  which is a neighbor for cS  or cP  at                 

t , there are no strings ccSA  and ccPA .  

• ‘No mS  are mP  at time t ’ ( mtm PS e ): there exists mA  at time t  which is a neighbor for         

mS  or mP  such that there is a string mmSA  or there is a string mmPA . This means that the 

collective of miracidia occupies mS  or mP , but surely not the whole region at time                 

t , where the cells mS  and mP  are located.  



 

• ‘No cS  are cP  at time t ’ ( ctc PS e ): there exists cA  at time t  which is a neighbor for cS  or 

cP  such that there is a string ccSA  or there is a string ccPA .  

• ‘Some mS  are not mP  at time t ’ ( mtm PS o ): for any mA  which is a neighbor for mS  or          

mP  at time t  there is no string mmSA  or there exists mA  which is a neighbor for mS  and     

mP  such that there is no string mmSA  or there is no string mmPA . This means that at time       

t  the collective of miracidia does not occupy mS  or there is a neighbor cell which is not 

connected with mS  or mP  by the same propagated collective of miracidia.  

• ‘Some cS  are not cP  at time t ’ ( ctc PS o ): for any cA  which is a neighbor for cS  or cP  

at time t  there is no string ccSA  or there exists cA  which is a neighbor for cS  or cP  such 

that there is no string ccSA  or there is no string ccPA .  

 

Formally:  

 

 )));ii(()i((:= mtmmtmmmtmmmtm PsASsAASsAAPS a  (1) 

  

 )));ii(()i((:= ctcctccctccctc PsASsAASsAAPS a  (2) 

  

 ));i()i((:= mtmmtmmmtm PsASsAAPS i  (3) 

  

 ));i()i((:= ctcctccctc PsASsAAPS i  (4) 
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  (8) 

 

Notably, this system is essentially non-Aristotelian, in particular 
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The topology of attractants changes permanently (see Fig. 6), because different at-

tractants become occupied in due course. Therefore for different time , we ob-

serve different true syllogistic propositions (see Fig. 6). 

 

Figure 6. Example of propagation of parasites. First of all, parasites are located in the center of pictures                   

(a), (b), (c). Attractants which are not occupied by parasites are denoted by white circles. Attractants which are 

occupied by parasites are denoted by black circles. Each attractant is a center of suitable Voronoi cell. The radius 

of Voronoi cell is a maximal distance of power to attract parasites in one direction. At time , different 

syllogistic propositions are true: (a) , , , , , , , , 

, , etc.; (b) , , , , etc.; (c) , , , 

, , , , , , , etc. 

 

 

 
 

(a) ; the four attractants denoted by , , ,  are occupied by the parasites. 

mtmmtm PSPS ea  mtmmtm PSPS oi  mtmmtm SPPS aa  mtmmtm SPPS ee  mtmmtm SPPS ii 

mtmmtm SPPS oo 

0,1,2,=t

0,1,2=t

1107 SS i 7011 SS i 301 SS i 103 SS i 1001 SS e 1010 SS e 901 SS e 109 SS e

401 SS e 104 SS e 1111 SS i 1111 SS i 612 SS o 216 SS o 1127 SS a 7211 SS a 321 SS a

123 SS a 1021 SS a 1210 SS a 921 SS a 129 SS a 421 SS a 124 SS a

0=t 4S 5S 9S 10S



 

 
 

(b) ; the seven attractants denoted by , , , , , ,  are occupied by the 

parasites. 

1=t 4S 5S 6S 7S 8S 9S 10S



 

 
 

(c) ; the eleven attractants denoted by , , , , , , , , , ,  are 

occupied by the parasites. 

 

Also, we can assume that the attractants can move at  Let us postulate that 

their motions at different time are limited by the following rules, where  means the next 

step of life cycle:  

 

  (9) 

  

  (10) 

 

From this we have  

 

  (11) 

  

  (12) 

 

Attractants for miracidia and cercariae are different, but they live in the same lake. We 

can postulate that if the whole region is occupied by miracidia (cercariae) at time , then sure-

ly the part of this region is occupied by cercariae (miracidia) at time . So, the propagation 

of collectives of miracidia at  causes the propagation of collectives of cercariae at :  

2=t 1S 2S 3S 4S 5S 6S 7S 8S 9S 10S 11S

0,1,2=t

1t

.1 mtmmtm PSPS  ea

.1 ctcctc PSPS  ea

.1 mtmmtm PSPS oi 

.1 ctcctc PSPS oi 

t

1t

t 1t



 

  (13) 

  

  (14) 

 

Furthermore, the propagation of collectives of cercariae at  causes the propagation of 

collectives of miracidia at :  

 

  (15) 

  

  (16) 

 

Now, we can define simple syllogistic propositions for infinite time: 

, where . The informal meaning of these propositions is that 

we put forward syllogistic propositions about the whole one life cycle of Schistosomatidae in 

the same lake. So, we may generalize equations (9) – (16) in the following way:  

 

  (17) 

  

  (18) 

  

  (19) 

 

  (20) 

  

  (21) 

  

  (22) 

  

  (23) 

  

  (24) 

 

Formula (17) means that if the whole region is occupied by miracidia for one life cycle 

of Schistosomatidae, then there exists time  such that the whole region is occupied by mira-

cidia. Formula (18) means that if the whole region is occupied by cercariae for one life cycle 

of Schistosomatidae, then there exists time  such that the whole region is occupied by cer-

cariae. Formula (19) means that if the whole region is occupied by miracidia for one life cycle 

of Schistosomatidae, then there exists time  such that the whole region is occupied by cer-

cariae. Formula (20) means that if the whole region is occupied by cercariae for one life cycle 

.1 ctcmtm PSPS  ea

.1 ctcmtm PSPS oi 

t

1t

.1 mtmctc PSPS  ea

.1 mtmctc PSPS oi 

PSPS tt xx lim:=  },,,{ oieax

;. mtmmm PStPS aa 

;. ctccc PStPS aa 

;. ctcmm PStPS aa 

;. mtmcc PStPS aa 

;. mtmmm PStPS ii 

;. ctccc PStPS ii 

;. ctcmm PStPS ii 

.. mtmcc PStPS ii 

t

t

t



 

of Schistosomatidae, then there exists time  such that the whole region is occupied by mira-

cidia. 

Formula (21) means that if there is just a casual propagation of miracidia for one life 

cycle of Schistosomatidae, then for all time  of this life cycle there is just a casual propaga-

tion of miracidia. Formula (22) means that if there is just a casual propagation of cercariae for 

one life cycle of Schistosomatidae, then for all time  of this life cycle there is just a casual 

propagation of cercariae. Formula (23) means that if there is just a casual propagation of mi-

racidia for one life cycle of Schistosomatidae, then for all time  of this life cycle there is just 

a casual propagation of cercariae. Formula (24) means that if there is just a casual propagation 

of cercariae for one life cycle of Schistosomatidae, then for all time  of this life cycle there is 

just  a casual propagation of miracidia. 

Other axioms are as follows (for ):  

 

  (25) 

  

  (26) 

  

  (27) 

  

  (28) 

  

  (29) 

  

  (30) 

 

   (31) 

  

  (32) 

  

  (33) 

 

Some basic formal properties of that axiomatic system closed over axioms (1) – (8) 

and (25) – (33), where , , ,   do not depend on time, are considered in [27], [28]. Prob-

abilistic semantics for the time-depended version of that system for the slime mould behavior 

is proposed in [29]. 

Notice that formulas (31) and (33) are axioms of the syllogistic system of propagation, 

while they are not valid in the Aristotelian system. Indeed,  means 

that  
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;; xxxxxtxxtx PSPSPSPS   eaea

;; xxxxxtxxtx SPPSSPPS   aaaa
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;; xxxxxtxxtx PSPMPSPM   eaea
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a e i o
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the latter formula is valid. 

 

 

Conclusion 
 

 

In this paper, we have constructed the syllogistic system for the propagation of Schis-

tosomatidae. This system contains all tautologies of the syllogistic system for the propagation 

of Physarum polycephalum proposed in [29], but not vice versa. And in return, the syllogistic 

system for the propagation of Physarum polycephalum contains all tautologies of performa-

tive syllogistic proposed in [27], [28], but not vice versa. This means that as more complex 

intelligent behavior is observed in propagations as more axioms are contained in an appropri-

ate syllogistic system. 

In syllogistics for the explication of propagations, the inverse relations hold true for all 

syllogistic connectives:  

 

  

 

  

 

  

 

  

 

It is inferred from definitions (1) – (8). These properties fix propagations in all possi-

ble directions. 
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Abstract 
 

 

In this paper, we propose syllogistic circuits on the medium of Physarum polycepha-

lum plasmodium. These circuits are designed by chemical signals stimulating the plasmodium 

propagation. As a result, the circuits are built up on continuously growing plasmodia and any 

their motions are considered syllogistic conclusions. We show how we can implement differ-

ent syllogistic systems on the medium of Physarum polycephalum plasmodia within these 

circuits, namely we implement the following systems: the Aristotelian syllogistic, the per-

formative syllogistic and Talmudic reasoning by qal wa-homer. In this way, we can design 

biological devices, where inputs are represented not by electrical signals, but by chemical 

signals in accordance with the plasmodium chemotaxis, and outputs are represented by the 

plasmodium behavior. 

 

  

Introduction 
 

 

One of the first logicians who proposed a spatial implementation of Aristotelian syllo-

gistic reasoning was Lewis Carroll [3], [4]. He used three kinds of syllogistic propositions:                   

(i) the universal affirmative (‘all members of its subject are members of its predicate’), (ii) the 

universal negative (‘no members of its subject are members of its predicate’), (iii) and the 

particular affirmative (‘some members of its subject are members of its predicate’). His ex-

amples are as follows: ‘All red apples are ripe’, ‘No red apples are ripe’, ‘Some red apples are 

ripe’. For verifying syllogistic propositions he proposed the following biliteral diagram:  

 

xy
 

xy' 
 

x'y 
 

x'y' 
 

  

that plays the role of ‘universe of discourse’ for all syllogistic propositions over adjuncts                   

x, y, non-x (which is denoted by x'), non-y (which is denoted by y'). For example, let x mean 

‘old,’ so that x' will mean ‘new’. Let y mean ‘English,’ so that y' will mean ‘foreign’. Assume 



 

that ‘books’ are an appropriate universe of discourse. Then we can divide this universe into 

the following four classes: xy (‘old English books’), xy' (‘old foreign books’), x'y (‘new Eng-

lish books’), x'y' (‘new foreign books’). 

Now let us take two kinds of counters: grey and black. If a black counter is placed 

within a cell, this means that “this cell is occupied” (i.e. “there is at least one thing in it”). If   

a grey counter is placed within a cell, this means that “this cell is empty” (i.e. “there is noth-

ing in it”). Thus, using grey and black counters we can verify all the basic syllogistic proposi-

tions. 

In this paper, we develop Carroll's ideas, but our diagrams will be represented by liv-

ing organisms, namely by Physarum behaviors. In Physarum Chip Project: Growing Com-

puters From Slime Mould supported by FP7 we are going to build a programmable amor-

phous biological computer. In this computer, logic circuits are represented by programmable 

behaviors of Physarum polycephalum plasmodium – the one-call organism that behaves ac-

cording to different stimuli called attractants and repellents and propagates networks connect-

ing all reachable food sources. When designing an object-oriented programming language for 

the simulation of plasmodium behaviors [16], we detect a possibility on the media of 

Physarum to construct logic circuits for different symbolic-logical systems, including syllo-

gistic systems. The circuits for various syllogistics may be built in the way of Carroll's dia-

grams. One of the most interesting outcomes of this research is that, first, the universe of dis-

course is considered a continuously growing living organism (Physarum plasmodium), sec-

ond, any motions of this organism are considered as inferring syllogistic conclusions. Carroll's 

like diagrams allow us to define all possible directions in any motion of Physarum. 

In this paper, we show how we can implement the Aristotelian syllogistic (Section 

5.3), the performative syllogistic (Section 5.4), and Talmudic reasoning (Section 5.5) via 

Physarum plasmodium behavior. 

 

 

5.1. Biological computations by chemical signals 
 

 

The plasmodium propagation can be interpreted as a kind of computation which can 

solve different tasks which assume concurrency: maze-solving [9], solving the Steiner Prob-

lem [20], minimum-risk path finding [10], [11], solving the traffic optimization problem [24], 

associative learning [18], memorizing and anticipating repeated events [12], etc. The feature 

of these computations is that a plasmodium black box always has much more outputs than 

inputs. We can generalize this property and claim that this feature concerns any computation 

on behavioral systems of living organisms. It is related to the problem of free will, where liv-

ing organisms face a choice among several outputs given just one input: they can choose just 

one or simultaneously many outputs according to their will. Evidently, this is not typical for 

the electronic devices. 

Hence, we can assume that it is possible to design a biological device, where instead 

of electrical signals the calculation process is performed by using the plasmodium chemotaxis                

[2] (about other approaches to information processing by chemotaxis see [6]), i.e. knowledge 



 

of the typical reactions of plasmodium to chemical signals attracting or repelling the plasmo-

dium behavior. In this device, the number of outputs usually is much larger than the number 

of inputs, where inputs are chemical signals attracting or repelling the behavior and outputs 

are behavioral responses. We can artificially delete some outputs by using additional repel-

lents. Nevertheless, as more repellents in complex gates as lower accuracy of computations in 

this device. 

Notably, the accuracy of implementing classical logics and Turing-complete ma-

chines, such as Kolmogorov-Uspensky machines [22], [1], in the plasmodium behavior is 

low. For instance, let computing circuits be implemented using a collision-based computing 

approach, where the plasmodium propagates on non-nutrient substrate in the form of a com-

pact wave-fragment of protoplasm. Logic gates can be constructed in the laboratory condi-

tions as follows: xyx  ,  AND xy,  OR y  and ,, xyx   NOT x AND y . Then the 

accuracy of experimental laboratory prototypes of the gate xyx  ,  AND xy,  OR y  

was over 69% and of the gate ,, xyx   NOT x  AND y  was over 59%. In the frequency-

based Boolean logical gates implemented with Physarum based on frequencies of oscillations, 

the accuracy is as follows: 90% for OR/NOR, 77.8% for AND/NAND, 91.7% for NOT, 

70.8% for XOR/XNOR. Notice that as more complex circuits, as lower accuracy of their im-

plementation. 

This problem with accuracy is linked to the fact that the plasmodium as living organ-

ism wants to be propagated in all possible directions (to possess more outputs than inputs). 

This means that the plasmodium does not follow the induction principle to satisfy the minimal 

conditions in funding and occupying the food sources, e.g. by shortest distances. In other 

words, the plasmodium behavior is context-dependent and it is not a kind of spatial Turing-

complete machines such as Kolmogorov-Uspensky machines. We can implement these ma-

chines only with some accuracy using repellents, because to follow these machines and clas-

sical logic gates is not natural for behavioral systems. 

Usually, computations on Physarum are studied to approximate transportation systems 

and hierarchies of planar proximity graphs, e.g. to approximate concurrent phenomena. In our 

research, we are going to obtain an abstract chip based on plasmodium and we need to find 

out logical systems which are natural for the plasmodium behavior and, therefore, they could 

be implemented with a high accuracy. 

In this paper, we propose the implementation of Aristotelian syllogistic of [8] as a sys-

tem whose semantics can be expressed by Kolmogorov-Uspensky machines. In this imple-

mentation we need many repellents and, thus, the behavior of plasmodium is not so natural 

here. Then we show how we can implement the performative syllogistic of [15]. For this im-

plementation we do not need repellents at all. The performative syllogistic, on the one hand, is 

more expressive than the Aristotelian syllogistic (it contains all tautologies of the latter, see 

[15]), on the other hand, its semantics is context-based and depends on neighbors for plasmo-

dium active zones. Due to this semantics, the performative syllogistic is sound and complete 

on plasmodium propagations which are performed without repellents. This semantics cannot 

be expressed by Kolmogorov-Uspensky machines. 

Logic circuits constructed on the basis of the performative syllogistic seem to be natu-

ral for behavioral systems and these circuits have very high accuracy in implementing. Our 



 

general motivation in designing logic circuits in behavioral systems without repellents is as 

follows:  

• in this way, we can present behavioral systems as a calculation process more naturally;  

• we can design devices, where there are much more outputs than inputs, for performing 

massive-parallel computations in the bio-inspired way;  

• we can obtain unconventional (co)algorithms by programming behavioral systems.  

 

Biological and bio-inspired computations allow us to perform calculations through be-

haviors of living organisms. The main disadvantage of these computations is that biological 

devices are much slower than digital computers, but they can effectively solve complex mas-

sive-parallel tasks. 

 

 

5.2. Strings in the Physarum growing universe 
 

 

Physarum polycephalum behaves by plasmodia which can have the form either waves 

or protoplasmic tubes. Plasmodia grow from active zones concurrently. At these active zones, 

three basic operations stimulated by nutrients (attractants) and some other conditions can be 

observed: fusion, multiplication, direction, and repelling operations. (i) The fusion, Fuse , 

means that two active zones 1A  and 2A  produce a new active zone 3A . (ii) The multiplica-

tion, Mult , means that the active zone 1A  splits into two independent active zones 2A  and               

3A  propagating along their own trajectories. (iii) The direction, Direct , means that the active 

zone A  moves to a source of nutrients. (iv) The repelling, Repel , means that the active zone                  

A  avoids repellents. These operations, Fuse , Mult , Direct , Repel  can be determined by 

the following stimuli: (1) the set of attractants },,{ 21 NN , sources of nutrients, on which the 

plasmodium feeds; (2) the set of repellents },,{ 21 RR , light and some thermo- and salt-

based conditions. 

The universe, where Physarum lives, consists of cells possessing different topological 

properties according to the intensity of chemo-attractants and chemo-repellents. The intensity 

entails the natural or geographical neighborhood of the set's elements in accordance with the 

spreading of attractants or repellents. As a result, we obtain Voronoi cells. Let us define what 

they are mathematically. Let P  be a nonempty finite set of planar points and nP |=| . For 

points ),(= 21 ppp  and ),(= 21 xxx  let 2

22

2

11 )()(=),( xpxpxpd   denote their Euclid-

ean distance. A planar Voronoi diagram of the set P  is a partition of the plane into cells,             

such that for any element of P , a cell corresponding to a unique point p  contains all those 

points of the plane which are closer to p  in respect to the distance d  than to any other node 

of .P  A unique region: 
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assigned to the point p  is called the Voronoi cell of the point p . Within one Voronoi cell                  

a reagent has the full power to attract or repel the plasmodium. The distance d  is defined by 

intensity of reagent spreading like in other chemical reactions simulated by Voronoi diagrams. 

When two spreading wave fronts of two reagents meet, this means that the plasmodium can-

not choose any further direction, and splits (see Fig. 1). Within the same Voronoi cell two 

active zones will fuse.  

 

Figure 1. The Voronoi diagram for Physarum, where different attractants have different intensity and power. 

 

 
 

If a Voronoi center is presented by an attractant a that is activated and occupied by the 

plasmodium, this means that there exists a string a. This string has the meaning “a  exists”.         

If a Voronoi center is presented by a repellent ][a  that is activated and avoided by the plas-

modium, this means that there exists a string ][a . This string has the meaning “a  does not 

exist”. If two neighbor Voronoi cells contain activated attractants a and b , which are occupied 

by the plasmodium, and between both centers there are protoplasmic tubes, then we say that 

there exists a string ab  and a string ba . The meaning of those strings is equal and it is as fol-

lows: “ ab  exist”, “ba  exist”, “some a is b ”, “some b  is a”. 

If one neighbor Voronoi cell contains an activated attractant a  which is occupied by 

the plasmodium and another neighbor Voronoi cell contains an activated repellent ][b  which 

is avoided by the plasmodium, then we say that there exists a string ][ba  and a string ab][ . 

The meaning of those strings is equal and it is as follows: “ ab  do not exist, but a exists with-



 

out b”, “there exists a  and no a is b”, “no b is a and there exists a”, “a exists and b does not 

exist”. 

If two neighbor Voronoi cells contain activated repellents ][a  and ][b  which are 

avoided by the plasmodium, then there exists a string ][ab  and a string ][ba . The meaning of 

those strings is equal and it is as follows: “ ab  do not exist together”, “there are no a  and 

there are no b”, “no b is a”, “no a is b”. 

 

Figure 2. Examples of proximity graphs. 

 

 

 
 

(a) Data points 



 

 
 

(b) NNG 

 
 

(c) MST 



 

 
 

(d) RNG 

 
(e) GG 



 

 
(f) DT 

 

 

Thus, the family of strings between nearest attractants presents a proximity graph 

which continuously grows from one attractant to another. This expansion could be demon-

strated as  a Toussaint hierarchy [1], where the family of strings starts from a nearest-

neighborhood graph and any next graph in the hierarchy is produced from previous graph by 

adding some edges between non-adjacent nodes, see fig. 2: 

 

NNG   MST   RNG   GG   DT, 

 

where:   

• NNG is a nearest-neighborhood graph. It is the simplest and possibly most natural of 

proximity graphs. A point in the graph is connected by an edge to its nearest neighbor.                

Given planar set V we can define the graph as follows: NNG  EVV ,=)( , where for 

Vba ,  we have Eab )(  iff ||min|=| }{ acab aVc  . In general case NNG is a dis-

connected directed graph.  

• MST is a minimal spanning tree. It is a connected acyclic graph which has minimal pos-

sible sum of edges' lengths.  



 

• RNG is a relative neighborhood graph. It is a graph, where any two points ),( ba  are                  

connected by an edge if the intersection of open disks of radius || ab  centered at a and         

b is empty: Eab )(  iff |}||,{|max|| },{ bcacab baVc  .  

• GG is a Gabriel graph. It is a graph, where points a and b are connected by an edge                 

if the closed disk having the segment )(ab  as its diameter is empty: Eab )(  iff 

|}
2

{|min|| },{ c
ba

ab baVc


  .  

• DT is a Delaunay triangulation. It is a graph subdividing the space onto triangles with 

vertices in V  and edges in E  where the circumcircle of any triangle contains no points 

of V  other then its vertices.  

 

Each string in the Toussaint hierarchy could be interpreted as a syllogistic proposition. 

At the beginning, we have just data points without strings (Fig. 2 (a)). Then some first strings 

have grown up (Fig. 2 (b)) and in some cases we see the first syllogistic conclusions, when 

three or more points are connected by protoplasmic tubes. At the end, we observe all possible 

syllogistic conclusions (Fig. 2 (f)) in the topology of attractants and repellents we have set up 

for Physarum. As a result, the growth of plasmodia is considered syllogistic conclusions. Due 

to different stimuli, we can manage this growth in directions we want, therefore we can fore-

see all possible syllogistic conclusions, which can be implemented within the certain topology                    

of attractants and repellents. Moreover, we can deal with different syllogistic systems in man-

aging the Physarum behavior. In particular, we can implement the Aristotelian syllogistic            

(Section 5.3), performative syllogistic (Section 5.4), and Talmudic reasoning by qal wa-

homer (Section 5.5). For denoting all possible logic circuits of syllogistic systems implement-

ed in the Physarum behavior, we will use the so-called Physarum diagrams which are a modi-

fication of the well-known Lewis Carroll's diagrams [3], [4]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

5.3. Physarum Aristotelian syllogistic 
  

 

5.3.1. Plasmodium without repellents 

 

 

The Aristotelian syllogistic is the first formal system, it was created in Ancient time.        

Its axiomatization was laid first by Łukasiewicz [8]. In his axiomatization, the alphabet con-

sists of the syllogistic letters S , P , M , …, the syllogistic connectives a , e , i , o , and the 

propositional connectives  ,  ,  ,  . Atomic propositions are defined as follows: SxP , 

where },,,{ oieax . All other propositions are defined in the following way: (i) each atomic                

proposition is a proposition, (ii) if YX ,  are propositions, then X , Y , YXå , where 

},,{ å , are propositions, also. The axioms proposed by Łukasiewicz are as follows:  

 

 ));ii()i((:= PsASsAASsAASaP   (1) 

  

 );ii(:= PsASsAASiP   (2) 

  

 );(:= SiPSeP   (3) 

  

 );(:= SaPSoP   (4) 

  

 ;SaS  (5) 

  

 ;SiS  (6) 

  

 ;)( SaPSaMMaP   (7) 

  

 .)( SiPMiSMaP   (8) 

 

In the Physarum implementation of Aristotelian syllogistic, all data points are denoted 

by appropriate syllogistic letters as attractants. A data point S  is considered empty if and 

only if an appropriate attractant denoted by S  is not occupied by plasmodium. We have syl-

logistic strings of the form SP  with the following interpretation: ‘ S  is P ’, and with the 

following meaning: SP  is true if and only if S  and P  are neighbors and both S  and           

P  are not empty, otherwise SP  is false. By this definition of syllogistic strings, we can de-

fine atomic syllogistic propositions as follows:  

‘All S are P’ (SaP):    In the formal syllogistic: there exists A  such that A  is S  and 

for any A , if A  is S , then A  is P . In the Physarum model: there is a plasmodium A  

and for any A , if A  is located at S , then A  is located at P .  



 

‘Some S are P’ (SiP): In the formal syllogistic: there exists A  such that both ‘ A  is             

S ’ is true and ‘ A  is P ’ is true. In the Physarum model: there exists a plasmodium A  such 

that A  is located at S  and A  is located at P .  

‘No S are P’ (SeP): In the formal syllogistic: for all A , ‘ A  is S ’ is false or ‘ A  is          

P ’ is false. In the Physarum model: for all plasmodia A , A  is not located at S  or A  is 

not located at P .  

‘Some S are not P’ (SoP): In the formal syllogistic: for any A , ‘ A  is S ’ is false or 

there exists A  such that ‘ A  is S ’ is true and ‘ A  is P ’ is false. In the Physarum model: 

for any plasmodia A , A  is not located at S  or there exists A  such that A  is located at S

and        A  is not located at P .  

 

Formally, this semantics is defined as follows. Let M  be a set of attractants. Take                 

a subset MX ||  of attractants occupied by the plasmodium as a meaning for each syllogistic 

variable X . Next, define an ordering relation   on subsets MPS |,| ||  as: || PS ||  iff all 

attractants from |P|  are reachable for the plasmodium located at the attractants from                    

|S| . Hence,  ||| PS|  means that some attractants from |P|  are reachable for the 

plasmodium located at the attractants from |S|  and  =||| PS|  means that no attractants 

from |P|  are reachable for the plasmodium located at the attractants from |S| . This gives 

rise to models  || M ,= M  such that:   

 

    SaP M  iff ||| PS | ;  

    SiP M  iff  || PS || ;  

    SeP M  iff  =||| PS| ;  

    qp  M  iff pM  and qM ;  

    qp  M  iff pM  or qM ;  

    p M  iff it is false that pM .  

 

  

Proposition 1. The Aristotelian syllogistic is sound and complete relatively to M if we 

understand   as an inclusion relation (it is a well-known result [19]).   

 

However, relatively to all possible plasmodium behaviors the Aristotelian syllogistic is 

not complete. Indeed, the relation   can have the following verification on Physarum ac-

cording to our definitions: || PS ||   and || PS  || , where  =| ||| PP , i.e. all attract-

ants from |P|  are reachable for the plasmodium located at the attractants from  and all 

attractants from || P  are reachable for the plasmodium located at the attractants from || S , 

but between || P  and || P  there are no paths. In this case   is not an inclusion relation and 

|| S



 

proposition 1 does not hold. Hence, we need repellents to make   the inclusion relations in 

all cases. 

 

 

5.3.2. Plasmodium with repellents 

 

 

In the Physarum diagrams for verifying all the basic syllogistic propositions, we will 

use the following four cells: x, y, x', y', where x' means all cells which differ from x, but they 

are neighbors for y, and y' means all cells which differ from y and are neighbors for x. These 

cells express appropriate meanings of syllogistic letters. The corresponding universe of dis-

course will be denoted by means of the following diagram: 

  

x y' 

y x' 

  

Assume that a black counter denotes an attractant and if it is placed within a cell x, this 

means that “this Voronoi cell contains an attractant xN  activated and occupied by the plas-

modium.” It is a verification of the syllogistic letter xS  at cell x. A grey counter denotes                 

a repellent and if it is placed within a cell x, this means that this Voronoi cell contains a repel-

lent xR  activated and there is no plasmodium in it”. It is a verification of a new syllogistic 

letter ][ xS . For the sake of convenience, we will denote xS  by x and ][ xS  by ][x . Using 

these counters, we can verify all the basic existence syllogistic propositions in a way analo-

gous, though different to Carroll's diagrams (see Fig. 3). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 3. The Physarum diagrams for the basic existence strings. 

 
 

Physarum strings of the form xy , yx  are interpreted as particular affirmative                 

propositions “Some x are y” and “Some y are x” respectively, strings of the form                  

][xy , ][yx , ][ yx , ][xy  are interpreted as universal negative propositions “No x are y” and “No 

y are x.” A universal affirmative proposition “All x  are y” are presented by a complex string 

][& yxxy  . The sign &  means that we have strings xy  and ][yx   simultaneously and they 

are considered the one complex string. All these strings are verified on the basis of the dia-

grams of fig. 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 4. The Physarum diagrams for syllogistic propositions. 

 



 

For verifying syllogisms, we will use the following diagrams symbolizing some 

neighbor cells: 

 

 m
 m  

 

m  

x
 

y  m
 

m
 

y
 x  m  

 m  

m
 

 

  

The motion of plasmodium starts from one of the central cells (x, y, x', y') and goes 

towards one of the four directions (northwest, southwest, northeast, southeast). The syllogism 

shows a connection between two not-neighbor cells on the basis of its joint neighbor and says 

if there was either multiplication or fusion. As a syllogistic conclusion, we obtain another 

diagram:  

x
 m  

m
 x  

  

Different syllogistic conclusions derived show directions of plasmodium's propaga-

tion. Some examples are provided in fig. 5–7:  

 



 

Figure 5. Physarum diagrams for syllogisms (part 1).

 



 

Figure 6. Physarum diagrams for syllogisms (part 2). 

 



 

Figure 7.  Physarum diagrams for syllogisms (part 3). 

 
 

 

 



 

Continuing in the same way, we can construct a syllogistic system, where conclusions 

are derived from three premises. The motion of plasmodium starts from one of the central 

cells (x, y, x', y') and goes towards one of the four directions (northwest, southwest, northeast, 

southeast), then towards one of the eight directions (north-northwest, west-northwest, south-

southwest, west-southwest, north-northeast, east-northeast, south-southeast, east-southeast), 

etc. 

Hence, a spatial expansion of plasmodium is interpreted as a set of syllogistic proposi-

tions. The universal affirmative proposition ][& yxxy   means that the plasmodium at the 

place x goes only to y and all other directions are excluded. The universal negative proposi-

tion ][ yx  or ][xy  means that the plasmodium at the place x cannot go to y and we know noth-

ing about other directions. The particular affirmative proposition xy  means that the plasmo-

dium at the place x goes to y and we know nothing about other directions. Syllogistic conclu-

sions allow us to mentally reduce the number of syllogistic propositions showing plasmodi-

um's propagation. 

For the implementation of Aristotelian syllogistic we appeal to repellents to delete 

some possibilities in the plasmodium propagation. So, model M  defined above should be 

understood as follows: 

 

     M  = All x  are y  iff ][& yxxy  , i.e. the plasmodium is located at x  and can move only     

to y  and cannot move towards all other directions;  

    M  =  Some x  are y  iff xy , i.e. the plasmodium is located at x  and can move to y ;  

    M  = No x  are y  iff ][ yx  or ][xy , i.e. the plasmodium cannot move to y in any case.  

 

It is evident in this formulation that the Aristotelian syllogistic is so unnatural for 

plasmodia. Without repellents, this syllogistic system cannot be verified in the medium of 

plasmodium propagations. In other words, we can prove the next proposition: 

  

Proposition 2. The Aristotelian syllogistic is not sound and complete on the plasmo-

dium without repellents.   

 

 

 

 

 

 

 

 

 

 

 

 

 



 

5.4. Physarum non-Aristotelian syllogistic 
 

 

While in Aristotelian syllogisms we are concentrating on one direction of many 

Physarum motions, and dealing with acyclic directed graphs with fusions of many protoplas-

mic tubes toward one data point, in most cases of Physarum behavior, not limited by repel-

lents, we observe a spatial expansion of Physarum protoplasm in all directions with many 

cycles, see  fig. 8. Under these circumstances it is more natural to define all the basic syllo-

gistic propositions SaP , SiP , SeP , SoP  in a way they satisfies the inverse relationship when 

all converses are valid: PaSSaP , PiSSiP , PeSSeP , PoSSoP . In other words, 

we can draw more natural conclusions for protoplasmic tubes which are decentralized and 

have some cycles. The formal syllogistic system over propositions with such properties is 

constructed in [15]. This system is called the performative syllogistic. The alphabet of this 

system contains as descriptive signs the syllogistic letters S , P , M , …, as logical-semantic 

signs the syllogistic connectives a , e , i , o  and the propositional connectives  ,  ,  ,  . 

Atomic propositions are defined as follows: SxP , where },,,{ oieax . All other propositions 

are defined thus: (i) each atomic proposition is a proposition, (ii) if YX ,  are propositions, 

then X , Y , YXå , where },,{ å , are propositions, too. 

 

Figure 8. Development of protoplasmic network by the plasmodium. Snapshots (a)–(d) are recorded with                 

10 hour intervals. In this experiment we observe cycles and decentralization of Physarum motions. 
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In order to implement the performative syllogistic in the behavior of Physarum plas-

modium, we will interpret all data points denoted by appropriate syllogistic letters as attract-

ants. A data point S  is considered empty if and only if an appropriate attractant denoted by 

S  is not occupied by plasmodium. Let us define syllogistic strings of the form SP  with the 

following interpretation: ‘ S  is P ’, and with the following meaning: SP  is true if and only 

if   S  and P  are reachable for each other by the plasmodium and both S  and P  are not 

empty, otherwise SP  is false. Using this definition of syllogistic strings, we can define atom-

ic syllogistic propositions as follows:  

‘All S are P’ (SaP): In the formal performative syllogistic: there exists A  such that        

A  is S  and for any A , A  is S  and A  is P . In the Physarum model: there is a string AS  

and for any A  which is a neighbor for S  and P , there are strings AS  and AP . This means 

that we have a massive-parallel occupation of the region where the cells S  and P  are locat-

ed.  

‘Some S are P’ (SiP): In the formal performative syllogistic: for any A , both ‘ A  is     

S ’ is false and ‘ A  is P ’ is false. In the Physarum model: for any A  which is a neighbor for 

S  and P , there are no strings AS  and AP . This means that the plasmodium cannot reach 

S  from P  or P  from S  immediately.  

‘No S are P’ (SeP): In the formal performative syllogistic: there exists A  such that if 

‘ A  is S ’ is false, then ‘ A  is P ’ is true. In the Physarum model: there exists A  which is                



 

a neighbor for S  and P  such that there is a string AS  or there is a string AP . This               

means that the plasmodium occupies S  or P , but not the whole region where the cells               

S  and P  are located.  

‘Some S are not P’ (SoP): In the formal performative syllogistic: for any A , ‘ A  is        

S ’ is false or there exists A  such that ‘ A  is S ’ is false or ‘ A  is P ’ is false. In the 

Physarum model: for any A  which is a neighbor for S  and P  there is no string AS  or 

there exists A  which is a neighbor for S  and P  such that there is no string AS  or there is 

no string AP . This means that the plasmodium does not occupy S  or there is a neighboring 

cell which is not connected to S  or P  by a protoplasmic tube.  

 

Composite propositions are defined in the standard way. 

In the performative syllogistic we have the following axioms: 

  

 )));ii(()i((:= PsASsAASsAASaP   (9) 

  

 ));i()i((:= PsASsAASiP   (10) 

  

 
)));i()i(()i((

..))),ii(()i((:=

SsAPsAASsAA

eiSsAPsAASsAASoP




 (11) 

  

 
).ii(

..)),i()i((:=

PsASsAA

eiPsASsAASeP




 (12) 

  

 ;SePSaP  (13) 

  

 ;PaSSaP  (14) 

  

 ;PiSSiP  (15) 

  

 ;SePSaM   (16) 

  

 ;SePMaP  (17) 

  

;)( SaPSaMMaP   (18) 

  

 .)( SiPSiMMiP   (19) 

 

 

 

The formal properties of this axiomatic system are considered in [15]. In the performa-

tive syllogistic we can analyze the collective dimension of behavior. Within this system we 



 

can study how the plasmodium occupies all possible attractants in any direction if it can see 

them. So, this system shows logical properties of a massive-parallel behavior (i.e. the collec-

tive dimension of behavior). One of the most significant notions involved in this implementa-

tion of the performative syllogistic in Physarum topology is a neighborhood. We can define                            

a distance for the neighborhood differently, i.e. we can make it broader or narrower. So, from 

different neighborhoods it will follow that we deal with different ‘universes of discourse’. 

In the Physarum diagrams for the performative syllogistic, the ‘universe of discourse’ 

cover cells x, y, non-x (which be denoted by x'), non-y (which he denoted by y'):  

 

x y' 

y x' 

  

where x, y, x', y' are neighbor cells containing attractants for Physarum, x' are all neighbors for 

y which differ from x, and y' are all neighbors for x which differ from y. Suppose that we have 

black, white, and grey counters and (i) if a black counter is placed within a cell, this means 

that “this cell is occupied” (i.e. “there is at least one thing in it”), (ii) if a white counter is 

placed within a cell, this means that “this cell is not occupied” (i.e. “there is not thing in it”), 

(ii) if a grey counter is placed within a cell, this means that “it is not known if this cell is oc-

cupied”. All possible combinations of Physarum diagrams for atomic propositions within our 

universe of discourse are pictured in fig. 9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 9. The Physarum diagrams for premises of performative syllogisms. Strings of the form                        

 mean that in cells  and  there are neighbors  for  such that , i.e.  is                      

a metavariable in  that is used to denote all attractants of   and  which are neighbors for the 

attractant of . 

 

xyx )&(  x y A x Ax )&( yx 

xyx )&(  x y

x



 

The universe of discourse for simulating performative syllogisms by means of 

Physarum behaviors covers cells x, y, m, x', y', m' in the following manner: 

 

y  m
 m  x  

m  
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m
 

y
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The motion of plasmodium starts from one of the central cells (x, y, x', y') and goes 

towards one of the four directions (northwest, southwest, northeast, southeast). The Physarum 

diagram for syllogistic conclusions is as follows: 

 

x
 m  

m
 x  

  

Some examples of performative syllogistic conclusions are regarded in fig. 10. A zone 

of true universal affirmative propositions is pictured in fig. 11. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10. The Physarum diagrams for performative syllogisms with true conclusions. 



 

 
 

 

 

 

 

 

 

 

 



 

Figure 11. The active zone, where all cells containing attractants are connected by protoplasmic tubes, therefore 

the following syllogistic propositions are valid: , , , , etc. and the following syl-

logistic conclusions are true:  

 ,  ), etc. 
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Thus, the performative syllogistic allows us to study different zones containing at-

tractants for Physarum if they are connected by protoplasmic tubes homogenously as in fig. 

11. 

A model  xM || M ,='  for the performative syllogistic, where M   is the set of at-

tractants and MX x
||  is a meaning of syllogistic letter X  which is understood as all at-

tractants reachable for the plasmodium from the point x , is defined as follows:  

101aSS 32aSS 119aSS 67aSS

)(( 109911 aSSaSS  )1011aSS )(( 4221 aSSaSS  41aSS



 

    'M =  All x  are y  iff xX || , yX || , and  yx XX ||| | ,                          

more precisely both xyx )&(   and yyx )&(   hold in 'M , i.e. the plasmodium can move 

from neighbors of y  to x  and it can move from neighbors of x  to y ;  

    'M =  Some x  are y  iff xXy ||  and yXx || , more precisely neither         

xyx )&(   nor yyx )&(   hold in 'M , i.e. the plasmodium cannot move from neighbors of          

y  to x  and it cannot move from neighbors of x  to y ;  

     'M =  No x  are y  iff xXy ||  or yXx || , more precisely xyx )&(   or 

yyx )&(   hold in 'M , i.e. the plasmodium can move from neighbors of y  to x  or it can 

move from neighbors of x  to y ;  

     'M  = Some x  are not y  iff xXy ||  or yXx || , more precisely xyx )&(   or 

yyx )&(   do not hold in 'M , i.e. the plasmodium cannot move from neighbors of y  to x  or 

it cannot move from neighbors of x  to y ;  

     qp 'M  iff p'M  and q'M ;  

     qp 'M  iff p'M  or q'M ;  

     p'M  iff it is false that p'M .  

 

Proposition 3. The performative syllogistic is sound and complete in 'M .  

 

For more details on formal properties of performative syllogistic, please see [15]. This 

syllogistic describes the logic of plasmodium propagation in all possible directions. For the 

implementation of this syllogistic we do not need repellents. It is a natural system. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

5.5. Physarum Talmudic reasoning 
 

 

Deductions in Talmudic reasoning are constructed by using different inference rules. 

The oldest family of these rules consists of the thirteen rules of Rabbi Ishmael. The most im-

portant rule among them is called qal wa-homer. The direct meaning of the word qal is ‘light 

in weight’. From a logical point of view, qal is regarded as minor, i.e. as being less important 

or less significant. The direct meaning of homer is ‘heaviness’. It is major, i.e. more im-

portant, more significant. Hence, qal wa-homer is an inference from minor to major, and vice 

versa, from major to minor. For example, the Sabbath day is in some respects regarded as 

minor of a common holiday or festival (yom tov). Therefore, if a certain kind of work is per-

mitted on the Sabbath we can infer that such a work is the more permissible on a festival; and 

vice versa, if  a certain work is forbidden on festival, it has to be forbidden on the Sabbath 

also. Thus, qal wa-homer concerns actions when they are permitted to be performed. 

Notice that in the Talmud it is claimed that it is sufficient to derive from an inference                  

a result that is equivalent to the law from which it is made, i.e. the law transferred to the major 

must never surpass in severity the original law in the minor, from which the inference was 

drawn. This way of thinking is said to be the dayo principle. 

Let us consider a Talmudic example of qal wa-homer. In the Baba Qama (one of the 

Talmudic books), different kinds of damages (nezeqin) are analyzed, among which three gen-

era are examined: foot action (regel), tooth action (shen) and horn action (qeren). These three 

are damages that could be caused by an ox (he can trample (foot), eat (tooth) and gore (horn)). 

Due to the Torah it is known that tooth damage (as well as foot damage) by an ox at a public 

place needs to pay zero compensation. Horn damage at a public place entails payment of 50% 

the damage costs as compensation. In a private area foot/tooth damage must be paid in full. 

What can we say now about payments for horn actions of private places? 

 

Damages (nezeqin) Public place Private place 

 

Horn action (qeren) 50% ? 

Foot action (regel) 0 100% 

Tooth action (shen) 0 100% 

  

In order to draw up a conclusion by qal wa-homer, we should define a two-

dimensional ordering relation on the set of data: (i) on the one hand, according to the dayo 

principle, we know that payment for horn action in a private area cannot be greater than the 

same in a public area, (ii) on the other hand, payment for horn action at a private place cannot 

be greater than foot/tooth action at the same place. Hence, we infer that payment of compen-

sation for horn action at a private place is equal to 50% of the damage costs. 

The table above shows us that qal wa-homer can be interpreted spatially, too. Already 

Yisrael Ury [23] proposed to use the Carroll's bilateral diagrams for modelling conclusions by 

qal wa-homer. Let us take now the diagram: 

  

yx   
xy

 

yx   yx  



 

that plays the role of ‘universe of discourse’ for Talmudic reasoning over adjuncts x, y, non-x 

in the neighborhood (that is denoted by x ), non-y in the neighborhood (that is denoted  by 

y ). Assume that we have only black counters and if a black counter is placed within a cell, 

this means that “this cell is occupied” (i.e. “there is at least one thing in it”, “an appropriate 

Talmudic rule should be obeyed”). Thus, the cell that does not contain a black counter indi-

cates a situation in which the obligation is not fulfilled, whereas the cell containing a black 

counter indicates a situation in which the obligation is fulfilled. 

Hence, if we have two rows and two columns, there are sixteen possible ways to cover 

such a diagram by means of black counters, in connect to Yisrael Ury who accepts only six of 

them (Fig. 12). 

 

Figure 12. Ury's diagrams for conclusions by qal wa-homer. 

 
 

Let x mean proposition 1 and y mean proposition 2. Then the above mentioned                    

accepted diagrams (Fig. 12) have the following sense: (a) It is necessary and sufficient to 

obey  x; (b) It is necessary and sufficient to obey y; (c) It is sufficient to obey either x or y;                

(d) It is not sufficient to obey x and/or y; (e) It is necessary and sufficient to obey both x and y; 

(f) It is not necessary to obey either x or y. 

Let us return to our example. Let 3x  be a ‘foot action’, 2x  a ‘tooth action’, 1x  a ‘horn 

action’, y  ‘at public place’, y  ‘at private place’. So, we obtain the following diagram: 

 

yx 
1  

yx1  

yx 
2  

yx2  

yx 
3  

yx3  

  

Assume that a black counter means an to pay 100% of the damage costs as compensa-

tion and a grey counter means an obligation to pay any 50%. We can cover this diagram by 

counters as shown in fig. 13. 

 



 

Figure 13. Ury's diagrams for inferring whether we should pay a horn action at a private place. 

    

 

In so doing, we have supposed that there is a different power of intensity in obligation. 

In this case our rule for inferring by qal wa-homer is formulated thus: if a cell contains                       

a black or grey counter, all cells above it and to its right also contain a black or grey counter 

and the color of that counter has the minimal hardness of black and grey in counters of the 

neighbor cells; if a cell does not contain any counter, all cells below it and to its left are also 

without counters. 

Talmudic diagrams defined above are closer to Carroll's diagrams and are more natu-

ral for Physarum behavior than Ury's diagrams (cf. [23]). In the Physarum topology, Talmud-

ic diagrams are built on syllogistic strings of the form xy , yx , yx , xy  , yx  , xy , yx  , 

xy  , where x and y in xy  are interpreted as two neighbor attractants connected by protoplas-

mic tubes, x  is understood as all attractants which differ from x, but are neighbors of y, and            

y  is understood as all attractants which differ from y and are neighbors of x. The Talmudic 

diagrams for the Physarum simulation have the following form: 

  

x
 

y
 

y  x  

  

where x  is a non-empty class of neighbor attractants for y and y  is a non-empty class of 

neighbor attractants for x. Then qal wa-homer tells us whether a multiplication took place 

during the plasmodium's propagation at points x and/or y. In fig. 14, all the possible conclu-

sions inferred by qal wa-homer in relation to x and y are considered, and they are defined if 

we have a multiplication at those points. 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 14. The Physarum diagrams for qal wa-homer syllogisms: (a) If the string  is verified, then the string 

 is verified, too (i.e. if  is verified, then  has a multiplication of plasmodium). (b) If the string  is 

verified, then the string  is verified, too (i.e. if  is verified, then  has a multiplication of plasmodium). 

(c) If the strings  and  are verified, then the string  is verified, too (i.e. if both  and  are 

verified, then both and  have multiplications of plasmodium). (d) If no string is verified, then there is no 

multiplication of plasmodium. (e) If the string  is verified, then the there is no multiplication of plasmodium. 

(f) If the strings  is verified, then the strings , ,  are verified, too (i.e. if  is verified, then 

both  and  have multiplications of plasmodium). 
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Hence, the main difference between the Aristotelian syllogistic and Talmudic reason-

ing is that, on the one hand, we are concentrating on fusions of plasmodium in the case of the 

Aristotelian syllogistic in the Physarum topology and, on the other hand, we deal with multi-

plications of plasmodia in the case of Talmudic reasoning. An example of an experiment with 

yx 

xy yx  x xy 

xy xy  y

yx  xy  xy yx  xy 

x y

xy

yx  yx  yx xy yx 

x y



 

Physarum that satisfies the qal wa-homer rule is shown in fig. 15. Talmudic reasoning can 

describe only fragments of plasmodium behaviors while the Aristotelian syllogistic describes 

some fragments of plasmodium propagations. Only the performative syllogistic is sound and 

complete on plasmodium interactions. For more details on Talmudic reasoning and its modern 

formalizations see [17]. 

 

Figure 15. The qal wa-homer with plasmodium: (a) position of oat flakes 

representing data points, (b) the plasmodium tree corresponding to qal wa-homer,  

where  = 1,  = 9,  =8, , etc., (c)–(g) dynamics of qal wa-homer  

by the growing plasmodium. 

 

 

 

 

 

 

 

(a)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) 

 

 

 

 

 

 

 

x y x 32= y



 

 

 

 

 

 

 

 

 

(c) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(d) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

(e)  

 

 

 

 

 

 

 

 

 

 

 

(f) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(g) 

 

 

 

 

 

 

 

 

 

 

 



 

Conclusion 
 

 

In this paper, we have considered bio-inspired implementations of several spatial syl-

logistic calculi. The medium of implementations chosen is the plasmodium of Physarum Pol-

ycephalum. These implementations are called Physarum diagrams for syllogistic. One of the 

most interesting results is that the Aristotelian syllogistic is quite unnatural in the sense that 

this system assumes fusions and concentrations of all plasmodium motions in one conclusion. 

This is difficult for the plasmodium, as it aims to be propagated in all possible directions. 

The main theoretical result of our paper is to demonstrate that the performative syllo-

gistic of [15] can simulate massive-parallel behaviors of living organisms such as plasmodia. 

This result can find many applications in behavioral sciences, because the plasmodium behav-

ior can be considered the simplest natural intelligent behavior solving complex tasks. Thus, 

our result may have an impact on computational models. 
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Abstract 
 

 

One of the best media for studying natural computing is presented by the behavior of 

Physarum polycephalum plasmodia. Plasmodium has active zones of growing pseudopodia 

and these zones interact concurrently and in a parallel manner. This behavior can be stimulat-

ed by attractants and repellents. In the paper, different syllogistic systems are proposed for 

simulating the plasmodium’s behavior. While Aristotelian syllogistic may describe concrete 

directions of Physarum spatial expansions, pragmatic syllogistic proposed in this paper may 

describe Physarum simultaneous propagations in all directions. It is a more suitable system 

for applying syllogistic models in designing logic gates in plasmodia. 

 

 

Introduction 
 

 

There are many approaches to biological computing as a kind of unconventional compu-

ting; one of them is presented by systems invented by Aristid Lindenmayer [4]. They are 

called L-systems and allow us to simulate the growth of plants by formal grammars [6][13]. 

In the project [2], we are going to develop another approach to biological computing, assum-

ing  a massive parallelism of biological behavior. In this paper, we will show that we can im-

plement two syllogistics in the biological behavior: the Aristotelian syllogistic [5] and a non-

Aristotelian syllogistic constructed in [10][12]. The first is implementable within standard 

trees of appropriate L-systems. The second is massive-parallel and contain cycles and, there-

fore, can be implementable just within non-standard trees of some rigorous extensions of                

L-systems. This means that Physarum polycephalum, the medium of computations, which we 

have studied in the project, embodies complex extensions of L-systems.  

Let us recall that Physarum polycephalum is a one-cell organism that behaves according 

to different stimuli and can be considered the basic medium of simple actions that are intelli-

gent in the human meaning [1][2][7][8][9]. It behaves by plasmodia which can have the form 

either waves or protoplasmic tubes (arches).  Hence, it is a system that is being spatially ex-

tended, as well as standard L-systems. This extension can be described as an extension of               

L-system called Physarum L-system (Section 2). Within this system we can implement                 

(i) Aristotelian syllogistic in the Physarum media (Section 4), as well as non-Aristotelian syl-

logistic defined in [10][12] (Section 5).  



 

In our project [2], we obtained a basis of new object-oriented programming language for 

Physarum polycephalum computing [11]. Within this language we are going to check possi-

bilities of practical implementations of storage modification machines on plasmodia and their 

applications to behavioral science such as behavioral economics and game theory. The point 

is that experiments with plasmodia may show fundamental properties of any intelligent be-

havior. The language, proposed by us, can be used for developing programs for Physarum 

polycephalum by the spatial configuration of stationary nodes.  Some preliminary results of 

computational models on plasmodia are obtained in [1]. In this paper, we consider possibili-

ties to implement syllogistic models as logic gates for Physarum polycephalum, which can be 

programmable within our language. In section 6.1, we define Physarum  L-systems. In section 

6.2, we consider their particular case presented by Aristotelian trees. In section 6.3, we show 

how we can implement Aristotelian syllogistic in the Physarum behavior. In section 6.4, we 

show how we can implement non-Aristotelian syllogistic defined in [10][12]. 

 

 

6.1. Physarum L-system 
 

 

The behavior of Physarum plasmodia can be stimulated by attractants and repellents.                

We have the following entities which can be used in programming plasmodia: 

 The set of active zones of Physarum {V1, V2, ...},  from which any behavior begin to carry 

out.  

 The set of attractants {A1, A2, ...}; they are sources of nutrients, on which the plasmodi-

um feeds, or pheromones which chemically attract the plasmodium. Any attractant is 

characterized by its position and intensity. 

 The set of repellents {R1, R2, ...}. Plasmodium of Physarum avoids light and some ther-

mo- and salt-based conditions. Thus, domains of high illumination (or high grade of salt) 

are repellents such that each repellent is characterized by its position and intensity, or 

force of repelling.  

 The set of protoplasmic tubes {T1, T2, ...}. Typically, plasmodium spans sources of nutri-

ents with protoplasmic tubes/veins. The plasmodium builds a planar graph, where nodes 

are sources of nutrients or pheromones, e.g., oat flakes, and edges are protoplasmic tubes.  

 

Plasmodia grow from active zones. At these active zones, according to Adamatzky's ex-

periments [2][3], the following three basic operations stimulated by nutrients (attractants) and 

some other conditions can be observed: fusion, multiplication, and direction operations (see 

Fig. 1): 

 

 

 

 

 

 



 

Figure 1. The stimulation of the following operations in Physarum automata: (a) fusion, (b) multiplication, and 

(c) direction, where  A1, A2, A3 are active zones, N, N1, N2, N3 are attractants,  is a protoplasmic tube, R is                

a repellent. 

 
 

1. The fusion, denoted Fuse, means that two active zones A1 and A2 either produce new                           

active zone A3 (i.e., there is a collision of the active zones) or just a protoplasmic tube                       

: Fuse(A1, A2) = A3 or Fuse(A1, A2) = .  

2. The multiplication, Mult, means that the active zone A1 splits into two independent active 



 

zones A2 and A3, propagating along their own trajectories: Mult(A1) = {A2, A3} or                          

Mult() = {A2, A3}.  

3. The direction, Direct, means that the active zone A is not translated to a source of nutri-

ents but to a domain of an active space with certain initial velocity vector v: Direct(A, v).  

 

These operations, Fuse, Mult, Direct, can be determined by the attractants   {A1, A2, ...} 

and repellents {R1, R2, ...}. 

On the basis of active zones {V1, V2, ...}, attractants {A1, A2, ...}, repellents {R1, R2, ...}, 

and protoplasmic tubes {T1, T2, ...}, we can define a Physarum L-system. Let us remember 

that an L-system consists of (i) an alphabet of symbols that can be used to make strings, (ii)              

a collection of production rules that expand each symbol into some larger or shorter string of 

symbols, and (iii) an initial string from which we move. These systems were introduced by 

Lindenmayer [4][6][13] to describe and simulate the behavior of plant cells.  

The Physarum L-system is defined as follows: G = G, ω, Q, where (i) G (the alpha-

bet) is a set of symbols containing elements that can be replaced (variables), namely they are 

active zones {V1, V2, ...}, which can be propagated towards attractants {A1, A2, ...} by proto-

plasmic tubes and avoid repellents {R1, R2, ...}, i.e., G = {V1, V2, ...}  {A1, A2, ...}  {R1, R2, 

...}; (ii) ω (start, axiom or initiator) is a string of symbols from G defining the initial state of 

the system, i.e., ω always belongs to {V1, V2, ...}; (iii) Q is a set of production rules or pro-

ductions defining the way variables can be replaced with combinations of constants and other 

variables, i.e., production rules show a propagation of active zones by protoplasmic tubes to-

wards attractants with avoiding repellents.  

Let A, B, C are called primary strings, their meanings  run over symbols V1, V2, ...,                     

A1, A2, ... Production rules allow us to build composite strings from primary strings. So,                   

a production A Q B consists of two strings, the predecessor A and the successor B. Some 

basic cases of productions are as follows: (i) the fusion, denoted AB Q C, means that two 

active zones A and B produce new active zone C at the place of an attractant denoted by C; 

(ii) the multiplication, A Q BC, means that the active zone A splits into two independent 

active zones B and C propagating along their own trajectories towards two different attract-

ants denoted then by B and C; (iii) the direction, A Q B, means that the active zone A is 

translated to a source of nutrients B.  

L-systems can generate infinite data structure. Therefore it is better to define some pro-

duction rules, denoted by A  B, recursively like that: A  BA, producing an infinite se-

quence BABABABA… from A, or A  BCA, producing an infinite sequence 

BCABCABCABCA… from A. In the Physarum L-system, the rule A  BA means that we 

will fulfill the direction, A Q B, infinitely many time, the rule A  BCA means that we will 

fulfill the multiplication, A Q BC, infinitely many time. Let us consider an example of re-

cursive production rules. Let G = {A, B} and let us start with the string A. Assume (A  BA) 

and (B  B). Thus, we obtain the following strings: 

 

 

 

 



 

Generation n = 0 : A 

Generation n = 1 : BA 

Generation n = 2 : BBA 

Generation n = 3 : BBBA 

Generation n = 4 : BBBBBA 

Generation n = 5 : BBBBBBA 

 

In an appropriate Physarum L-system, these generations are represented as an infinite 

tree by permanent additions new attractants before the plasmodium propagation. In other 

words, we obtain the binary tree labeled with s and t, and whose interior nodes are either one 

unary node labeled with B or one binary node labeled with A (Fig. 2). 

 

Figure 2. Example of labels for binary trees. 

 

             A                                  B 

 

s =                         t =  

 

    t               s                   t 

To sum up, we obtain the infinite binary tree of fig. 3. 

If we are limited just by the multiplication, A Q BC, and the direction, A Q B, we 

can build up binary trees in Physarum L-systems using the following definition of binary trees 

labeled with x, y, …, whose interior nodes are either unary nodes labeled with u1, u2, … or 

binary nodes labeled with b1, b2, …: 

1. the variables x, y, … are trees; 

2. if t is a tree, then adding a single node labeled with one of u1, u2, … as a new root with               

t as its only subtree gives a tree; 

3. if s and t are trees, then adding a single node labeled with one of b1, b2, … as a new root 

with s as the left subtree and t as the right subtree again gives a tree; 

4. trees may go on forever. 

 

Figure 3. Example of infinite binary tree. 
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Let Tr be the set of trees that we have been defined. Then our definition introduces                        

a coalgebra [14]: 

 

Tr = {x, y, …}  ({u1, u2, …} × Tr)   

({b1, b2, …} × Tr × Tr). 

 

Thus, within L-systems, we can obtain complex structures including infinite structures 

defined coalgebraically. In some cases, it is better to deal with infinite structures (infinite 

trees), assuming that all strings are finite. 

 

 

6.2. Aristotelian trees 
 

 

Let us consider Aristotelian syllogistic trees, which can be large, but their strings are on-

ly of the length 1 or 2. An Aristotelian syllogistic tree is labeled with x, y, …, its interior 

nodes are n-ary nodes labeled with b1, b2, …, and it is defined as follows: (1) the variables                 

x, y, … are Aristotelian syllogistic trees whose single descendants are underlying things 

(hypokeimenon, ὑποκείμενον) such that for each x, y, …, parents are supremums of descend-

ants (notice that all underlying things are mutually disjoint); (2) if t1, t2, …, tn are Aristotelian 

syllogistic trees such that their tops are concepts which are mutually disjoint and their                   

supremum is bx {b1, b2, …}, then adding a single node labeled with bx as a new root with              

t1, t2, …, tn as its only subtrees gives an Aristotelian syllogistic tree; (3) an Aristotelian syllo-

gistic tree is finite. 

The idea of hypokeimenon allowed Aristotle to build up finite trees. He starts with un-

derlying things as primary descendants of trees in constructing syllogistic databases. Now, let 

us define syllogistic strings of the length 1 or 2 by means a Physarum L-system. Let each                        

bx {b1, b2, …} be presented by an appropriate attractant and underlying things by initial ac-

tive zones of Physarum. So, first trees x, y, …, whose single descendants are underlying 

things, are obtained by fusion or direction. Their supremums are denoted by attractants which 

were occupied by the first plasmodium propagation. These trees are considered subtrees for 

the next plasmodia propagation by fusion or direction. At the end, we can obtain just one su-

premum combining all subtrees. Let a1, a2, a3,… be underlying things. Then they are initial 

strings, i.e., they can be identified with active zones of plasmodia. Their meanings are as fol-

lows: “there exists a1”, “there exists a2”, “there exists a3”, … Assume that in the tree structure 

the supremum of a1 and a2 is b1, the supremum of a2 and a3 is b2, … These supremums are 

fusions of plasmodia. Then, we have the strings a1b1, a2b1, a2b2, a3b2, … Their meanings                

are as follows: “a1 is b1”, “a2 is b1”, “a2 is b2”, “a3 is b2”, …  Further, let bn be a supremum for 

b1 and b2. It denotes an attractant that was occupied by the plasmodium at the third step of the 

propagation. Our new strings are as follows: “b1 is bn”, “b2 is bn”, etc. Now we can appeal also 

to the following new production rule: if “x is y” and  “y is z”, then “x is z”. Thus, we have the 

strings:  a1bn, a2bn, a2bn, a3bn, … 

 

 



 

6.3. Aristotelian syllogistic 
 

 

The symbolic system of Aristotelian syllogistic can be implemented in the behavior of 

Physarum plasmodium. Let us design cells of Physarum syllogistic which will designate clas-

ses of terms. We can suppose that cells can possess different topological properties. This de-

pends on intensity of chemo-attractants and chemo-repellents. The intensity entails the natural 

or geographical neighborhood of the set's elements in accordance with the spreading of at-

tractants or repellents. As a result, we obtain Voronoi cells [3][11]. Let us define what they 

are mathematically. Let P be a nonempty finite set of planar points and P= n. For points                

p = (p1, p2) and x = (x1, x2), let 
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denote their Euclidean distance. A planar Voronoi diagram of the set P is a partition of the 

plane into cells, such that for any element of P, a cell corresponding to a unique point p con-

tains all those points of the plane which are closer to p  in respect to the distance d than to any 

other node of P. A unique region  
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assigned to the point p is called a Voronoi cell of the point p. Within one Voronoi cell, a rea-

gent has a full power to attract or repel the plasmodium. The distance d is defined by intensity 

of reagent spreading like in other chemical reactions simulated by Voronoi diagrams. A rea-

gent attracts or repels the plasmodium and the distance on that it is possible corresponds to the 

elements of a given planar set P. When two spreading wave fronts of two reagents meet, this 

means that on the board of meeting the plasmodium cannot choose its one further direction 

and splits (see Fig. 4). Within the same Voronoi cell, two active zones will fuse. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 4. The Voronoi diagram for Physarum, where different attractants have different intensity and power. 

 

 
 

 

Now, we can obtain coordinates (x, y)  Z2 for each Voronoi center. The number                        

(x, y) can be assigned to each concept as its character. If a Voronoi center with the coordinates 

(xa, ya) is presented by an attractant that is activated and occupied by the plasmodium, this 

means that in an appropriate Physarum syllogistic model there exists a string a with the coor-

dinates (xa, ya). This string has the meaning “a exists”. If a Voronoi center with the coordi-

nates (xa, ya) is presented by a repellent that is activated and avoided by the plasmodium, this 

means that in an appropriate Physarum syllogistic model there exists a string [a] with the co-

ordinates (xa, ya). This string has the meaning “a does not exist”. If two neighbor Voronoi 

cells with the coordinates (xa, ya) and (xb, yb) of centers contain activated attractants which are 

occupied by the plasmodium and between both centers there are protoplasmic tubes, then in 

an appropriate Physarum syllogistic model there exists a string ab and a string ba where a has 

the coordinates (xa, ya) and b has the coordinates (xb, yb). The meaning of those strings is the 

same and it is as follows: “ab exist”, “ba exist”, “some a is b”, “some b is a”.  

If one neighbor Voronoi cell with the coordinates (xa, ya) of its center contains an acti-

vated attractant which is occupied by the plasmodium and another neighbor Voronoi cell with 

the coordinates (xb, yb) of its centre contains an activated repellent which is avoided by the 

plasmodium, then in an appropriate Physarum L-system there exists a string a[b] and a string 

[b]a where a has the character (xa, ya) and [b] has the character (xb, yb). The meaning of those 

strings is the same and it is as follows: “ab do not exist, but a exists without b”, “there exists                

a and no a is b”, “no b is a and there exists a”, “a exists and b does not exist”.  



 

If two neighbor Voronoi cells with the coordinates (xa, ya) and (xb, yb) of their centers 

contain activated repellents which are avoided by the plasmodium, then in an appropriate 

Physarum L-system there exists a string [ab] and a string [ba] where [a] has the character                      

(xa, ya) and [b] has the character (xb, yb). The meaning of those strings is the same and it is                      

as follows: “ab do not exist together”, “there are no a and there are no b”, “no b is a”, “no a is 

b”. Hence, existence propositions of Aristotelian syllogistic are spatially implemented in 

Physarum L-systems.  

Let y' denote all neighbor Voronoi cells for x which differ from y. Now, let us consider               

a complex string xy&x[y']. The sign & means that we have strings xy and x[y'] simultaneously 

and they are considered the one complex string. The meaning of the string xy&x[y'] is a uni-

versal affirmative proposition “all x are y”.  

As a consequence, each Physarum L-system is considered a discourse universe verify-

ing some propositions of Aristotelian syllogistic. 

 

 

6.4. Non-Aristotelian syllogistic 
 

 

Let us propose now the syllogistic system formalizing performative propositions of the 

form ‘A is P’ (see [10][12]), i.e., propositions with context-based meanings. This system is 

said to be synthetic (pragmatic) syllogistic, while we are assuming that Aristotelian syllogistic 

is analytic (informative). The basic logical connectives of pragmatic syllogistic are as follows:                  

a (‘every + noun + is + adjective’), i (‘some + noun + is + adjective’), e (‘no + noun + is                             

+ adjective’) and o (‘some + noun + is not + adjective’) that are defined in the following way:  

 

 SaP:= A (A is S)  (A(A is SA is P)). (1) 

 

 SiP:= A((A is S) (A is P)).  (2) 

 

 SoP:= (A (A is S)  (A(A is SA is P))), i.e.,  (3) 

 A(A is S)  (A((A is S) (A is P))). 

 

 SeP:= (A((A is S) (A is P))), i.e.,  (4) 

 A(A is SA is P). 

 

Now, let us formulate axioms of pragmatic syllogistic: 

 

 SaP  SeP. (5) 

 

 SaP  PaS. (6) 

 

 SiP  PiS. (7) 

 



 

 SaM  SeP. (8) 

 

 MaP  SeP.  (9) 

 

 (MaP  SaM)  SaP. (10) 

 

 (MiP  SiM)  SiP.  (11) 

 

In pragmatic syllogistic, we have a novel square of opposition that we call the synthetic 

square of opposition (see Fig. 5), where the following theorems are inferred from (1) – (11):  

 

 

Figure 5. The synthetic square of opposition. 

 

SaP SiP 

 

 

 

 

 

 

 

 

SeP SoP 

 

 

SaP  (SoP), (SoP)  SaP,  SiP  (SeP), (SeP)  SiP, SeP  (SiP), (SiP)  SeP, 

SoP  (SaP),  (SaP)  SoP, SaP  (SiP), SiP  (SaP),  (SeP)  SoP, (SoP)  SeP,  SaP 

 SeP, SiP  SoP, SeP  SiP, (SeP  SiP), SaP  SoP, (SaP  SoP), (SaP  SiP), SeP  SoP. 

 

For more details, see [10][12].  

In the implementations within Physarum L-systems, the four basic syllogistic proposi-

tions of non-Aristotelian syllogistic defined above are understood as follows: 

• ‘All S are P’: there is a string AS and for any A which is a neighbor for S and P, there are 

strings AS and AP. This means that we have a massive-parallel occupation of region, 

where the cells S and P are located. 

• ‘Some S are P’: for any A which is a neighbor for S and P, there are no strings AS and AP. 

This means that the plasmodium cannot reach S from P or P from S immediately.  

• ‘No S are P’: there exists A which is a neighbor for S and P such that there is a string AS 

or there is a string AP. This means that the plasmodium occupies S or P, but surely not 

the whole region, where the cells S and P are located. 

• ‘Some S are not P’: for any A which is a neighbor for S and P there is no string AS or 

there exist A which is a neighbor for S and P such that there is no string AS or there is no 

string AP. This means that the plasmodium does not occupy S or there is a neighbor cell 

which is not connected with S or P by a protoplasmic tube. 



 

Thus, the pragmatic syllogistic allows us to study different zones containing attractants 

for Physarum if they are connected by protoplasmic tubes homogenously. 

 

 

Conclusion 

 

We constructed two syllogistic versions of storage modification machine in Physarum 

polycephalum: Aristotelian syllogistic and pragmatic syllogistic (non-Aristotelian syllogistic 

of section 6.4). While Aristotelian syllogistic may describe concrete directions of Physarum 

spatial expansions, pragmatic syllogistic may describe Physarum simultaneous propagations 

in all directions. Therefore, while for the implementation of Aristotelian syllogistic we need 

repellents to avoid some possibilities in the Physarum propagations, for the implementation of 

pragmatic syllogistic we do not need them. Hence, the second syllogistic can simulate mas-

sive-parallel behaviors, including different form of propagations such as processes of public 

opinion formation. 

In our opinion, the general purpose of Physarum computing covers many behavioural 

sciences, because the slime mould’s behaviour can be considered the simplest natural intelli-

gent behaviour.  Thus, our results may have an impact on computational models in behaviour-

al sciences in general. 
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Abstract 
 

 

We introduce the notion of the so-called context-based games to describe rationality of 

the slime mould. In these games we assume that, first, strategies can change permanently, 

second, players cannot be defined as individuals performing just one action at each time step. 

They can perform many actions simultaneously. In other words, each player can behave as an 

individual or as a collective of individuals. This significant feature of context-based games is 

called individual-collective duality.1 

 

Introduction 

 

In Physarum Chip Project: Growing Computers From Slime Mould [1] supported by 

FP7 we are going to design an unconventional computer on programmable behaviour of 

Physarum polycephalum, a one-cell organism that behaves by its plasmodium that is sensible 

to different stimuli called attractants, it looks for them and in case it finds them, it propagates 

protoplasmic tubes toward those attractants. These motions can be regarded as the basic me-

dium of simple actions that are intelligent [1], [3], [4].  

Notice that the Physarum motions are a kind of natural transition systems, States, 

Edg, where States is a set of states presented by attractants and Edg  States  States is                   

a transition of plasmodium from one attractant to another. The point is that the plasmodium 

looks for attractants, propagates protoplasmic tubes towards them, feeds on them and goes on. 

As a result, a transition system is built up. Now, labelled transition systems have been used 

for defining the so-called concurrent games, a new semantics for games proposed by Samson 

Abramsky. Traditionally, a play of the game is formalized as a sequence of moves. This way 

 
 



 

assumes the polarization of two-person games, when in each position there is only one play-

er's turn to move. In concurrent games, players can move concurrently.  

On the medium of Physarum polycephalum we can, first, define concurrent games and, 

second, extend the notion of concurrent games strongly and introduce the so-called context-

based games. In these games we assume that strategies can change permanently. Another fea-

ture of context-based games is that players cannot be defined as individuals who perform just 

one action at each time step. They can perform many actions simultaneously. So, each player 

can behave as an individual or as a collective of individuals. This significant feature of con-

text-based games is called individual-collective duality.  

In this paper, we will talk about the notion of rationality within context-based games. 

 

 

7.1. Actions of plasmodia 
 

 

Physarum polycephalum verifies the following three basic operations which transform 

one states to others in States, Edg: fusion, multiplication, and direction. (i) The fusion means 

that two active zones (attractants occupied by the plasmodium) either produce new active 

zone (i.e. there is a collision of the active zones) or just a protoplasmic tube. (ii) The multipli-

cation means that the active zone splits into two independent active zones propagating along 

their own trajectories. (iii) The direction means that the active zone is not translated to                   

a source of nutrients but to a domain of an active space with certain initial velocity vector. 

These three operations can be examined as the most basic forms of intelligent behaviour of 

living organisms. For example, in the paper [4] we showed that the behaviour of collectives of 

the genus Trichobilharzia Skrjabin & Zakharov, 1920 (Schistosomatidae Stiles, Hassall 1898) 

can be simulated in the Physarum spatial logic. This means that, first, a local group of Schis-

tosomatidae can behave as a programmable biological computer, second, a biologized kind of 

process calculus such as Physarum transition system can describe concurrent biological pro-

cesses at all. 

The main result of our research is that, on the one hand, the Physarum motions are intel-

ligent, but, on the other hand, they do not verify the induction principle (when the minimal set 

satisfying appropriate properties is given). This means that they can implement Kolmogorov-

Uspensky machines or other spatial algorithms only in a form of approximation, because 

Physarum performs much more, than just conventional calculations (the set realised is not 

minimal), i.e. it achieves goals (attractants) not only by “Caesarian” straight paths.  

Let us consider the following thought experiment as counterexample showing that the 

set of actions for the plasmodium is infinite in principle, therefore we cannot implement Kol-

mogorov-Uspensky machines. Assume that the transition system for the plasmodium consists 

just of one action presented by one neighbour attractant. The plasmodium is expected to prop-

agate a protoplasmic tube towards this attractant. Now, let us place a barrier with one slit in 

front of the plasmodium. Because of this slit, the plasmodium can be propagated according to 

the shortest distance between two points and in this case the plasmodium does not pay atten-

tion on the barrier. However, sometimes the plasmodium can evaluate the same barrier as                



 

a repellent for any case and it gets round the barrier to reach the attractant according to the 

longest distance. So, even if the environment conditions change a little bit, the behaviour 

changes, too. The plasmodium is very sensible to the environment. 

Thus, simple actions of Physarum plasmodia cannot be regarded as atomic so that com-

posite actions can be obtained over them inductively. In other words, it is ever possible to face 

a hybrid action which is singular, but it is not one of the basic simple actions. It is a hybrid of 

them.  

In the transition system with only one stimulus presented by one attractant, a passable 

barrier can be evaluated as a repellent ‘for any case’. Therefore, the transition system                  

with only one stimulus and one passable barrier may have the following three simple actions: 

(i) pass trough, (ii) avoid from left, (iii) avoid from right. But in essence, we deal only with 

one stimulus and, therefore, with one action, although this action has the three modifications 

defined above. 

Simple actions which have modifications depending on the environment are called hy-

brid. The problem is that the set of actions in any labelled transition systems must consist of 

the so-called atomic actions – simple actions that have no modifications. 

 

 

7.2. Individual-collective duality and non-additivity 

 

 

In context-based games, we cannot use conventional probability theory. The matter is 

that if we assume the existence of hybrid actions, then the entities of games are certain and, 

therefore, cannot be additive.  

The double slit experiment with the plasmodium of Physarum polycephalum is the best 

example of that conventional probability theory is unapplied for Physarum acts. Let us take 

the first screen with two slits which are covered or opened and the second screen behind the 

first at which attractants are distributed evenly. Before the first screen there is an active                   

zone of plasmodium. Then let us perform the following three experiments: (i) slit 1 is opened, 

slit 2 is covered; (ii) slit 1 is covered, slit 2 is opened; (iii) both slit 1 and 2 are opened. In the 

first (second) experiment protoplasmic tubes arrive at the screen at random in a region some-

where opposite the position of slit 1 (slit 2). Let us denote all tubes landing at the second 

screen by A, thereby all tubes that pass through slit 1 by A1 and all tubes that pass through slit 

2 by A2. Now we can check in case of Physarum if there is a partition of set A into sets A1 and 

A2. We open both slits. Then we see that the plasmodium behaves like electrons, namely it can 

propagates just one tube passing through either slit 1 or slit 2 or it can propagates two tubes 

passing through both slits simultaneously. In the second case, these tubes split before the sec-

ond screen and appear to occur randomly across the whole screen. Thus, the total probability 

P(A), corresponding to the intensity of plasmodium reaching the screen, is not just the sum of 

the probabilities P(A1) and P(A2). This means that the plasmodium has the fundamental prop-

erty of electrons, discovered in the double-slit experiment. It is the proof of non-additivity of 

probabilities. 



 

Economics and conventional business intelligence tries to continue the empiricist tradi-

tion, where reality is measurable and additive, and in statistical and econometric tools they 

deal only with the measurable additive aspects of reality. They try to obtain additive measures 

in economics and studies of real intelligent behaviour, also. Nevertheless, there is always the 

possibility that there are important variables of economic systems which are unobservable and 

non-additive in principle. We should understand that statistical and econometric methods can 

be rigorously applied in economics just after the presupposition that the phenomena of our 

social world are ruled by stable causal relations between variables. However, let us assume 

that we have obtained a fixed parameter model with values estimated in specific spatio-

temporal contexts. Can it be exportable to totally different contexts? Are real social systems 

governed by stable causal mechanisms with atomistic and additive features? 

Hence, our study of context-based games on the medium of Physarum polycephalum 

can make impacts for many behavioural sciences: game theory, behavioural economics, be-

havioural finance, etc. 

Non-additivity of phenomena does not mean that they cannot be studied mathematical-

ly. There are some rigorous approaches such as p-adic probability theory, which allow us to 

do it. The most significant feature of p-adic probabilities (or more generally, non-

Archimedean probabilities or probabilities on infinite streams) is that they do not satisfy addi-

tivity. On the one hand, the p-adic analogies of the central limit theorem in real numbers face 

the problem that the normalized sums of independent and i.d. random variables do not con-

verge to a unique distribution, there are many limit points, therefore there is no connection 

with the usual bell type curve. In other words, in p-adic distributions we cannot build up the 

Gauss curve as fundamental notion of statistics and econometrics. On the other hand, the 

powerset over infinite streams like p-adic numbers is not a Boolean algebra in general case. In 

particular, there is no additivity (we cannot obtain a partition for any set into disjoint subsets 

whose sum gives the whole set). Using p-adic (non-Archimedean) probabilities we can dis-

prove Aumann's agreement theorem and develop new mathematical tools for game theory, in 

particular define context-based games by means of coalgebras or cellular automata. In these 

context-based games we can appeal just to non-Archimedean probabilities. These games can 

describe and formalize complex reflexive processes of behavioural finances (such as short 

selling or long buying). 

Notice that the p-adic number system for any prime number p extends the ordinary 

arithmetic of the rational numbers in a way different from the extension of the rational num-

ber system to the real and complex number systems. The extension is achieved by an alterna-

tive interpretation of the concept of absolute value. 

Let us suppose that the sample space of probability theory is not fixed, but changes con-

tinuously. It can grow, be expanded, decrease or just change in itself. In this case we will deal 

not with atoms as members of sample space, but with streams. The powerset of this growing 

set cannot be a Boolean algebra and probability measure is not additive.  

We can consider Physarum behaviours within a certain topology of attractants and re-

pellents as growing sample space. Assume that there are two neighbour attractants a and b. 

We say that there is a string ab or ba if both attractants a and b are occupied by the plasmodi-

um. As  a result, we observe a continuous expansion of the set of strings. It can be regarded as 

a sample space of probability theory. Its values will be presented by p-adic integers. 



 

Let us show, how we can build up the sample space  constructively. Suppose that                    

 consists of p – 1 attractants and A, B, ... are subsets of . Such A, B, ... are conditions 

(properties) of the experiment we are performing. For instance, let A := “Attractants accessi-

ble for the attractant N1 by protoplasmic tubes” and B := “Neighbours for the attractant N1”, 

etc.   Some conditions of the experiment, fixed by subsets of , do not change for different 

time  t = 0, 1, 2, … Some other conditions change for different time t = 0, 1, 2, … So, we can 

see  that the property B is verified on the same number of members of  for any time t = 0, 1, 

2, … Nevertheless, the property A is verified on a different number of members for different 

time  t = 0, 1, 2, … Thus, describing the experiment, we deal not with properties A, B, etc., 

but with properties A, B, etc. Let us define the cardinality number of X   as follows:               

|X| := (|X| for t = 0; |X| for t = 1; |X| for t = 2, ...), where |X| means a cardinality number of X. 

Notice that if || = p – 1, then |A|, |B|, and || cover p-adic integers. 

 

The simplest way to define p-adic probabilities is as follows: 

 

P(A) = | A | or  P(A) = | A | / |  | 

 

Notice that in p-adic metric, |  | = –1  

Agent i's knowledge structure is a function Pi which assigns to each a  a non-empty 

subset of , so that each world a belongs to one or more elements of each Pi, i.e.  is con-

tained in a union of Pi, but Pi are not mutually disjoint. The function Pi is interpreted on                  

p-adic probabilities. 

 

KiA = {a : A  Pi()} 

 

The double-slit experiment with Physarum polycephalum shows that, first, we cannot 

extract atomic actions from all the kinds of the plasmodium behaviour, second, probability 

measures used in describing this experiment are not additive. We can deal just with hybrid 

actions. 

The informal meaning of hybrid actions (e.g. hybrid terms or hybrid formulas) is that 

any hybrid action is defined just on streams and we cannot say in accordance with which 

stream the hybrid action will be embodied in the given environment. It can behave like any 

stream it contains but there is an uncertainty how exactly.  

 

 

 

 

 

 

 

 



 

7.3. Conclusions and future work 

 

Thus, context-based games on the medium of Physarum polycephalum can have many 

impacts in the development of unconventional computing: from behavioural sciences to quan-

tum computing and many other fields. 

So, if we perform the double-slit experiment for Physarum polycephalum, we detect 

self-inconsistencies showing that we cannot approximate atomic individual acts of Physarum 

as well as it is impossible to approximate single photons. From the standpoint of measure the-

ory, it means that we cannot define additive measures for Physarum actions. In our opinion,             

it is a fundamental result for many behavioural sciences. Non-additivity of actions can be ex-

pressed in different ways: (i) natural transition systems, such as Physarum behaviour, cannot 

be reduced to Kolmogorov-Uspensky machines, although their actions are intelligent,                      

(ii) there is an individual-collective duality, when we cannot approximate atomic individual 

acts (an individual, such as plasmodium, can behaves like a collective and a collective, such 

as collective of plasmodia, can behaves like an individual). 
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Abstract 
 

 

In the paper, we present foundations of a new object-oriented programming language 

for Physarum polycephalum computing. Both theoretical foundations and assumptions for                         

a language specification are considered. Physarum polycephalum is a one-cell organism. In 

the phase of plasmodium, its behavior can be regarded as a biological substrate that imple-

ments the Kolmogorov-Uspensky machine which is the most generalized and nature-oriented 

version of a mathematical machine. The proposed language will be used for developing pro-

grams for Physarum polycуphalum by the spatial configuration of stationary nodes (inputs). 

 

 

Introduction 
 

 

Physarum polycephalum is a one-cell organism belonging to Physarales, subclass Myx-

ogastromycetidae, class Myxomycetes and division Myxostelida. In the phase of plasmodium, 

it looks like an amorphous giant amoeba with networks of protoplasmic tubes. It feeds on 

bacteria, spores and other microbial creatures (substances with potentially high nutritional 

value) by propagating towards sources of food particles and occupying these sources. A net-

work of protoplasmic tubes connects the masses of protoplasm. As a result, the plasmodium 

develops  a planar graph, where the food sources or pheromones are considered as nodes and 

protoplasmic tubes as edges. This fact allows us to claim that plasmodium behavior can be 

regarded as a biological implementation of Kolmogorov-Uspensky machines [7]. The modifi-

cation of locations of nutrients (food sources) causes a storage modification of plasmodium. 

Hence, the plasmodium may be used for developing a biological architecture of different ab-

stract automata such as Kolmogorov-Uspensky machines [16, 22], Tarjan's reference machine 

[21], and Schönhage's storage modification machines [19, 22]. In Physarum Chip Project: 

Growing Computers From Slime Mould [2] supported by FP7 we are going to implement pro-



 

grammable amorphous biological computers in plasmodium of Physarum. This abstract com-

puter is called slime mould based computer. 

One of the paths of our research in this area concerns creating a new programming lan-

guage that simulates plasmodium behavior. The following main tasks can be distinguished in 

the first step of this path:   

• Constructing the programming language on the basis of storage machines. The static stor-

age structure is represented by a two-dimensional configuration of point-wise sources of 

chemo-attractants and chemo-repellents.  

• Constructing the programming language on the basis of the Kolmogorov-Uspensky ma-

chine (KUM), where edges are represented by protoplasmic strands.  

• Developing programs represented by the spatial configuration of stationary nodes (treated 

as inputs of the programs). Outputs of the programs may be recorded optically.  

 

The rest of the paper is organized as follows. In section 8.2, we give foundations of 

specification of a new language. Assumptions of specification are preceded by a theoretical 

background of Physarum automata (see Section 8.1). 

 

 

8.1. Physarum automata 
  

 

Plasmodium's active zones of growing pseudopodia interact concurrently and in a paral-

lel manner. At these active zones, three basic operations stimulated by nutrients and some                 

other conditions can be observed: fusion, multiplication, and direction operations. The fusion 

Fuse  means that two active zones A1 and A2 both produce new active zone A3
 
(i.e. there is        

a collision of the active zones). The multiplication Mult  means that the active zone A1 splits 

into two independent active zones A2  and A3 propagating along their own trajectories. The 

direction Direct  means that the active zone A is not translated to a source of nutrients but to         

a domain of an active space with a certain initial velocity vector v. These operations, Fuse , 

Mult , Direct , can be determined by the following stimuli:   

• The set of attractants },,{ 21 NN . Attractants are sources of nutrients or pheromones, on 

which the plasmodium feeds. Each attractant N  is characterized by its position and inten-

sity. It is a function from one active zone to another.  

• The set of repellents },,{ 21 RR . Plasmodium of Physarum avoids light and some thermo- 

and salt-based conditions. Thus, domains of high illumination (or high grade of salt) are 

repellents such that each repellent R  is characterized by its position and intensity, or force 

of repelling. In other words, each repellent R  is a function from one active zone to anoth-

er.  

 

 

 

 

 



 

Figure 1. The stimulation of the following operations in Physarum automata: (a) fusion, (b) multiplication, and 

(c) direction, where A1, A2, A3 are active zones, N, N1, N2, N3 are attractants,   is a protoplasmic tube, R  is          

a repellent. 

 

 
 

Such plasmodium behavior can be presented as an implementation of some abstract au-

tomata. 

 

 

8.1.1. Physarum cellular automata 

 

 

Recall that a cellular automaton is a 4-tuple  fuSd ,,,= ZA , where (1) Nd  is                     

a number of dimensions, and the members of d
Z  are referred to as cells, (2) S  is a finite set 

of  elements called the states of an automaton A , the members of d
Z  take their values in                      

S , (3) 
ddu {0}\Z  is a finite ordered set of n elements, )(xu  is said to be a neighborhood 

for the cell x , (4) SSf n 1:  that is f  is the local transition function (or local rule).             

As we see an automaton is considered on the endless d-dimensional space of integers, i.e., on 
d

Z . Discrete time is introduced for 0,1,2,=t  For instance, the cell x  at time t  is denoted 

by tx . Each automaton calculates its next state depending on states of its closest neighbors. 

The cellular automata thus represent locality of physics of information and massive-

parallelism in space-time dynamics of natural systems. 



 

In abstract cellular automata, cells are physically identical. They can differ just by one 

of the possible states of S . In case of Physarum, cells can possess different topological prop-

erties. This depends on intensity of chemo-attractants and chemo-repellents. The intensity 

entails the natural or geographical neighborhood of the set's elements in accordance with the 

spreading of attractants or repellents. As a result, we obtain Voronoi cells. Let us define what 

they are mathematically. Let P  be a nonempty finite set of planar points and n|=| P . For 

points ),(= 21 ppp  and ),(= 21 xxx  let 2

22

2

11 )()(=),( xpxpxpd   denote their Eu-

clidean distance. A planar Voronoi diagram of the set P  is a partition of the plane into cells, 

such that for any element of P , a cell corresponding to a unique point p  contains all those 

points of the plane which are closer to p  in respect to the distance d  than to any other node 

of P . A unique region  
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assigned to a point p  is called a Voronoi cell of the point p . Within one Voronoi cell a rea-

gent has a full power to attract or repel the plasmodium. The distance d  is defined by the 

intensity of reagent spreading. A reagent attracts or repels the plasmodium and the distance, 

on which it is possible, corresponds to the elements of a given planar set P . When two 

spreading wave fronts of the two reagents meet, this means that on the board of meeting the 

plasmodium cannot choose its one further direction and splits (see Figure 2). 

 

Figure 2. The Voronoi diagram for Physarum, where different attractants have different intensity and power. 

 

 
 



 

The direction of protoplasmic tubes is defined by concentrations of chemo-attractants or 

chemo-repellents in Voronoi neighborhood. Each dynamics of protoplasmic tube can be char-

acterized at time step t  by its current position tx  and the angle t . 

 

 

8.1.2. Physarum Kolmogorov-Uspensky machines 

 

 

Let   be an alphabet, k  a natural number. We say that a tree is ),( k -tree, if one of 

nodes is designated and is called root and all edges are directed. Each node is labeled by one 

of the signs of   and each edge from the same node is labeled by different numbers },{1, k  

(so, each node has not more than k  edges). We see that by this definition of ),( k -tree,                   

the pseudopodia growing from the one active zone, where all attractants are labeled by signs 

of  , and protoplasmic tubes are labeled by numbers of },{1, k , is a ),( k -tree. 

Let r  be the maximal possible path of );( k -tree. We can always design Physarum Vo-

ronoi diagrams (using attractants and repellents) for inducing different numbers r and appro-

priate local properties. The );( k -tree limited by r is called );( k -complex. Programming in 

Kolmogorov-Uspensky machines is considered as transforming one );( k -complex to another 

with the same r by changing nodes and edges using some rules. In case of Physarum imple-

mentation of Kolmogorov-Uspensky machines programming is presented as transforming one 

Voronoi diagram into another with the same r by dynamics of Physarum (e.g. when some 

attractants become eaten by Physarum). 

The simpler version of the Kolmogorov-Uspensky machines is presented by 

Schönhage's storage modification machines. 

 

 

8.1.3. Physarum Schönhage's storage modification machines 
 

 

These machines consist of a fixed alphabet of input symbols,  , and a mutable directed 

graph with its arrows labeled by  . The set of nodes X , identified with attractants is finite, 

as well. One fixed node Xa  is identified as a distinguished center node of the graph. It is 

the first active zone of growing pseudopodia. The distinguished node a has an edge x such 

that aax =)(  for all  . That is, all pointers from the distinguished center node point 

back to the center node. Each   defines a mapping x  from X  to .X  Each word of sym-

bols in the alphabet   is a pathway through the machine from the distinguished center node. 

Schönhage's machine modifies storage by adding new elements and redirecting edges. 

Its basic instructions are as follows:   

• Creating a new node: new .W  The machine reads the word ,W  following the path repre-

sented by the symbols of W  until the machine comes to the last symbol in the word.                   



 

It causes a new node ,y associated with the last symbol of W, to be created and added to 

X . Adding a new node means adding a new attractant within a Physarum Voronoi dia-

gram.  

• A pointer redirection: set W  to .V  This instruction redirects an edge from the path repre-

sented by word W  to a former node that represents word .V   It means that we can re-

move some attractants within a Physarum Voronoi diagram.  

• A conditional instruction: if WV =  then instruction .Z  It compares two paths repre-

sented by words W  and V  and if they end at the same node, then we jump to instruction 

,Z  otherwise we continue. This instruction serves to add edges between existing nodes.            

It corresponds to the splitting or fusion of Physarum.  

 

 

8.2. Foundations of specification of an object-oriented program-

ming language for Physarum polycephalum 
  

 

The plasmodium of Physarum polycephalum functions as a parallel amorphous comput-

er with parallel inputs and parallel outputs. Data are represented by spatial configurations of 

sources of nutrients. Therefore, we can generally assume that a program of computation is 

coded via configurations of repellents and attractants. The plasmodium of Physarum poly-

cephalum is a computing substrate. In [2], Adamatzky underlined that Physarum does not 

compute. It obeys physical, chemical and biological laws. Its behavior can be translated to the 

language of computations. 

In this section, we deal with foundations of specification of a new object-oriented pro-

gramming language for Physarum polycephalum computing on the basis of using a Voronoi 

diagram for implementing Kolmogorov-Uspensky machines. In an object-oriented program-

ming (OOP) paradigm, concepts are represented as objects that have data fields (properties 

describing objects) and associated procedures known as methods. The OOP approach assumes 

that properties describing objects are not directly accessible by the rest of the program. They 

are accessed by calling special methods, which are bundled in with the properties. This ap-

proach has been implemented in our new language. Moreover, we have referred to conven-

tions used in the JavaBeans API [4], i.e., the object properties must be accessible using get, 

set , and is  (used for Boolean properties instead of get ). They are called accessor methods. 

For readable properties, there are getter methods reading the property values. For writable 

properties, there are setter methods allowing the property values to be set or updated. 

Our new language has been proposed as a prototype-based programming language like, 

for example, Self [1], JavaScript and other ECMAScript implementations [2]. Unlike tradi-

tional class-based object-oriented languages, it is based on a style of object-oriented pro-

gramming in which classes are not present. Behavior reuse is performed via a process of clon-

ing existing objects that serve as prototypes. This model is also known as instance-based pro-

gramming. 

 

 



 

Table 1. Main objects identified in Physarum polycephalum computing. 

  Object   Properties  

  Layer   id , size , elements  

 Physarum   id , position, intensity  

 Attractant   id , position, intensity  

 Repellent   id , position, intensity  

  

The main objects identified in Physarum polycephalum computing are collected in            

table 1. We assume that a computational space is divided into two-dimensional computational 

layers on which Physarum polycephalum, as well as attractants and repellents, can be scat-

tered. Our approach allows interaction between elements placed on different layers. This 

property enables us to use, in the future, the multi-agent paradigm in Physarum polycephalum 

computing. The user can define, in the computational space, as many computational layers as 

needed. For each layer, its size can be determined individually. We apply the point-wise con-

figuration of elements scattered on the layers. Therefore, for each element (Physarum, attract-

ant, repellent), its position can be determined using two integers (coordinates). As it was men-

tioned in section 2, attractants and repellents are characterized by the property called intensity. 

This property plays an important role in creation of the Voronoi cells. For each attractant and 

repellent, the intensity is a fuzzy value from the interval [0,1], where 1 denotes the maximal 

intensity, while 0 the minimal intensity, i.e., a total lack of impact of a given attractant or re-

pellent on Physarum polycephalum. The force of attracting (repelling) of Physarum is a com-

bination of intensity of attractants (repellents) and distances between plasmodium and attract-

ants (repellents), respectively. 

Let ),(= 21 ppp  and ),(= 21 xxx  be points on the layer where Physarum and attractant 

(repellent), respectively, are located. To create the Voronoi cells, we can use the following 

measure modyfying a distance, which is commonly used:  

 

 ,)()(
)(

1
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2
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x
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where )(x  is the intensity of attractant (repellent) placed at x . It means that the Voronoi cells 

cover the force of attracting (repelling) of plasmodium instead of simple distances between it 

and attractants (repellents). In the current version of the language, the Voronoi cells are built 

within layers only. 

Analogously to layers, the user can create and scatter on layers as many elements as 

needed. 

Below, we present an exemplary fragment of a code in our language responsible for 

creating the layer and elements, setting individual properties of elements and scattering ele-

ments on the layer. 

  

 

 

l1=new Layer;  



 

p1=new Physarum;  

a1=new Attractant;  

a2=new Attractant;  

a3=new Attractant;  

a4=new Attractant;  

l1.add(p1); p1.setPosition(800,200);  

l1.add(a1);  

a1.setPosition(500,150);  

a1.setIntensity(0.7);  

l1.add(a2);  

a2.setPosition(500,350);  

a2.setIntensity(0.5);  

l1.add(a3);  

a3.setPosition(400,250);  

a3.setIntensity(0.6);  

l1.add(a4);  

a4.setPosition(600,250);  

a4.setIntensity(0.5);  

  

For experiments with Physarum polycephalum computing, a specialized computer tool 

(PhyChip Programming Platform) is being developed using the Java environment. The tool 

consists of two main modules:   

• Code creation and compilation module. For generating the compiler of our language, the 

Java Compiler Compiler (JavaCC) tool [10] is used. JavaCC is the most popular parser 

generator for use with Java applications.  

• Simulation module. It enables the user to perform time simulation of growing pseudopo-

dia, i.e., to run the program.  

 

Figure 3. The Voronoi cells for 4 attractants defined in the exemplary program generated in our tool                   

(attractants are marked with dots whereas Physarum with a square). 

 
 

In figure 3, we have shown the Voronoi cells generated in our computer tool for 4 at-

tractants ( 1a , 2a , 3a , 4a ) with different intensity assigned to them, defined in the exemplary 



 

program. Attractants are marked with dots whereas Physarum with a square. The measure 

defined earlier has been used to create cells. It is easy to see that Physarum is attracted first of 

all by the most right attractant. 

 

 

Summation 
 

 

In the paper, we have outlined theoretical foundations as well as assumptions for a new 

object-oriented programming language for Physarum polycephalum computing. The next mile 

steps in our research are the following: implementation of operations based on the                        

 -calculus model [17] of processes and extension of the programming platform to the agent-

oriented programming language for computation with raw plasmodium. 
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Abstract 
 

 

In this paper, we consider possibilities of simulating behavior of the group of miracidiae 

and cercariae by the slime mould based computer that is programmed by attractants and repel-

lents. For describing this simulation, we appeal to the language which is a kind of -calculus 

called Physarum spatial logic. This language contains labels for attractants and repellents. 

Taking into account the fact that the behavior of miracidiae and cercariae can be programmed 

only by attractants (repellents for miracidiae and cercariae are not known still), we can claim 

that the behavior of miracidiae and cercariae is a restricted (poorer) form of Physarum spatial 

logic. 

 

 

Introduction 
 

 

In Physarum Chip Project: Growing Computers From Slime Mould [3] supported by 

FP7 we are going to implement programmable amorphous biological computers in plasmodi-

um of Physarum. This abstract computer we are going to obtain is called slime mould based 

computer. The plasmodium behaves and moves as a giant amoeba and its behavior can be 

considered as  a biological implementation of Kolmogorov-Uspensky machines [2]. This al-

lows us to use the plasmodium of Physarum for solving different tasks that can be solved in 

Kolmogorov-Uspensky machines as well. The slime mould based computer is programmed 

using attractants and repellents (Fig. 1). On the one hand, it was experimentally proved that 

the slime mould prefers substances with potentially high nutritional value, e.g. it is attracted 

by peptones, aminoacids phenylalanine, leucine, serine, asparagine, glycine, alanine, aspar-

tate, glutamate, and threonine. On the other hand, repellents for Physarum polycephalum can 

be presented by some illumination-, thermo-  and salt-based conditions. Usually the plasmo-

dium forms  a congregation of protoplasm in food sources to surround them, secret enzymes 

and digest the food. Slime mould based computer can be regarded as a parallel computing 



 

substrate complementary to existing massive-parallel reaction-diffusion chemical processors 

[1]. 

In papers [15; 16] we showed that the behavior of plasmodium of Physarum polycepha-

lum has an own spatial logic which is one of the natural implementations of -calculus. This 

logic called Physarum spatial logic can be used as a programming language for the slime 

mould based computer. Taking into account the fact that within -calculus we can formalize 

and describe different concurrent processes, within Physarum spatial logic we can do the 

same as well. 

 

Figure 1: An ‘ideal’ example of plasmodium attracted by source of nutrients. Initially an oat flake colonized 

by plasmodium is placed in the southern part of Petri dish, and a group of intact oat flakes in the northern part. 

Plasmodium propagates towards the intact flakes and occupies them. (a) Snapshot the experimental Petri dish 

with the plasmodium. (b) Scheme of the plasmodium attraction: initial position of the plasmodium is shown by 

circle, newly occupied oat flakes (attractants) by solid discs, trajectory of the plasmodium by curve. Courtesy 

of Andy Adamatzky. 

 

 
 

(a)        (b) 

 

In this paper we will show that the behavior of local group of the genus Trichobilharzia 

Skrjabin & Zakharov, 1920 (Schistosomatidae Stiles, Hassall 1898) can be simulated by 

Physarum logic. This means that, first, a local group of schistosomatidae can behave as a pro-

grammable biological computer, second, a biologized kind of -calculus such as Physarum 

spatial logic can describe concurrent biological processes at all. 

 

 

 

 

 

 

 

 

 

 

 

 



 

9.1. Physarum spatial logic 
 

 

In this section we will consider some basics of Physarum spatial logic.  

The behavior of Physarum plasmodium can be divided into the following elementary 

processes: inaction, fusion, cooperation, and choice, which could be interpreted as unconven-

tional (spatial) falsity, conjunction, weak and strong disjunction respectively, denoted by                     

Nil, &, |, and +. These operations differ from conventional ones, because they cannot have                    

a denotational semantics in the standard way. However, they may be described as special spa-

tial transitions over states of Physarum machine: inaction (Nil) means that pseudopodia has 

just stopped to behave; fusion (&) means that two pseudopodia come in contact one with an-

other and then merge; cooperation (|) means that two pseudopodia behave concurrently; 

choice (+) means a competition between two pseudopodia in their behaviors.  

A -calculus for describing the dynamics of Physarum machine is presented as a la-

beled transition system with some logical relations. 

Assume that there are N active species or growing pseudopodia and the state of species           

i is denoted by pi  L. These states are time dependent and they are changed by plasmodium's 

active zones interacting with each other and affected by attractants or repellents. Plasmodi-

um's active zones interact concurrently and in a parallel manner. Foraging plasmodium can be 

represented as a set of the following abstract entities. 

 

 The set of actions (growing pseudopodia), T' = {, , ...}, localized in active zones.  The 

actions from T' are called the simplest transitions, the latter are defined as 

}',,:{ TL  


qpqp . Notice that we also have transitions that do not belong to T'. As-

sume that the set of all transitions is denoted by T. 

 

On a nutrient-rich substrate plasmodium propagates as a typical circular, target                  

wave, while on the nutrient-poor substrates localized wave-fragments are formed. Each action 

  T',  starts on a state pi, which is its current position, and says about a transition (propaga-

tion) of a state pi to another state of the same or another computation cell. Part of plasmodium 

feeding on a source of nutrients may not propagate, so its transition may be Nil, but this part 

can always start moving.  

 

 The set of attractants {A1, A2, ...}  T \ T' are sources of nutrients, on which the plasmo-

dium feeds. It is still subject of discussion how exactly plasmodium feels presence of at-

tractants. Each attractant A is a function from T' to T'.  

 The set of repellents {R1, R2, ...}  T \ T'. Plasmodium of Physarum avoids light and 

some thermo- and salt-based conditions. Thus, domains of high illumination are repel-

lents such that each repellent R is characterized by its position and intensity of illumina-

tion, or force of repelling. In other words, each repellent R is a function from T' to T'.  

 The set of protoplasmic tubes {C1, C2, ...}  T \ T'. Typically plasmodium spans sources 

of nutrients with protoplasmic tubes/veins. The plasmodium builds a planar graph, where 



 

nodes are sources of nutrients, e.g. oat flakes, and edges are protoplasmic tubes.                     

C() means  a diffusion of growing pseudopodia   T'.  

 

Hence, T = T'   {A1, A2, ...}  {R1, R2, ...}  {C1, C2, ...}. 

Our process calculus contains the following basic operators: Nil (inaction),  (prefix),                      

| (cooperation), \ (hiding), & (reaction/fusion), + (choice), a (constant or restriction to a stable 

state), A() (attraction), R() (repelling), C()  (spreading/diffusion). Let T = {a, b, ...}, the set 

of all actions (evidently, this set is finite), be considered as a set of names. A name refers to                          

a communication link or channel. With every a  T we associate a complementary action                 

a. Let us suppose that a designates an input port anda designates an output port. Any be-

havior of Physarum will be considered as outputs and any form of outside control and stimuli 

as appropriate inputs. For instance, T' is to be regarded just as the set of output ports and 

thereby T \ T' contains ports that can be interpreted under different conditions as input ports or                                  

output ports. So, for each X  {A1, A2, ...}  {R1, R2, ...}, we take that X() =  is a function 

from T' to T' such that X is a stimulus for  and X makes an output   T' along . Evidently 

that X(Nil) = Nil. Let X() denote an input and )(X  an output.  

Define L be the set of labels built on T (under this interpretation, aa = ). Suppose that 

an action a communicates with its complementa to produce the internal action  and  be-

longs to L, too.  

We use now the symbols , , … , etc., to range over labels (actions), with aa = , and 

the symbols P, Q, etc., to range over processes on states pi. The processes are given by the 

syntax:  

 

P, Q ::= Nil | .P | A().P | )(A .P | R().P | )(R .P | C().P | (P | Q) | P \ Q | P & Q | P 

+ Q | a 

 

Each label is a process, but not vice versa, because a process may consists of many la-

bels combined by the basic operators. 

An operational semantics for this syntax is defined as follows:  ::= pi, where pi   L.  
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(the conclusion states that the process of the form .P (resp. A().P, )(A .P, R().P, )(R .P) 

may engage in  (resp. A(), )(A , R(), )(R ) and thereafter they behave like P; in the 



 

presentations of behaviors as trees, .P (resp. A().P, )(A .P, R().P, )(R .P) is understood 

as an edge with two nodes:  (resp. A(), )(A , R(), )(R ) and the first action of P), 
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(these both rules state that a system of the form P + Q saves the transitions of its subsystems            

P and Q), 
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(according to these rules, the cooperation | interleaves the transitions of its subsystems), 
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(i.e. subsystems may synchronize in the internal action  on complementary actions   and  ), 
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(this rule allows actions not mentioned in Q to be performed by P \ Q), 
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(the fusion of dual processes are to be performed into the inaction, e.g. a fusion of an attract-

ant/repellent P and appropriate repellent/attractant P
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(this means that if we obtain the same result P' that is produced by the same action  and 

evaluates from two different processes P and Q, then P' may be obtained by that action                   

  started from the fusion P & Q or Q & P), 
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(these rules state that if the result P' is produced by the action   from the processes P, then                

a fusion P & Q (or Q & P) is transformed by that same  either into the inaction or diffusion 

or process P').  

These are inference rules for basic operations. The ternary relation PP 


 means that 

the initial action P is capable of engaging in action  and then behaving like P'. 

In this process calculus we have two kinds of logical connectives. 

 

 The group of connectives defined by coinduction. They are derivable from the hiding. 

Indeed, let U be a set of growing pseudopodia, then the following equalities hold:  

 

PUP \::=  

 

)\(\::= QUPQP   

 

 )\)\((\::= QPUUQP  

 

 )\(\::= QPUQP   

 

These connectives satisfy all properties of Boolean algebra.  

 

 The group of connectives defined as transitions. It consists of three operations: inaction, 

fusion and choice. Their basic properties:  
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where  is a congruence relation defined on the set of processes.  

Now we can show that in the behavior of any local group of schistosomatidae we can 

observe the same elementary processes: inaction, fusion, cooperation, and choice, which are 

defined in the same way. 

 

 

9.2. Life cycle of Schistosomatidae (Trematoda : Digenea) 
 

 

All representatives of subclass Digenea Carus, 1863 (Platyhelminthes: Trematoda) are 

exclusively endoparasites of animals. The digenean life cycle has the form of heterogony, i.e. 

there is a natural alternation of amphimictic (usually synarmophytous) and parthenogenetic 

stages. At these stages digeneae have different outward, different means of reproduction and 

different adaptation to different hosts. The interchange of hosts is necessary for a successful 

realization of digenean flukes life cycle. The majority of representatives of this subclass have  

a complete life cycle with participation of three hosts: mediate, additional (metacercaria) and 

definitive. Molluscs are always the first mediate hosts, while different classes of vertebrate 

animals are definitive hosts.  

Among digeneae there is a bunch of parasites, namely the family of schistosomatidae, 

which represents an isolated bunch which has adapted to parasitizing in the circulatory system 

of vertebrate animals. Puberal representatives of this family are diecious individuals (in other 

digenean families maritas are hermaphrodites). The family includes the following three sub-

families: Schistosomatinae Stiles and Hassall, 1898, they parasitize a variety of birds and 

mammals, including human being; Bilharziellinae Price, 1929 and Gigantobilharziinae 

Mehra, 1940, they parasitize birds. Representatives of the first subfamily (in particular the 

genus Schistosoma Weinland, 1858) parasitize mammals, including human being. In the trop-

ical and subtropical countries, about 200 million persons are infected by them from which 11 

thousand persons annually die because of the given infestation [13]. Representatives of the 



 

latter two subfamilies, the so-called avian schistosomatidae, have been observed on all conti-

nents, including Europe. In a puberal state they parasitize birds, however they are capable to 

incorporate into a human organism as nonspecific host. After they penetrate human skin, 

where they perish, they invoke thereby allergodermia. The fact of incorporation of these lar-

vae into nonspecific hosts invokes interest to avian schistosomatidae. Therefore the simula-

tion of behavior of their local groups can be interesting from a medicine view, because it al-

lows to perceive better features of digenean behavior. Simulating their behavior is possible by 

means of Physarum spatial logic as we will show. 

The life cycle of all representatives of the family Schistosomatidae is identical, it passes 

with participation of two hosts.  

From an egg which got to water from an organism of definitive host, a miracidia pips. It 

is a settle free-floating larval stage of parthenogenetic generation of schistosomatidae. Mira-

cidia for a short span should find a mollusk of a certain kind to insinuate into it, otherwise it 

perishes. Mollusks, thus, are attractants for miracidiae. More precisely, in respect to miracidi-

ae the chemotaxis as attractant holds (miracidia moves towards a chemical signal proceeding 

from a mollusk). Other kinds of attractants for miracidiae are presented by light (there is                   

a positive phototaxis) and gravitation (negative geotaxis). We will designate all miracidian 

attractants by Am
1, Am

2, …, Am
n.  

Miracidian repellents have not been detected still, i.e. {Rm
1, Rm

2, …, Rm
n} = .  

The continuation of digenean life cycle will take place just in case a miracidia detects                 

a mollusk for which a certain kind of digeneas has a hostal specificity [10]. Otherwise the 

miracidia dies. Miracidia Trichobilharzia szidati Neuhaus, 1952 can look for a mediate host 

only for the period of 20 h at temperature 20 °С [14]. 

In a body of mollusk, a miracidia undergoes metamorphoses and it is transformed into             

a maternal sporocyst in which filial sporocysts educe. In the latter then cercariae start to be 

formed. This state can be called the miracidian diffusion. We will designate these diffusions 

by Cm
1, Cm

2, …, Cm
n. 

Now we can construct a version of Physarum spatial logic for simulating the behavior 

of local groups of miracidiae. The processes have the following syntax which is defined in the 

way of Physarum logic:  

 

P, Q ::= Nil | .P | Am().P | )(mA .P |  

Cm().P | (P | Q) | P \ Q | P & Q | P + Q | a 

 

For the simulation we need also to have two sets of actions T and Tm, where T contains 

actions of Physarum plasmodium, Tm includes actions of local group of miracidiae. These sets 

should have the same number of members (the same cardinality), namely we should have the 

same number of active zones (growing pseudopodia and active miracidiae), the same number 

of attractants, and the same number of diffusions (motions of protoplasmic tubes towards food 

and miracidian motions towards chemical signals of eventual hosts to transform into a mater-

nal sporocyst). For instance, if we have five molluscs in one experimental dish with water and                  

a suspension of miracidiae, then we can try to simulate the miracidian processes by Physarum 

spatial logic for stimuli of five nutrient sources with similar localizations as that for mollusks. 



 

 

 

9.3. Morphology of the cercariae Trichobilharzia spp. 
 

 

Cercariae are free-floating larvae of pubertal generation parasitizing vertebrate animals. 

They are capable to insinuate into skin of human being who is for them a casual host, invok-

ing at him/her an allergic reaction, the so-called cercarial dermatitis. For the first time this 

term (‘cercarial dermatitis’) was used by V.V. Cort [4]. This author first correlated this dis-

ease with mollusks of certain kinds, and then with cercariae (free-floating larvae of pubertal 

maritas) excreted by them. 

In the human body these parasites cannot reach a full growth, perishing soon after pene-

tration [10]. Any identification of specific difference of cercariae of the genus Trichobilharzia 

on morphological characters is extremely complicated because of the identity of their consti-

tution and close dimensional characteristics [17], as well as the similarity of their behavior. 

They belongs to the bunch of furcocercariae, their tail is doubled in the form of fork, the 

length of forks is approximately a half of length of tail caulis. Even in a small zoom its pig-

mentary eyes are well discernible. The cercarial body is translucent. During motion it is 

strongly reduced, receiving various forms (Fig. 2). 

 

 Figure 2. The outward of Trichobilharzia szidati. A detection place: the lake of Naroch (the Minsk region,  

the Mjadelsky destrict). Lymnaea stagnalis L is a mediate host. 

 
 

T. szidati has the length about 1.0–1.3 mm and it is easily distinguished by human eye. 

Its body is oblong, a bit more thickened in the middle. The tail is without appreciable thicken-

ings, its length always is more than the length of body (Fig. 3). The two pigmentary eyes are 

located dorsally (their distance from the frontal end is about 2/5 of the body length). The dis-

tance of abdominal sucker is about 2/3 of the body length from the frontal side. 

The frontal part of body is occupied by a penetration organ (frontal organ) which repre-

sents the transformed oral sucker. This pear-shaped formation penetrated by oral fissure and 

penetration gland ducts, consisting of a back sinewy part and a lobby part including the secre-

ta suc. 



 

All species of Trichobilharzia possess the five pairs of penetration glands. The two 

pairs are presented by circumacetabular glands located round the abdominal sucker, and the 

three other by postacetabular glands located sequentially one after another below. The secreta 

of penetration glands helps larvae to break a dermal barrier of backboned host. 

The somatotype of excretory system is called “mesostoma” which is characterized by 

that the main collective canals do not come forward further than the level of abdominal suck-

er, divided into the frontal and back canals of the second order.  

In a resting state (Fig. 4), cercariae are attached to a vascular wall or on a water film by 

means of acetabulum. Active motions are characteristic only by the strong shaking of pot or 

by the water interfusion. At a weak rotation of pot it is visible that the cercarial body and its 

tail follow the water stream, while their acetabulums keep cercariae on the pot wall. Any con-

tinuous active motion is not observed.  

 

Figure 3. The constitution of Trichobilharzia szidati. A. The schematic cercarial image, B. The photo of cer-

caria. 1. Penetration organ, 2. Penetration gland ducts, 3. Pigmentary eyes, 4. Abdominal sucker, 5. Penetration 

glands (5 pairs), 6. Caudal fulcrum, 7. Furcas with mobile membranes. 

 
 

 

 

 



 

9.4. The behavior of cercariae of bird schistosomes                   

(Genus Trichobilharzia) 
 

 

The cercarial behavior of bird schistosomes (class Trematoda, family Schistosomatidae) 

is well studied due to representatives of the genus Trichobilharzia. Their behavior is charac-

terized by specific taxises which are referred to an effective search of necessary definitive 

hosts. These taxises developed by evolution of larvae of bird schistosomes allow their looking 

for specific hosts to be successful, forward their affixion to a surface of host body as well as 

their incorporation into a host cutaneous covering and their penetration into a circulatory sys-

tem, where a parasite reaches sexual maturity. Thus, taxises form an enough large family of 

attractants for cercariae. 

Mature cercariae of the genus Trichobilharzia after leaving a mollusk actively float in 

the depth of water for a period (about 1 hour). Such an active behavior of larvae after leaving                        

a mollusk provides a cercarial allocation in water space. Then cercariae pass to a passive be-

havior. They are attached by an abdominal sucker to a surface film of water or to various sub-

jects near a water surface, getting thus a characteristic resting state (Fig. 4). The resting state 

allows cercariae in absence of specific to them stimulants to stop the search of host and to 

conserve their energy.  

Free-floating cercariae need to insinuate into a definitive host during the limited time in-

terval (1–1.5 days at temperature 24°С) since otherwise larvae perish [14].  

For successful search of hosts, larvae of digeneae of Trichobilharzia have developed by 

evolution a behavior facilitating this problem. They possess a positive phototaxis, negative 

geotaxis, chemotaxis, and also actively react to turbulence of water [7]. It means that for cer-

cariae there are already many other attractants. 

 

Figure 4. The resting state of cercaria Trichobilharzia szidati (zoom 100). 

 



 

The light sensitivity of cercariae of Trichobilharzia is very high. As experiments show, 

cercariae always move towards a light source, and then take a resting state on the lighted side 

of capacity in which they are. The given taxis, and also negative geotaxis allow cercariae to 

be kept in the nature at a surface of water in expectation of suitable hosts.  

Cercariae actively react to changes in intensity of illumination (shadings) and to turbu-

lence of water [5]. These external factors, corresponding to possible appearances of definitive 

hosts in water, stimulate the cercarial transition from a resting state into actions that enlarge 

their chances to meet hosts.  

Cercariae possess a chemotaxis in relation to specific hosts. On body surfaces larvae of 

the genus Trichobilharzia have chemoceptors which receive appropriate chemical signals 

proceeding from a skin of potential host. The similarity of compound of fatty acids of bird and 

human skin leads to that cercariae equally react to the bird and human appearance in water: 

they move in their direction, and then they are attached to skin and begin penetration into it 

[9]. So, the chemotaxis from a skin of potential hosts (surface lipids of skin of human being 

and swimming bird), the positive phototaxis, the negative geotaxis and the water turbulence 

present cercarial attractants of different degree of appeal. We will designate these attractants 

by Aс
1, Aс

2, …, Aс
n. 

In experimental researches it has been shown that any affixion of cercariae of Tricho-

bilharzia to skin is stimulated by cholesterol and ceramides, and incorporation into skin by 

linoleic and linolenic acids, all these materials are present on skin of both bird and human 

being [12; 8]. Thereby surface lipids of human skin invoke higher frequency of cercarial in-

corporations into skin, than surface lipids of birds [9]. One more reason that cercariae of 

Trichobilharzia successfully insinuate into human skin is the fact of that the skin of duck 

foots has thicker keratinized surface which, possibly, is more difficult for overcoming, than 

that of human being [8]. 

On the basis of experiments the rate of penetration of larvae of schistosomes Trichobil-

harzia szidati into human skin [8] has been defined. The larva begins incorporation into hu-

man skin approximately in 8 seconds (range from 0 to 80 seconds) after first contacts. The 

process of full penetration into skin takes about 4 minutes (range from 83 till 13 minutes 37 

seconds). The given numerals testify that it is enough if the person has even a short-term con-

tact to water where there are cercariae of bird schistosomes to give them possibility to incor-

porate into skin. 

In some cases, for example children, cercarial larvae can “chip” skin and be brought by 

venous blood to lungs, invoking there hemorrhages and inflammation. If cercariae are lucky 

to insinuate into blood and then to lungs, the disease can get harder by the pulmonary syn-

drome from small cough to symptoms of bronchial obstruction [18]. 

At the same time, repellents for cercariae have not been found yet. For example, Lud-

mila Akimova’s experience shows that cercarial motions towards a smaller concentration of 

material which invokes a destruction of larvae are not observed at all. The experience princi-

ple consists in that in a small cavity with the length of 10 cm, the width and depth of 0.5 cm 

there is water with a suspension of cercariae. Then a thin essential oil is added in one of the 

side of this small cavity. Cercariae, which are nearby, quickly perish, although other cercariae 

do not move aside where the reacting material is absent. Cercariae simply freely float and as 



 

soon as they appear in that part where there is the reacting material they perish. Thus,                   

{Rc
1, Rc

2, …, Rc
n} = . 

In definitive hosts cercariae reach diffusion states. We will designate these diffusions by 

Cc
1, Cc

2, …, Cc
n. 

The behavior of local groups of cercariae can be simulated within a version of 

Physarum spatial logic, where the processes have the following syntax defined in section II:  

 

P, Q ::= Nil | .P | Ac().P | )(cA .P | 

Cc().P | (P | Q) | P \ Q | P & Q | P + Q | a 

 

The sets of actions T and Tc, where T consists of actions of Physarum plasmodium,                        

Tc contains actions of local group of cercariae, should have the same number of members. For 

example, if we have three human beings in one lake with cercariae, then we can simulate the 

cercarial processes by Physarum spatial logic where three nutrient sources with similar locali-

zations as that for human beings act as stimuli. Hence, the behavior of local groups of cercari-

ae is another biological implementation of Kolmogorov-Uspensky machines. It can build pla-

nar graphs as well. 

 

 

9.5. Arithmetic Operations in Physarum Spatial Logic                    

and In Schistosomatidae Behavioral Logic  
 

 

We know that within -calculus we can convert expressions from -calculus. In particu-

lar, it means that we can consider arithmetic operations as processes. Physarum spatial logic 

as well as its modification in the form of behavioral logic for local groups of miracidiae (cer-

cariae) is a biologized version of -calculus. Therefore we can convert arithmetic operations 

into processes of either Physarum spatial logic or schistosomatidae behavioral logic.  

Indeed, growing pseudopodia may represent a natural number n by the following para-

metric process: 

 

Nilzxxxzxn
n

.....::),(    

 

The process n(x, z) proceeds n times on an output port called the successor channel                        

x  {A1, A2, ...}  {R1, R2, ...} (e.g. it is the same output of attractant) and once on the zero 

output portz  {A1, A2, ...}  {R1, R2, ...} before becoming inactive Nil. Recall that it is                             

a “Church-like” encoding of numerals used first in -calculus. Notice that in case of miracidi-

ae or cercariaex  {A1, A2, ...} and z  {A1, A2, ...}. 

An addition process takes two natural numbers i and j represented using the channels 

x[i], z[i] and x[j], z[j] and returns their sum as a natural number represented using channels 

x[i+j], z[i+j]:  



 

Add(x[i], z[i], x[j], z[j], x[i+j], z[i+j]) ::= 

(x[i].x[i+j]. Add(x[i], z[i], x[j], z[j], x[i+j], z[i+j])) + 

z[i].Copy(x[j], z[j], x[i+j], z[i+j])). 

 

A multiplication process takes two natural numbers i and j represented using the chan-

nels x[i], z[i] and x[j], z[j] and returns their multiplication as a natural number represented 

using channels ][ 
j

iix  , ][ 
j

iiz  :  

 

Mult(x[i], z[i], x[j], z[j], x[ij], z[ij]) ::= Add(x[i], z[i], x[j], z[j], x[i+...+i], z[i+...+i]). 

 

The Copy process replicates the signal pattern on channels x and y on to channels u and 

v. It is defined as follows: 

 

Copy(x, y, u, v) ::= (x.u. Copy(x, y, u, v) + y.v . Nil) 

 

As we see, within Physarum spatial logic and its poorer version in the form of schisto-

somatidae behavioral logic we can consider some processes as arithmetic operations. Also, we 

can combine several arithmetic operations within one process. Let us regard the following 

expression: 

(10 + 20) ∗ (30 + 40) 

 

An appropriate process is as follows: 

 

Mult(Add(x[10], z[10], x[20], z[20], x[10+20], z[10+20]), z[10+20], Add(x[30], z[30], x[40], 

z[40], x[30+40], z[30+40]), z[30+40], Add(x[30], z[30], x[70], z[70], x[2100], z[2100])). 

 

 

Conclusion 
 

 

We show that many biologized versions of -calculus are possible: Physarum spatial 

logic, schistosomatidae behavioral logic, etc. One of its basic versions, Physarum spatial log-

ic, can be used for constructing slime mould based computer. This logic is richer than schisto-

somatidae behavioral logic and may be involved for simulations of the latter. The fact that we 

can formalize biological behaviors as kind of logic confirms that biological processes can be 

considered as forms of concurrent and parallel computations. 
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Abstract 
 

 

In the paper, we present foundations of logic circuits based on Physarum polycephalum 

machines. We propose to apply the ladder diagram approach for constructing topological 

structures of such circuits. Relationships between basic ladder diagram elements and topolog-

ical constructions present in Physarum polycephalum machines are emphasized. At the begin-

ning, basic logic gates (AND, OR, NOT) are considered. Such a set of gates constitutes                   

a functionally complete system. This fact is important for building computationally universal 

devices.   

 

 

Introduction 
 

 

Physarum polycephalum is a one-cell organism belonging to the species of order 

Physarales, subclass Myxogastromycetidae, class Myxomycetes, and division Myxostelida. In 

the phase of plasmodium, it looks like an amorphous giant amoeba with networks of proto-

plasmic tubes. It feeds on bacteria, spores and other microbial creatures (substances with                    

a potentially high nutritional value) by propagating towards sources of food particles and oc-

cupying these sources. A network of protoplasmic tubes connects the masses of protoplasm. 

As a result, the plasmodium develops a planar graph, where the food sources or pheromones 

are considered as nodes and protoplasmic tubes as edges. The plasmodium may be used for 

developing a biological architecture of different abstract devices, among others, digital. Plas-

modium's ability to perform useful computational tasks, in its propagating and foraging be-

havior, was firstly emphasized by T. Nakagaki et al. (cf. [9]). In Physarum Chip Project: 

Growing Computers From Slime Mould [2] supported by FP7, we are going to implement 

programmable amorphous biological computers in plasmodium of Physarum. This abstract 

computer we are going to obtain is called slime mould based computer. One of the tracks in 

the project is to develop a new object-oriented programming language for Physarum poly-

cephalum computing [10]. 



 

The problem of constructing logic gates in chemical media or on biological substrates 

has been considered earlier in the literature. Different approaches have been proposed. One of 

them is to constrain the substrate into channels and allow disturbances to propagate along the 

channels and interact with other disturbances at the junctions between the channels. For ex-

ample, this approach has been implemented in a geometrically constrained Belousov-

Zhabotinsky medium, cf. [4], [6], [10], [11]. Also, non-excitable chemical implementation of 

logic gates has been proposed [2]. A wider discussion of Physarum polycephalum gates is 

included in [2]. 

Our approach, presented in this paper, is a little different. We propose to construct logic 

gates through the proper geometrical distribution of stimuli for Physarum polycephalum. This 

distribution is determined according to ladder diagrams [8] representing basic logic gates 

(AND, OR, NOT). Rungs of the ladder can consist of serial or parallel connected paths of 

Physarum propagation. A kind of connection depends on the arrangement of regions of influ-

ences of individual stimuli. If both stimuli influence Physarum, we obtain alternative paths for 

its propagation. It corresponds to a parallel connection (i.e., the OR gate). If the stimuli influ-

ence Physarum sequentially, at the beginning only the first one, then the second one, we ob-

tain a serial connection (i.e., the AND gate). The NOT gate is imitated by the repellent avoid-

ing Physarum propagation. 

The rest of the paper is organized as follows. In section 10.1, we recall basics of 

Physarum polycephalum machines with a special focus on stimuli. Section 10.2 mentions                 

a basic idea of ladder diagrams. This idea is used in section 10.3 for constructing logic gates 

based on Physarum propagation. Section 10.4 summarizes the presented approach and sug-

gests directions for further work. 

 

 

10.1. Basics of Physarum polycephalum machines 
  

 

In Physarum polycephalum machines, we can distinguish the following stimuli consti-

tuting their data nodes:   

• Attractants that are sources of nutrients or pheromones, on which the plasmodium feeds. 

Each attractant A  is characterized by its position and intensity.  

• Repellents. Plasmodium of Physarum avoids light and some thermo- and salt-based con-

ditions. Thus, domains of high illumination (or high grade of salt) are repellents such that 

each repellent R  is characterized by its position and intensity, or force of repelling.  

 

Plasmodium of Physarum polycephalum functions as a parallel amorphous computer 

with parallel inputs and parallel outputs. Data are represented by spatial (topological) configu-

rations of attractants and repellents. Plasmodium of Physarum polycephalum is a computing 

substrate. In [2], Adamatzky underlined that Physarum does not compute. It obeys physical, 

chemical and biological laws. Its behavior can be translated to the language of computations. 

At the beginning of computation, data nodes are distributed in a computational space, and 

plasmodium is placed at given points in the space. Plasmodium proceeds computation even if 



 

the solution has been reached and halts only when physical resources are exhausted. Typical-

ly, plasmodium spans attractants (sources of nutrients or pheromones) with protoplasmic 

tubes (veins). Plasmodium builds a planar graph, where nodes are attractants and edges are 

protoplasmic tubes. 

It is a subject of discussion how plasmodium feels attractants. Experiments show that 

plasmodium can locate and colonize the nearby sources of nutrients or pheromones (attract-

ants). In our approach, we assume that each attractant (repellent) is characterized by its region 

of influence (ROI) in the form of a circle surrounding the location point of the attractant (re-

pellent), i.e., its center point. The intensity determining the force of attracting (repelling) de-

creases as the distance from it increases. A radius of the circle can be set assuming some 

threshold value of the force. 

 

 

10.2. Basics of ladder diagrams 
  

 

Ladder logic is the most popular programming language used to program Programmable 

Logic Controllers (PLCs), cf. [8]. This language was developed from the electromechanical 

relay system-wiring diagrams. Programs in the ladder logic language are written graphically 

in the form of the so-called ladder diagrams. Basically, this notation assumes that contacts are 

controlled by discrete (binary) inputs and coils control discrete (binary) outputs. We can dis-

tinguish three main types of elements of ladder diagrams:   

• Normally open contact (NOC). It passes power (i.e., it is on) if the binary input assigned 

to it has value 1. Otherwise, it does not pass power (i.e., it is off).  

• Normally closed contact (NCC). It passes power (on) if the binary input assigned to it has 

value 0. Otherwise, it does not pass power (off).  

• Coil (C). If it is passing power (i.e., it is on), a value of the binary output assigned to it is 

set to 1. Otherwise (i.e., it is off), a value of the binary output assigned to it is set to 0.  

 

The symbols of ladder diagram elements mentioned earlier are collected in table 1. 

 

Table 1. Symbols of main types of elements in ladder diagrams. 

   Symbol   Meaning  

  

  

 Normally open contact  

 

  

 Normally closed contact  

 

  

 Coil  

  



 

Using three main types of elements of ladder diagrams we can build basic logic gates 

shown in figures 1 (AND), 2 (OR), and 3 (NOT). 

 

Figure 1. The ladder diagram AND gate. 

 

 
 

 

Figure 2. The ladder diagram OR gate. 

 

 
 

 

Figure 3. The ladder diagram NOT gate. 

 

 

 

The gates mentioned work as follows:   

• AND: The coil is on ( 1=Y ) if and only if both contacts are on. It is satisfied if 1=A  and 

1=B . Otherwise, the coil is off.  

• OR: The coil is on ( 1=Y ) if at least one contact is on. It is satisfied if 1=A  or 1=B .  

Otherwise, the coil is off.  

• NOT: The coil is on ( 1=Y ) if a contact is on. 0=A  causes the contact to be switched 

on. The coil is off ( 0=Y ) if a contact is off. 1=A  causes the contact to be switched off.  

 

Using structers of basic logic gates we can build, in ladder diagrams, more complex dig-

ital systems. Now, it is out of scope of this paper. We will consider this problem in the future. 

 

 

 

 

 

 



 

10.3. Logic circuits based on Physarum polycephalum                  

propagation 
  

 

Ladder diagrams implement an idea of flowing power from left to right. The output for 

the rung in the ladder diagram occurs on the extreme right side of the rung and power is as-

sumed to flow from left to right if and only if there exists at least one closed path from left to 

right making the flow possible. We apply this idea to build logic gates in Physarum polyceph-

alum machines. Flowing power is replaced with propagation of plasmodium of Physarum 

polycephalum. Plasmodium propagation is stimulated by attractants and repellents (see Sec-

tion 10.1). In our approach, stimuli (attractants and repellents) are treated as data nodes. We 

assume that plasmodium must occur in a proper region to be influenced by a given stimulus. 

This region is determined by the radius depending on the intensity of the stimulus. Using the 

analogy to flowing power in rungs of ladder diagrams, we can build logic gates in Physarum 

polycephalum machines by the proper geometrical distribution of stimuli (attractants and re-

pellents) on the substrate. Controlling the power flow in rungs by opening/closing contacts is 

replaced with controlling the plasmodium propagation by activating/deactivating stimuli. Re-

lationships between elements of ladder diagrams and stimuli of Physarum polycephalum 

computing are collected in table 2. 

 

Table 2. Relationships between elements of ladder diagrams and stimuli of Physarum polycephalum computing. 

Ladder diagram element Physarum polycephalum 

computing stimulus 

Normally open contact Attractant controlled by input 

Normally closed contact Repellent controlled by input 

Coil Attractant controlling output 

  

 Table 3 shows interpretation of logic values (0 and 1) for inputs in terms of states of 

stimuli. Input values cause activation/deactivation of stimuli. Value 1 activates the stimuli 

whereas value 0 deactivates the stimuli. Analogously, table 4 shows interpretation of logic 

values (0 and 1) for outputs in terms of states of stimuli. In our approach, the output repre-

sented by the coil in ladder diagrams is replaced with the attractant. We assume that the out-

put attractant is always activated. If plasmodium is attracted by it and occupies it, then we 

interpret this state as 1. Otherwise, if there is no plasmodium occupying the attractant, i.e., 

plasmodium is not attracted, the state is interpreted as 0. 

 

Table 3. Representation of input logic values. 

Boolean value Representation 

 

0 Attractant/repellent deactivated 

1 Attractant/repellent activated 

  

 

 

 



 

Table 4. Representation of output logic values. 

Boolean value Representation 

 

0 Absence of Physarum at the attractant 

1 Presence of Physarum at the attractant 

  

Our idea of paths of plasmodium propagation is further presented graphically. In            

table 5, we have collected symbols used by us in diagrams. 

 

Table 5. Symbols of elements used in figures. 

Symbol  Meaning  

    

Physarum  

   

Attractant deactivated  

     

Attractant activated  

     

Repellent deactivated  

     

Repellent activated  

  

Region of influence  

   

Direction of plasmodium propa-

gation  

  

 As it was mentioned earlier, the idea of ladder diagrams has been applied in our logic 

gates constructed in Physarum polycephalum machines. Figure 4 shows distribution of stimuli 

for the AND gate. This distribution simulates a serial connection of contacts. Plasmodium of 

Physarum polycephalum P  can be propagated to the output attractant yA  if and only if both 

attractants 1xA  and 2xA  are activated. First, plasmodium is attracted to 1xA  (because it is 

placed only in its region of influence). After the achievement of this goal, it is in the region of 

influence of 2xA  and it is attracted by it. The achievement of 2xA  causes that plasmodium is 

in the region of influence of yA  and it is attracted by it. Finally, plasmodium achieves yA . It is 

interpreted as a logic output with value 1. Deactivation of either the attractant 1xA  or 2xA  

causes that the path of propagation becomes broken, i.e., there is a place where plasmodium is 



 

not attracted by any attractant. Figure 7 shows paths of plasmodium propagation for all possi-

ble combinations of input values for 1xA  and 2xA . 

 

Figure 4. The Physarum AND gate. 

 

 
 

Figure 5 shows distribution of stimuli for the OR gate. This distribution simulates a par-

allel connection of contacts. Plasmodium of Physarum polycephalum P  can be propagated to 

the output attractant yA  if one of the attractants 1xA  or 2xA  is activated. First, plasmodium is 

attracted to 1xA  or 2xA  (because it is placed in regions of influences). After the achievement 

of one or both of them, it is in the region of influence of yA  and it is attracted by it. Finally, 

plasmodium achieves yA . It is interpreted as a logic output with value 1. Deactivation of both 

attractants 1xA  and 2xA  causes that the path of propagation becomes broken, i.e.,                    

plasmodium is not attracted by any attractant and cannot start from the initial position. Figure 

8 shows paths of plasmodium propagation for all possible combinations of input values for 

1xA  and 2xA . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 5. The Physarum OR gate. 

 
 

 

The NOT gate behavior is simulated by the repellent as it is shown in figure 6. If the re-

pellent xR  is activated (i.e., the input value is 1), then it avoids plasmodium to be attracted by 

the output attractant yA . Therefore, Physarum is not present at yA , i.e., the output value is 0. 

Otherwise, plasmodium is not avoided and achieves yA . Figure 9 shows paths of plasmodium 

propagation for all possible combinations of input values for xR . 

 

Figure 6. The Physarum NOT gate. 

 
 

 

 

 

 

 



 

 Figure 7. States of the AND gate for all input combinations. 

 

 a) 

  

 b) 

  

c) 
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Figure 8. States of the OR gate for all input combinations. 

 

 a) 

  

 b) 

 

c) 

 

 d) 

 

 

 

 



 

Figure 9. States of the NOT gate for all input combinations. 

  

 a) 

  

 b) 

  

 

 

 

Experiment 

  

In the experiment, we have built a Physarum polycephalum demultiplexer based on the 

ladder diagram structure. A demultiplexer is a device taking a single input signal and selecting 

one of many data-output-lines, which is connected to the single input. In figure 10, a schemat-

ic symbol of the 1-to-2 demultiplexer (a) and its implementation (b) using a particle model of 

Physarum polycephalum [5] are shown. In the schematic symbol: d  is a data input, s  is              

a select input, and 0y , 
1y  are outputs. The operation of the demultiplexer can be described as 

follows:   

• if 0=s , then dy =0 ,  

• if 1=s , then dy =1
.  

 

The functional specification can be written as dsy =0  and sdy =1
. In the Physarum       

polycephalum implementation of the demultiplexer, one can see: Physarum polycephalum 

(P), attractants ( dA , sA , 0yA , 1yA ), repellent ( sR ). Let ROI  denote the region of influence. 

For the topological distribution of Physarum polycephalum, attractants and repellents, we 

assume that:   

• P  belongs to )( dAROI ,  

• Ad belongs to ROI(Ay0),  ROI(Rs), ROI(As),  

• sA  belongs to )( 1yAROI .  

 

 Logical states are implemented in the following way:   

• 0=s  means sR  and sA  are deactivated, 1=s  means sR  and sA  are activated,  



 

• 0=d  means dA  is deactivated, 1=d  means dA  is activated.  

 

It is worth noting that 0yA  and 1yA  are always activated. 

 

Figure 10.  1-to-2 demultiplexer: (a) a schematic symbol, (b) distribution of stimuli. 

 

 a) 

  

 b) 

  

 

In figure 11, the experimental environment for a particle model of Physarum polycepha-

lum is shown. 

 

Figure 11. The experimental environment for a particle model of Physarum polycephalum.

 



 

In figure 12, results of experiments are presented. Pictures taken by us show how 

Physarum polycephalum was propagated in each situation. 

 

Figure 12.  Results of experiments: (a) for 0=s  and 0=d , (b) for 0=s  and 1=d , (c) for 1=s  and 

0=d , (d) for 1=s  and 1=d .   One can see the following cases: 

• 0=s  and 0=d : uneventful, because there is no data regardless of switch position,  

• 0=s  and 1=d : no repellent causes the stream to go to 0yA , the model does not grow down because it 

is outside the region of influence of 1yA ,  

• 1=s  and 0=d : uneventful, because there is no data regardless of switch position,  

• 1=s  and 1=d : the repellent causes selection of the lower path to 1yA .  

 

 a) 

  

 b) 

  

c) 

 

 d) 

  

 

It means that the Physarum polycephalum behaves as intended. 

 

 

 



 

Summation 
  

 

In the paper, we have shown how to construct basic logic gates in Physarum polycepha-

lum machines using the idea of ladder diagrams. Proper relationships between ladder dia-

grams and Physarum polycephalum computing have been pointed out. The paper consists, in 

the first step, in research connected to developing a biological architecture of different ab-

stract digital devices based on the ladder diagram principle. This principle is very popular in 

programming Programmable Logic Controllers (PLCs). However, in case of PLCs, the ladder 

diagram principle is used only at the abstract level as a high-level programming language. The 

program is executed by silicon microprocessors based on the standard architectures not re-

flected in the direct flow of power. Our approach could allow a direct hardware implementa-

tion of this principle in different controllers. In our case, it is a biological hardware implemen-

tation. 

The approach presented in this paper may be used in different constructions of logic 

gates in chemical media or on biological substrates which are based on the flow or propaga-

tion of some medium. An important thing is to find the mechanism of controlling the flow or 

propagation in the restricted regions by some elements which can be activated or deactivated. 

The main problem for the further work is to search for mechanisms of constructing complex 

digital systems. For example, in ladder diagrams, negations of complex expressions must be 

realized using some internal variables enabling us to carry states of coils to states of contacts. 

Another task for the further work is to implement the presented idea in the experimental 

environment for more complex circuits. In this case, an important thing is the proper control 

over states of stimuli, i.e., their rapid activation or deactivation. Moreover, the construction 

requires adjusting proper regions of influences of individual stimuli to model serial or parallel 

connections. 
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Abstract 
 

 

In the paper, we show that timed transition system models can be used as a high-level 

model of behavior of Physarum machines. A Physarum machine is a programmable amor-

phous biological computer experimentally implemented in the vegetative state of Physarum 

polycephalum. Timed transition system models have been used in our new object-oriented 

programming language for Physarum polycephalum computing. 

 

 

11.1. Timed transition system models 
 

 

A Physarum machine is a programmable amorphous biological computer, experimental-

ly implemented in the vegetative state of Physarum polycephalum (also called slime mould)  

[2] that is a one-cell organism belonging to the species of order Physarales, subclass Myxo-

gastromycetidae, class Myxomycetes, and division Myxostelida. The plasmodium of 

Physarum polycephalum spread by networks can be programmable. The ability to perform 

useful computational tasks, in propagating and foraging behaviour of the plasmodium, was 

firstly emphasized by T. Nakagaki et al. (cf. [3]). In Physarum Chip Project: Growing Com-

puters from Slime Mould [2] funded by the Seventh Framework Programme (FP7), we are 

going to construct an unconventional computer on programmable behavior of Physarum poly-

cephalum. The Physarum machine comprises an amorphous yellowish mass with networks of 

protoplasmic veins, programmed by spatial configurations of attracting and repelling stimuli. 

The plasmodium looks for attractants, propagates protoplasmic veins towards them, feeds on 

them and goes on. As a result, a transition system is built up. Therefore, Physarum motions 

can be treated as  a kind of natural transition systems with states presented by attractants and 

events presented by plasmodium transitions between attractants [2]. We can define the follow-

ing three basic forms of Physarum transitions (motions): direct (direction: a movement from 



 

one place, where the plasmodium is located, towards another place, where there is a neigh-

bouring attractant), fuse (fusion of two plasmodia at the place, where they meet the same at-

tractant), split  (splitting plasmodium from one active place into two active places, where two 

neighbouring attractants with a similar power of intensity are located). 

Formally, a transition system is a quadruple ),,,(= 0sTESTS  [14], where S  is the 

non-empty set of states, E  is the set of events, SEST   is the transition relation, 0s  is 

the initial state. Usually transition systems are based on actions which may be viewed as la-

belled events. If Tses ),,(  then the idea is that TS  can go from s  to s  as a result of the 

event e occurring at s . A transition system can be presented as a graph structure with nodes 

corresponding to states and edges corresponding to transitions. 

To program computation tasks for amorphous biological computers, we are developing     

a new object-oriented programming language (cf. [10]). The proposed language can be used 

for developing programs for Physarum polycephalum by the spatial configuration of stimuli. 

This configuration of stimuli can be identified with a low-level programming language for 

Physarum machines. To program behavior of Physarum polycephalum, we have also pro-

posed to use some high-level models, e.g., ladder diagrams, Petri nets, and transition systems 

[9]. 

We can consider some other operations (instructions) in Physarum machines like: add 

node, remove node, add edge, remove edge [2]. Adding and removing nodes can be imple-

mented through activation and deactivation of attractants, respectively. Adding and removing 

edges can be implemented by means of repellents put in proper places in the space. An acti-

vated repellent can avoid a plasmodium transition between attractants. Adding and removing 

edges can change dynamically over time. To model such behavior, we propose to add another 

high-level model, based on timed transition systems [4], to our language. It is assumed, in 

transition systems mentioned earlier, that all events happen instantaneously. In timed transi-

tion systems, timing constraints restrict the times at which events may occur. The timing con-

straints are classified into two categories: lower-bound and upper-bound requirements. 

Let N  be a set of nonnegative integers. Formally, a timed transition system 

),,,,,(= 0 ulsTESTTS  consists of an underlying transition system ),,,(= 0sTESTS  as well 

as a minimal delay function (a lower bound) NEl :  assigning a nonnegative integer to 

each event and a maximal delay function (an upper bound) }{:  NEu  assigning                     

a nonnegative integer or infinity to each event. 

Let us consider a simple timed transition system shown as a graph structure in figure               

1 with the following timing constraints: 0=)( 1el , =)( 1eu , 0=)( 2el , =)( 2eu , 5=)( 3el

, 10=)( 3eu .   

 

 

 

 

 

 

 



 

Figure 1. A timed transition system. 

 

 
The code in our created language has the following form:  

 

#TRANSITION_SYSTEM  

s1=new TS.State("s1");  

s1.setAsInitial;  

s2=new TS.State("s2");  

s3=new TS.State("s3");  

e1=new TS.Event("e1");  

t1=new TS.Transition(s1,e1,s2);  

e2=new TS.Event("e2");  

t2=new TS.Transition(s1,e2,s3);  

e3=new TS.Event("e3");  

e3.setTimingConstraints(5,10);  

t3=new TS.Transition(s2,e3,s3);  

 

The default timing constraints are 0  as a lower bound and   as an upper bound. 

As a result of programming the Physarum machine, we obtain spatial configurations of 

stimuli presented in figure 2, (a) for the time instant 4= , (b) for the time instant 8= , 

where P  is Physarum, 
1

sA , 
2

sA , 
3

sA  are attractants, and R  is a repellent. It is easy to see 

that the event 3e  is allowed only if actual time ,10}{5,6,t . Therefore, in the model in 

figure 2 (a), a repellent, avoiding the transition between states 2s  and 3s  as a result of the 

event 3e , is present, i.e., it is activated.   

 

Figure 2. Spatial configurations of stimuli for the Physarum machine. 

 

 



 

In a real-life implementation of Physarum machines, attractants are sources of nutrients 

or pheromones, on which the plasmodium feeds whereas in case of repellents the fact that 

plasmodium of Physarum avoids light and some thermo- and salt-based conditions is used. 

Repellents can be activated or deactivated for proper time periods, especially in case of light. 

Modelling dynamically changed structures over time is important in some cases of ab-

stract machines used in non-classical computations. One of them is a Kolmogorov-Uspensky 

machine. In [1], there was shown that the plasmodium of Physarum polycephalum is a biolog-

ical substrate that implements a Kolmogorov-Uspensky machine (at the beginning called                 

a Kolmogorov complex) – a concept of an abstract machine defined on a dynamically chang-

ing graph-based structure outlined by A.N. Kolmogorov and V.A. Uspensky [5], [6]. The 

Kolmogorov-Uspensky machine is a process on a finite undirected connected graph with dis-

tinctly labelled nodes. A computational process travels on the graph, activates nodes and re-

moves and adds edges. There is only one active node at any step of development. 
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Abstract 
 

 

In the paper, we describe selected functionality of the current version of a new software 

tool, called PhysarumSoft, developed for programming Physarum machines and simulating 

Physarum games. The tool was designed for the Java platform. A Physarum machine is a bio-

logical computing device implemented in the plasmodium of Physarum polycephalum or 

Badhamia utricularis that are one-cell organisms able to build programmable complex net-

works. The plasmodial stage of such organisms is a natural transition system that can be used 

as a medium for solving different computational tasks as well as creating bio-inspired strategy 

games.  

 

 

Introduction 
  

 

A Physarum machine is a programmable amorphous biological computing device, ex-

perimentally implemented in the plasmodium of Physarum polycephalum, also called true 

slime mould [1]. Physarum polycephalum is a single cell organism belonging to the species of 

order Physarales. In the considered case, the term of Physarum machine covers, in general,                   

a hybrid device implemented in two plasmodia (cf. [2]), namely the plasmodium of Physarum 

polycephalum as well as the plasmodium of Badhamia utricularis. Badhamia utricularis is 

also the species of order Physarales. The plasmodium of Physarum polycephalum or Bad-

hamia utricularis, spread by networks, can be programmable. In propagating and foraging 

behavior of the  plasmodium, we can perform useful computational tasks. This ability was 

firstly discerned by T. Nakagaki et al. [3]. The Physarum machine comprises an amorphous 

yellowish mass with networks of protoplasmic veins, programmed by spatial configurations 

of attracting and repelling stimuli. When several attractants are scattered in the plasmodium 

range, the plasmodium looks for attractants, propagates protoplasmic veins towards them, 

feeds on them and goes on. Repellents play the role of elements blocking propagation of pro-

toplasmic veins. 



 

Solving computational tasks by means of Physarum machines is one of the main goals 

of the Physarum Chip Project: Growing Computers from Slime Mould [4] funded by the Sev-

enth Framework Programme (FP7). In this project, we are going to construct an unconven-

tional computer on programmable behaviour of Physarum polycephalum. 

To program computational tasks for Physarum machines, we are developing a new ob-

ject-oriented programming language [6], [9], [15], called a Physarum language. The 

Physarum language is a prototype-based language [3] consisting of inbuilt sets of prototypes 

corresponding to both the high-level models used for describing behaviour of Physarum poly-

cephalum (e.g., ladder diagrams, transition systems, timed transition systems, Petri nets) and 

the low-level model (distribution of stimuli). More information is given in section 12.1. 

Another task that can be performed in Physarum machine environments concerns bio-

inspired strategy games. Fundamental topics of the research area related to bio-inspired games 

on Physarum machines were earlier considered, for example in [2] and [9]. Simulating 

Physarum games is considered in section 12.2. 

To support reserach on programming Physarum machines and simulating Physarum 

games, we are developing a specialized software tool, called the Physarum software system, 

shortly PhysarumSoft. The tool was designed for the Java platform. In the paper, we describe 

selected functionality of the current version of PhysarumSoft. A general structure of this sys-

tem is shown in figure 1.  

 

Figure 1. A general structure of PhysarumSoft. 

 
 

We can distinguish three main parts of PhysarumSoft:   

• Physarum language compiler. The Physarum language is an object-oriented high-level 

programming language. For generating the compiler of the language, the Java Compiler 

Compiler (JavaCC) tool [10] was used. JavaCC is the most popular parser generator for 

use with Java applications. For the programming purpose, a compiler embodied in our 

tool translates the high-level code describing a model of the Physarum machine into the 

spatial distribution (configuration) of stimuli (attractants, repellents) controlling propaga-

tion of protoplasmic veins of the plasmodium. A grammar of our language was described 

in [9].  

• Module of programming Physarum machines described in section 12.1.  

• Module of simulating Physarum games described in section 12.2.  



 

The main features of PhysarumSoft are the following:   

• Portability. Thanks to the Java technology, the created tool can be run on various soft-

ware and hardware platforms. In the future, the tool will be adapted for platforms availa-

ble in mobile devices and as a service in the cloud.  

• User-friendly interface (see some screenshots shown in sections 2 and 3).  

• Modularity. The project of PhysarumSoft and its implementation covers modularity.                      

It makes the tool extend in the future eaisly.  

 

 

12.1. Programming Physarum machines 
  

 

To program Physarum machines (i.e., to set the spatial distribution (configuration) of 

stimuli (attractants, repellents) controlling propagation of protoplasmic veins of the plasmodi-

um), we are developing a new object-oriented programming language [6], [9], [15], called the 

Physarum language. Our language is based on the prototype-based approach (cf. [3]) that is 

less common than the class-based one, although, it has a great deal to offer. This approach is 

also called class-less or instance-based programming because prototype-based languages are 

based upon the idea that objects, representing individuals, can be created without reference to 

class-defining. In this approach, the objects, that are manipulated at runtime, are prototypes. 

In our language, there are inbuilt sets of prototypes corresponding to both the high-level mod-

els used for describing behaviour of Physarum polycephalum (e.g., ladder diagrams, transition 

systems, timed transition systems, Petri nets) and the low-level model (distribution of stimu-

li). According to the prototype-based approach, objects are created by means of a copy opera-

tion, called cloning, which is applied to a given prototype. Objects can be instantiated 

(cloned) via the keyword new using defined constructors. Different methods are used to ma-

nipulate features of the objects and create relationships between objects. 

In our approach, the starting point, in programming the behaviour of the Physarum ma-

chine, is a high-level model describing propagation of protoplasmic veins of Physarum. We 

have proposed several high-level models used in programming Physarum machines, i.e.:   

• ladder diagrams (see [17]),  

• transition systems ([6]) and timed transition systems (see [14]),  

• Petri nets (see [15]).  

 

In the remaining part of this section, we recall basic definitions concerning transition 

systems, timed transition systems and Petri nets. They are general purpose tools that can be 

used to model dynamic systems with distinguished states and transitions between states. Ap-

plication of ladder diagrams is restricted to modelling digital circuits. The recalled definitions 

are illustrated with some examples. 

Transition systems are a simple and powerful tool for explaining the operational behav-

iour of models of concurrency. Formally, a transition system is a quadruple ),,,(= ITESTS , 

cf. [14], where:   

• S  is the non-empty set of states,  



 

• E  is the set of events,  

• SEST   is the transition relation,  

• I  is the set of initial states.  

 

Usually transition systems are based on actions which may be viewed as labelled events. 

If Tses ),,( , then the idea is that TS  can go from s  to s  as a result of the event e  occur-

ring at s . Any transition system ),,,(= ITESTS  can be presented in the form of a labelled 

graph with nodes corresponding to states from S , edges representing the transition relation 

T , and labels of edges corresponding to events from E . 

The behaviour of Physarum machines is often dynamically changed in time. It is as-

sumed, in the transition systems mentioned earlier, that all events happen instantaneously. 

Therefore, in [14], we proposed to use another high-level model, based on timed transition 

systems [15]. In the timed transition systems, timing constraints restrict the times at which 

events may occur. The timing constraints are classified into two categories: lower-bound and 

upper-bound requirements. 

Let N  be a set of nonnegative integers. Formally, a timed transition system 

),,,,,(= ulITESTTS  consists of:   

• an underlying transition system ),,,(= ITESTS ,  

• a minimal delay function (a lower bound) NEl :  assigning a nonnegative integer to 

each event,  

• a maximal delay function (an upper bound) NEu :  assigning a nonnegative inte-

ger or infinity to each event.  

 

In Physarum machines, timing constraints can be implemented through activation and 

deactivation of stimuli (attractants and/or repellents). Each state corresponds to either an orig-

inal point of the plasmodium or an attractant. Especially, initial states of transition systems 

can be presented by original points, where protoplasmic veins originate from. Edges represent 

plasmodium transitions between attractants as well as the original points of the plasmodium. 

In case of transition system and timed transition system models, the main prototypes de-

fined in the Physarum language and their selected methods are collected in table 1. Main pro-

totypes, corresponding to transition system and timed transition system models, defined in the 

Physarum language, and their selected methods   

  

  Prototype   Selected methods  

 

  TS.State   setDescription, setAsInitial  

 TS.Event   setDescription, setTimingConstraints  

 TS.Transition    

  

Let us consider an exemplary timed transition system shown in figure 2. Formally, we 

have ),,,,,(= ulITESTTS , where:   

• 
},,,{= 4321 ssssS

,  



 

• 
},,{= 321 eeeE

,  

• 
)},,(),,,(),,,{(= 433322211 sessessesT

,  

• },{= 21 ssI ,  

• 
0=)(=)(=)( 321 elelel

,  

• and =)(=)( 21 eueu , 3=)( 3eu .  

 

 

Figure 2. An exemplary timed transition system TTS . 

 
 

Figure 3. The code for the model in the form of TTS . 

 
The code, for the model in the form of TTS , in the Physarum language written in the 

editor of the module of programming Physarum machines, is shown in figure 3. The result of 



 

compilation, i.e., the spatial distribution of stimuli (attractants, repellents) controlling propa-

gation of protoplasmic veins of the plasmodium, is shown in figure 4. 

One can see that:   

• Physarum _1Ph  represents initial state s1, attractants _1A , _2A , _3A  represent states s2, 

s4, s3, respectively.  

• Splitting the plasmodium at _1A  is supported by repellent _1R .  

• Repellent _2R  is placed next to attractant _2A  because timing constraints are set for 

event 3e .  

• For 3>t , _2R  must be activated to annihilate the vein of the plasmodium between         

_1A  and _2A .  

 

Figure 4. The result of compilation. 

 
 

Petri nets introduced by C.A. Petri [12] are a formal tool used to model discrete event 

systems. In [15], we proposed to use Petri nets with inhibitor arcs (cf. [3]) to model behaviour 

of Physarum polycephalum. The inhibitor arcs test the absence of tokens in a place and they 

can be used to disable transitions. This fact can model repellents in Physarum machines.                            

A transition can only fire if all its places connected through inhibitor arcs are empty (cf. [20]). 

Formally, a marked Petri net with inhibitor arcs is a five-tuple  

 
 ),,,,,(= mwArTrPlMPN  

 

where:   

• Pl  is the finite set of places (marked graphically with circles),  

• Tr  is the finite set of transitions (marked graphically with rectangles),  



 

• IO ArArAr =  such that )()( PlTrTrPlArO   is the set of ordinary arcs (marked 

graphically with arrows) from places to transitions and from transitions to places whereas 

TrPlArI   is the set of inhibitor arcs (marked graphically with lines ended with small 

circles) from places to transitions,  

• }{1,2,3,: Arw  is the weight function on the arcs,  

• }{0,1,2,: Plm  is the initial marking function on the places.  

 

In describing the Petri net behaviour, it is convenient to use for any Trt :   

• }),(:{=)( OO ArtpPlptI   – a set of input places connected through ordinary arcs to 

the transition t ,  

• }),(:{=)( II ArtpPlptI   – a set of input places connected through inhibitor arcs to the 

transition t ,  

• }),(:{=)( OArptPlptO   – a set of output places connected through ordinary arcs 

from the transition t .  

 

In the proposed approach, we have additionally assumed the following limits for the Pe-

tri net:   

• 1=)(aw  for each Ara ,  

• 1)( pm  for each Plp  (the capacity limit).  

 

If 1=)( pm , then a token (i.e., a black dot) is drawn in the graphical representation of 

the place p . Assuming limits as the ones above, a transition Trt  is said to be enabled if 

and only if 1=)( pm  for all )(tIp O , i.e., the token is present in all input places p  connect-

ed with the transition t  through the ordinary arcs, and 0=)( pm  for all )(tIp I , i.e., the 

token is absent in all input places p  connected with the transition t  through the inhibitor 

arcs, and 0=)( pm  for all )(tOp , i.e., the token is absent in all output places p  of the 

transition t . If the transition t  is enabled, we say that it can fire. A new marking function 

}{0,1,2,:  Plm  defines the next state of the Petri net after firing the transition t :  
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It is worth noting that in all figures including Petri net models, to simplify them, we 

have used bidirectional arcs between input places and transitions instead of arcs from input 

places to transitions and from transitions to input places. A bidirectional arc causes that the 

token is not consumed (removed) from the input place after firing a transition. This fact has               

a natural justification, i.e., firing a transition does not cause deactivation of the attractants and 



 

disappearance of the plasmodium from the original point. The plasmodium grows to build                

a dendritic network of veins. 

In the proposed Petri net models of Physarum machines, we can distinguish three kinds 

of places:   

 

• Places representing Physarum polycephalum.  

• Places representing control stimuli (repellents).  

• Places representing output stimuli (attractants).  

 

In the Physarum language, the kind of a place is determined by the role played by it. 

For each kind of places, we adopt different meaning (interpretation) of tokens. The 

meaning of tokens in places representing Physarum polycephalum is natural, i.e., the token in 

a given place corresponds to the presence of the plasmodium of Physarum polycephalum in 

an original point, where it starts to grow. The meaning of tokens in places representing control 

stimuli is shown in table 2, whereas the meaning of tokens in places representing output stim-

uli is shown in table 3. In case of control stimuli, we are interested in whether a given stimu-

lus is activated or not. In case of output stimuli (attractants), we are interested in whether                  

a given attractant is occupied by the plasmodium of Physarum polycephalum. Transitions in 

Petri net models represent the flow (propagation) of the plasmodium from the original points 

to attractants as well as between attractants. 

 

Table 2. The meaning of tokens in places representing control stimuli. 

Token  Meaning  

 

Present Stimulus activated 

Absent Stimulus deactivated 

  

Table 3. The meaning of tokens in places representing output stimuli.    

Token  Meaning  

 

Present Stimulus occupied by plasmodium 

of Physarum polycephalum 

Absent Stimulus not occupied by plasmodium 

of Physarum polycephalum 

  

 

 In case of Petri net models, the main prototypes defined in the Physarum language and 

their selected methods are collected in table 4. Main prototypes, corresponding to Petri net 

models, defined in the Physarum language, and their selected methods.   

  

Prototype  Selected methods  

 

 PN.Place  setDescription, setRole  

PN.Transition  setDescription  

PN.Arc  setAsInhibitor, setAsBidirectional  

  

 



 

Let us consider an exemplary Petri net shown in figure 5. Formally, we have 

),,,,(= mwArTrPlMPN , where:   

• 
},,,{= 4321 PPPPPl

,  

• },{= 21 TTTr ,  

• IO ArArAr = , such that   

- OAr  =  ),,{( 11 TP  ),,( 21 PT  ),,( 22 TP  ),,( 32 PT  )},( 42 PT ,  

- and =IAr ,  

• 1=)(aw  for all Ara ,  

• and 0=)( pm  for each Plp ,  

 

Figure 5. An exemplary Petri net MPN . 

 
 

The code, for the model in the form of MPN , in the Physarum language written in the 

editor of the module of programming Physarum machines, is shown in figure 6.  

 

Figure 6. The code for the model in the form of MPN . 

 



 

The result of compilation is shown in figure 7.  

 

Figure 7. The code for the model in the form of MPN . 

 
 

 

One can see that Physarum _1Ph  represents place P1, attractants _1A , _2A , _3A  repre-

sent places P2, P4, P3, respectively. Splitting the plasmodium at _2A  is supported by repellent 

_1R . 

In [9], we showed how to use high-level models (transition systems and Petri nets) to 

describe four basic forms of Physarum motions:   

• direct - direction, i.e., a movement from one point, where the plasmodium is located, to-

wards another point, where there is a neighbouring attractant,  

• fuse - fusion of two plasmodia at the point, where they meet the same attractant,  

• split - splitting the plasmodium from one active point into two active points, where two 

neighbouring attractants with a similar power of intensity are located,  

• repel - repelling of the plasmodium or inaction.  

 

 It is worth noting that four basic forms are fundamental components used to build or 

describe more complex systems. 

 

 

 

 

 

 

 

 



 

12.2. Simulating Physarum games 
  

 

In [2], we showed that the slime mould (Physarum polycephalum) is a natural transition 

system which can be considered a biological model for strategic games. General assumptions 

for such games were presented both in [2] and [9]. They are based on the experiments per-

formed by A. Adamatsky and M. Grube. If there are only two agents of the plasmodium 

game, where the first agent is presented by a usual Physarum polycephalum plasmodium and 

the second agent by its modification, a Badhamia utricularis plasmodium, then both start to 

compete with each other. 

To simulate games on Physarum machines, we are developing a special module of 

PhysarumSoft called the Physarum game simulator. This module works under the client-

server paradigm. A general structure of the Physarum game simulator is shown in figure 8.  

 

Figure 8. A general structure of the Physarum game simulator. 

 

 
 

The server-side application of the Physarum game simulator is called PGServer.                        

The main window of PGServer is shown in figure 9. In this window, the user can:   

• select the port number on which the server listens for connections,  

• start and stop the server,  

• set the game strategy:   

- strategy by stimulus placement,  

- strategy by stimulus activation,  

• shadow information about actions undertaken.  

 

 

 

 

 

 

 

 



 

Figure 9. The main window of PGServer. 

 
 

 

The client-side application of the Physarum game simulator is called PGClient. The 

main window of PGClient is shown in figures 10 and 11. In this window, the user can:   

• set the server IP address and its port number,  

• start the participation in the game,  

• manipulate stimuli (place or activate them) during the game,  

• monitor the current result.  

 

In the Physarum game simulator, we have two players:   

• the first one plays for the Physarum polycephalum plasmodia,  

• the second one plays for the Badhamia utricularis plasmodia.  

 

Locations of the original points of both plasmodia are randomly generated. The players 

can control motions of plasmodia via attracting or repelling stimuli. There are two strategies 

which can be defined for the game:   

• Locations of attractants and repellents are a priori generated in a random way. During the 

game, each player can activate one stimulus (attractant or repellent) at each step.  

• Locations of attractants and repellents are determined by the players during the game.  

 

At each step, each player can put one stimulus (attractant or repellent) at any location and this 

stimulus becomes automatically activated.  

The client-side main window for the first strategy (locations of attractants and repellents 

are a priori generated in a random way) is shown in figure 12. At the beginning, the original 

points of Physarum polycephalum and Badhamia utricularis, as well as stimuli, are scattered 

randomly on the plane. The window after several player's movements is shown in figure 13.  

 

 

 



 

Figure 10. The main window of PGClient for the first strategy. 

 
 

 

Figure 11. The main window of PGClient for the first strategy after several player's movements. 

 
 

 

A box labelled by P  represents an original point of Physarum polycephalum. A box la-

belled by B  represents an original point of Badhamia utricularis. A single circle denotes an 

attractant whereas a double circle denotes repellent. Different background colors of stimuli 

differentiate between players. 

The client-side main window for the second strategy (locations of attractants and repel-

lents are determined by the players during the game) is shown in figure 12. At the beginning, 

the original points of Physarum polycephalum and Badhamia utricularis are scattered ran-



 

domly on the plane. During the game, players can place stimuli. New veins of plasmodia are 

created. The window after several player's movements is shown in figure 13.  

 

Figure 12. The main window of PGClient for the second strategy. 

 
 

 

Figure 13. The main window of PGClient for the second strategy after several player's movements. 

 
 

 

 

 



 

Communication between clients and the server is realized through text messages con-

taining statements of the Physarum language. The exemplary code responsible for creation of 

stimuli has the form: 

 

p1_a1=new Attractant(195,224,1);  

p1_a2=new Attractant(541,310,1);  

p1_a1=new Attractant(580,92,2);  

p2_r1=new Repellent(452,130,2);  

p2_r1=new Repellent(659,327,1);  

  

The first two parameters of stimulus constructors determine the location whereas the 

last parameter is the player's ID. 

The server sends to clients information about the current configuration of the Physarum 

machine (localization of the original points of Physarum polycephalum and Badhamia utricu-

laris, localization of stimuli, as well as a list of edges, corresponding to veins of plasmodia, 

between active points) through the XML file. The exemplary XML file has the form:   

 

<?xml version="1.0" encoding="UTF-8" standalone="no"?>  

<network>  

<elements>  

<element id="0" player="0" type="0" x="96" y="310"/>  

<element id="1" player="0" type="0" x="766" y="178"/>  

<element id="2" player="0" type="0" x="566" y="248"/>  

<element id="3" player="0" type="3" x="550" y="53"/>  

<element id="4" player="0" type="3" x="374" y="534"/>  

<element id="5" player="0" type="3" x="746" y="217"/>  

<element id="6" player="1" type="1" x="195" y="224"/>  

<element id="7" player="1" type="1" x="541" y="310"/>  

<element id="8" player="2" type="1" x="580" y="92"/>  

<element id="9" player="2" type="2" x="452" y="130"/>  

<element id="10" player="1" type="2" x="659" y="327"/>  

</elements>  

<veins>  

<vein createdBy="0" firstNodeID="2" secondNodeID="7"/>  

<vein createdBy="3" firstNodeID="3" secondNodeID="8"/>  

</veins>  

</network>  

  

The attribute “player” equal to 0 means that elements are created by the system, in this 

case, the original points of plasmodia (Physarum polycephalum or Badhamia utricularis). 

As payoffs for the created bio-inspired games on Physarum machines, we may define                            

a variety of tasks, including simple ones like achieving as many attractants as possible, occu-

pied by plasmodia of organisms for which we play or constructing the longest path consisting 

of attractants occupied by plasmodia. Determining different payoffs for Physarum games ap-

pears to be an interesting field of research due to a huge number of different methodologies 

and paradigms which can be applied. 

The activated attractant *A  causes that the plasmodia propagate protoplasmic veins to-

wards it and feed on it. It means that new transitions are created between the current active 



 

points of plasmodia and a new one on the attractant *A . Propagating protoplasmic veins is 

possible if the current active points are located in the region of influence (ROI) of *A . It 

means that a proper neighborhood of *A  is taken into consideration. From that moment, the 

activated attractant *A  is occupied by plasmodia. It is worth noting that, as the experiments 

showed, the attractant occupied by the plasmodium of Physarum polycephalum cannot be 

simultaneously occupied by the plasmodium of Badhamia utricularis and vice versa. Moreo-

ver, the Physarum polycephalum plasmodium grows faster and could grow into branches of 

Badhamia utricularis, while the Badhamia utricularis plasmodium could grow over 

Physarum polycephalum veins. 

The activated repellent *R  can change the direction of plasmodium motions or can 

avoid propagating plasmodium protoplasmic veins towards activated attractants. Such influ-

ences are possible if plasmodia are in the region of influence (ROI) of *R . 

The control capabilities presented above enable the players to choose, at each step, one 

of the possible tactics:   

 

• The attractant or repellent activated by the player can help propagation of his/her plasmo-

dia (of either Physarum polycephalum or Badhamia utricularis).  

• The attractant or repellent activated by the player can disturb propagation of the second 

player's plasmodia.  

 

The second possibility is worth considering if we adopt the payoff approximations 

based on the rough set model described in [19]. It will be the main direction of further inves-

tigations. During the game, the players can switch between two possible tactics according to 

the current game configuration. At the end of the game, we determine who wins. 

 

 

12.3. Conclusions and further work 
  

 

In the paper, we have described selected functionality of the current version of a new 

software tool called PhysarumSoft. This tool is intended for programming Physarum ma-

chines and simulating Physarum games. For over the last two years, we have designed a new 

object-oriented programming language, called the Physarum language, that constitutes the 

basis for modelling behaviour of Physarum maachines. This language is used in Physarum-

Soft. In the nearest future, we plan to extend PhysarumSoft to other high-level models, e.g., 

 -calculus and cellular automata. Moreover, we are developing a new model, based on 

rough sets [10], to approximate payoffs of strategy games created on Physarum machines. 
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Abstract 
 

 

In the paper, we show that biological substrate in the form of Physarum polycephalum 

can be used to simulate simple rule-based systems. To extort a proper behavior from the sub-

strate, appropriate distribution of stimuli (attractants and/or repellents) is required. To model 

behavior of the substrate and then program Physarum machine (a biological computing device 

experimentally implemented in the plasmodium of Physarum polycephalum), we propose to 

use Petri net models that can be treated as a high-level description. Petri net models enable us 

to reflect propagation of protoplasmic veins of the plasmodium in consecutive time instants 

(step by step). 

 

 

13.1. Models of simple rule-based systems 
 

 

 There are various knowledge representation methods (cf. [4]) that have been developed 

to make real-world knowledge suitable for being processed by computers. One of the most 

popular knowledge representation systems are the rule-based ones. Rules can be easily inter-

preted by humans. Formally, rules can be presented in the framework of propositional logics. 

Propositional logics is concerned with the study of propositions, whether they are true or 

false. Propositions are formed by other propositions with the use of logical connectives.                  

A production rule in rule-based systems is a rule which describes the relation between two 

propositions  id  and jd , i.e., a production rule points out to us an antecedent-consequence 

relationship from proposition id  to proposition jd , where ji dd  . The general formulation 

of a production rule has the form ji dTHENdIF , , where id  and jd  are propositions that can 

be evaluated as true or false with respect to any circumstance. If the antecedent part or conse-

quence part of a production rule contains AND or OR connectives, then it is called a compo-

site production rule. Four types of the composite production rules can be distinguished [8]:   



 

• Type 1: IF 
1
id  AND 

2
id  AND  AND 

k
id , THEN jd .  

• Type 2: IF id , THEN 
1
jd  AND 

2
jd  AND  AND 

k
jd .  

• Type 3: IF 
1
id  OR 

2
id  OR  OR 

k
id , THEN jd .  

• Type 4: IF id , THEN 
1
jd  OR 

2
jd  OR  OR 

k
jd .  

 

Further, we will take into consideration types of rules 1 and 3, only. 

Unconventional computing becomes an interdisciplinary field of science, where com-

puter scientists, physicists and mathematicians apply principles of information processing in 

natural systems to design novel computing devices and architectures. In Physarum Chip Pro-

ject: Growing Computers from Slime Mould [2] supported by FP7, we are going to implement 

programmable amorphous biological computers in plasmodium of Physarum polycephalum. 

Physarum polycephalum is a one-cell organism manifesting some primitive intelligence in its 

propagating and foraging behavior (cf. [9]). A biological computing device implemented in 

the plasmodium of Physarum polycephalum is said to be a Physarum machine. A comprehen-

sive information on Physarum machines can be found in [1]. The Physarum machine com-

prises an amorphous yellowish mass with networks of protoplasmic veins, programmed by 

spatial configurations of attracting and repelling stimuli. 

To program Physarum machines, i.e., to set the spatial distribution of stimuli, we are 

designing a new object-oriented programming language [6], [9], [15], called the Physarum 

language. Moreover, to support research on programming Physarum machines, we are devel-

oping a specialized software tool, called the Physarum software system, shortly PhysarumSoft 

(see [13]). Our language is based on the prototype-based approach (cf. [3]). According to this 

approach, there are inbuilt sets of prototypes, implemented in the language, that correspond to 

both the high-level models used for describing behaviour of Physarum polycephalum (e.g., 

ladder diagrams, transition systems, timed transition systems, Petri nets) and the low-level 

model (distribution of stimuli). In [15], we proposed to use Petri nets with inhibitor arcs (cf. 

[3]) as one of the high-level models to describe behaviour of Physarum polycephalum. The 

inhibitor arcs test the absence of tokens in a place and they can be used to disable transitions. 

This fact can model repellents in Physarum machines. A transition can only fire if all its plac-

es connected through inhibitor arcs are empty (cf. [20]). Each high-level model (including                

a Petri net one) is translated into the low-level language, i.e., spatial distribution of stimuli 

(attractants and/or repellents). Such distribution can be treated as a program for the Physarum 

machine. 

In the literature, one can find a lot of approaches using Petri nets as models of rule-

based systems (e.g., [5], [7], [18], [19]). First of all, structures of Petri nets reflect structures 

of rule-based systems. Various options of structures have been considered, according to re-

spective approaches. Moreover, the proposed approaches differ in the dynamics that models 

reasoning processes. In our research, we propose another approach in order to reflect dynam-

ics of Physarum machines, i.e., propagation of protoplasmic veins of the plasmodium accord-

ing to activation/deactivation of stimuli. In the proposed Petri net models of Physarum ma-

chines, we can distinguish several kinds of places:   



 

• Places representing Physarum polycephalum.  

• Places representing control stimuli (attractants or repellents) corresponding to proposi-

tions in antecedent parts of rules.  

• Places representing auxiliary stimuli (attractants) corresponding to partial results of eval-

uation of logical expressions in antecedent parts of composite production rules.  

• Places representing output stimuli (attractants) corresponding to propositions in conse-

quence parts of rules.  

 

For each kind of places, we adopt different meaning (interpretation) of tokens (see, for 

example, tables 1, 2 and 3 for places representing control stimuli and places representing out-

put stimuli, respectively). Each token corresponds to proper evaluation of the proposition ac-

cording to the role played by a given stimulus.  

 

Table 1. The meaning of tokens in places representing control stimuli. 

Token  Meaning  Evaluation of proposition 

 

Present Stimulus activated true (for attractants),  

false (for repellents) 

Absent Stimulus deactivated false  (for attractants), 

true (for repellents) 

  

 Table 2. The meaning of tokens in places representing auxiliary stimuli.  

Token  Meaning   Partial evaluation of expression 

  

Present  Stimulus occupied by 

plasmodium  

 true 

Absent   Stimulus not occupied by 

plasmodium  

false
  

  

Table 3. The meaning of tokens in places representing output stimuli.  

  Token   Meaning   Evaluation of proposition  

 

  Present   Stimulus occupied by 

plasmodium  

 true  

 Absent   Stimulus not occupied 

by plasmodium  

false
  

 

  

 In our models of simple rule-based systems, we have implemented an idea of flowing 

power used in ladder diagrams to model digital circuits. The same idea was used by us to con-

struct logic gates through the proper geometrical distribution of stimuli in Physarum machines 

(see [17]). Flowing power is replaced with propagation of plasmodium of Physarum poly-

cephalum. Therefore, in each Petri net model of a rule, a place representing Physarum poly-

cephalum is present. Petri net models are a useful tool to reflect dynamics of Physarum ma-

chines, i.e., propagation of protoplasmic veins of the plasmodium in consecutive time instants. 

Tokens present in places representing output stimuli show which attractants of Physarum ma-

chines are occupied by the plasmodium at given time instants. 



 

In general, we can distinguish two techniques to control behavior of Physarum poly-

cephalum: repellent-based and attractant-based [1]. Attractants are sources of nutrients or 

pheromones, on which the plasmodium feeds. In case of repellents, the fact that plasmodium 

of Physarum avoids light and some thermo- and salt-based conditions is used. These possibili-

ties are reflected in the cretaed Petri net models. Technically, the second approach is easier to 

implement. In case of repellent-based control approach, Petri net models of production rules 

of type 1 and 3 have the form as in figures 1 and 2, respectively.   

 

Figure 1. A Petri net model of a rule of type 1: the repellent-based control approach. 

 
 

 

Figure 2.  A Petri net model of a rule of type 3: the repellent-based control approach. 

 
 

 

In these models, the places 1diR , 2diR , ..., 3diR  correspond to propositions in the ante-

cedent parts of the rules. The relationship between meaning of tokens and evaluation of prop-

ositions is shown in table 1. These places are translated into repellents in the low-level model 



 

(distribution of stimuli). The places 
1A , 

2A , ..., 1kA  correspond to auxiliary stimuli. The rela-

tionship between the meaning of tokens and the evaluation of propositions is shown in table 2. 

The place djA  correspond to the output stimulus. The relationship between meaning of tokens 

and evaluation of propositions is shown in table 3. It is easy to see that, in case of type 1 of 

production rules, the token is present in djA  (the proposition in the consequence part is true), if 

all places 1diR , 2diR , ..., 3diR  do not hold tokens (the propositions in the antecedent part are 

true). In case of type 3 of production rules, the token is present in djA  (the proposition in the 

consequence part is true), if at least one of the places 1diR , 2diR , ..., 3diR  does not hold a to-

ken (at least one of the propositions in the antecedent part is true). The structures of Physarum 

machines for production rules of type 1 and 3 are shown in figure 3 (a) and (b), respectively. 

Distributions of stimuli can be treated as programs for these machines.   

 

Figure 3. The structure of the Physarum machine for: (a) a production rule of type 1, (b) a production rule of 

type 3. 

(a)  (b)  

 

 

In the further research, we will consider more complex rule-based systems. However, 

we are aware of the topological constraints if the Physarum machine is implemented in the 

two-dimensional space (e.g., on the Petri dish). In this case, propagation of protoplasmic veins 

forming a planar graph is admissible only. 

Another challenging problem is to use Physarum machines in the process of optimiza-

tion of rule-based systems. Physarum polycephalum is originally famous as a computing bio-

logical substrate due to its alleged ability to approximate shortest path from its inoculation site 

to   a source of nutrients (cf. [1]). 
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Go Games on Plasmodia of Physarum 

Polycephalum 
 

 

Andrew Schumann 

 

 

Abstract 

 

 

We simulate the motions of Physarum polycephalum plasmodium by the game of  Go, 

the board game originated in ancient China more than 2,500 years ago. Then we concentrate 

just on Go games, where locations of black and white stones simulate syllogistic reasoning, in 

particular reasoning of Aristotelian syllogistic and reasoning of performative syllogistic. For 

the first kind of reasoning we need a special form of coalition games. For the second kind of 

reasoning we appeal to usual antagonistic games. 

 

 

Introduction 
 

 

In the Physarum Chip Project: Growing Computers From Slime Mould [1] we are 

working on designing a biological computer, where logic circuits are represented by pro-

grammable behaviors of Physarum polycephalum plasmodium, the one-cell organism that 

behaves according to different chemical stimuli called attractants and repellents and propa-

gates networks connecting all reachable food attractants [2], [12]. The behavior of plasmodia 

is very sensitive and intelligent [4], [5], [6], [7], [8], [15], [17], [18], [19]. This behavior can 

be represented as a bio-inspired game theory on plasmodia [14], i.e. an experimental game 

theory, where, on the one hand, all basic definitions are verified in the experiments with 

Physarum polycephalum and Badhamia utricularis and, on the other hand, all basic algo-

rithms are implemented in the object-oriented language for simulations of plasmodia [13]. 

We show that the slime mold can be a model for concurrent games and context-based 

games defined in [11]. In context-based games, players can move concurrently as well as in 

concurrent games, but the set of actions is ever infinite. In our experiments, we follow the 

following interpretations of basic entities: (1) attractants as payoffs; (2) attractants occupied 

by the plasmodium as states of the game; (3) active zones of plasmodium as players; (4) logic 

gates for behaviors as moves (available actions) for the players; (5) propagation of the plas-

modium as the transition table which associates, with a given set of states and a given move 

of the players, the set of states resulting from that move. 



 

In this game theory we can demonstrate creativity of primitive biological substrates of 

plasmodia. The point is that plasmodia do not strictly follow spatial algorithms like Kolmogo-

rov-Uspensky machines, but perform many additional actions. So, the plasmodium behavior 

can be formalized within strong extensions of spatial algorithms, e.g. within concurrent games 

or context-based games [11]. 

In this paper we show how we can represent the plasmodium behavior as a Go game. It 

is board game with two players (called Black and White) who alternately place black and 

white stones, accordingly, on the vacant intersections (called points) of a board with a 19x19 

grid of lines. Black moves first. Stones are placed until they reach a point where stones of 

another color are located. There are the following two basic rules of the game: (1) each stone 

must have at least one open point (called liberty) directly next to it (up, down, left, or right), 

or must be part of a connected group that has at least one such open point; stones which lose 

their last liberty are removed from the board; (2) the stones must never repeat a previous posi-

tion of stones. The aim of the game is in surrounding more empty points by player’s stones. 

At the end of game, the number of empty points player's stones surround are counted, together 

with the number of stones the player captured. This number determines who the winner is. 

The Go game originated in ancient China more than 2,500 years ago and it is very popular till 

now.  

We can consider the game of Go as a model of plasmodium motions. In this view the 

black stones are considered attractants occupied by the plasmodium and the white stones are 

regarded as repellents. By this interpretation, we have two players, also: Black (this player 

places attractants) and White (this player places repellents). The winner is determined by the 

number of empty points player's stones surround.  

Notice that the number of possible Go games is too large, 10761. Therefore it is better to 

focus just on games, where locations of black and white stones simulate spatial reasoning. In 

this paper we propose two logics in the universe of possible Go games: (1) Aristotelian syllo-

gistic [3]; (2) performative syllogistic [9], [10]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

14.1. Classical game of Go on plasmodia of Physarum                          

polycephalum 
 

 

The plasmodium of Physarum polycephalum moves to attractants to connect them and 

in the meanwhile it avoids places, where repellents are located. The radius, where chemical 

signals from attractants (repellents) can be detected by the plasmodium to attract (repel) the 

latter, determines the structure of natural Voronoi cells, where each Voronoi cell is a place, 

where   a chemical signal holds (see Fig. 1).  

 

Figure 1. The six Voronoi cells in accordance with the four attractants denoted by the black stones and with 

the two repellents denoted by the white stones. The plasmodium located in the center of the picture connects 

the three attractants by the three protoplasmic tubes. It cannot see the fourth attractant because of the two repel-

lents  

 

 
 

For the plasodium of fig. 1 we have just the four neighbor cells. Notably that in Go 

games at each point we have only four neighbors everywhere. So, we can design the space for 

plasmodia in the way to have just four neighbors at each point. So, the cells of a Go game 

board are considered Voronoi cells with the same radius of intensity and power of attractants 

and repellents located in these cells. We associate black stones with attractants occupied by 

plasmodia and white stones with repellents. For the sake of convenience and more analogy 

with Voronoi cells, let us consider cells (not intersections of lines) as points for stone loca-

tions (see Fig. 2). Then we can use all rules of Go games to simulate plasmodium motions. 

Thus, our Go game is represented in the universe of 18x18 Voronoi cells (see Fig. 2). 

 

 

https://en.wikipedia.org/wiki/Go_(game)#boards


 

14.2. Aristotelian Go game on plasmodia 
 

 

Let us assume that the game of Go is a coalitional game with two players who choose 

only strategies to place black and white stones so that their locations can be interpreted as                         

a spatial Aristotelian syllogistic reasoning.  

 

Figure 2. The Go game board with two white stones designating repellents and four black stones designating 

attractants.   

 
 

Let us recall that the axiomatization of the Aristotelian syllogistic was laid first                         

by Łukasiewicz [3]. In his axiomatization, the alphabet consists of the syllogistic letters                     

S, P, M, …, the syllogistic connectives a, e, i, o, and the propositional connectives                                 

 ,  ,  ,  . Atomic propositions are defined as follows: SxP, where x{a, e, i, o}. All 

other propositions are defined in the following way: (i) each atomic proposition is a proposi-

tion,              (ii) if X, Y are propositions, then X, Y, Xå Y, where },,{ å , are proposi-

tions, also. The axioms proposed by Łukasiewicz are as follows:  

  

 ));ii()i((:= PsASsAASsAASaP   (1) 

  

        );ii(:= PsASsAASiP   (2) 

  

                    );(:= SiPSeP   (3) 

                   );(:= SaPSoP   (4) 

  

                          ;SaS  (5) 

                            ;SiS  (6) 



 

  

             ;)( SaPSaMMaP   (7) 

  

            .)( SiPMiSMaP   (8) 

 

In the Go implementation of Aristotelian syllogistic, the syllogistic letters                                     

S, P, M, … are interpreted as single cells of the board with the 18x18 Voronoi cells. The letter 

S is understood as empty if and only if the white stone is located on an appropriate cell denot-

ed by S. Let us recall that in our plasmodium interpretation of Go games white stones mean 

ever repellents so that their location in a Voronoi cell means that this cell cannot be occupied 

by plasmodia. This letter S is treated as non-empty if and only if the black stone is located on 

an appropriate cell denoted by S. Recall that black stones mean ever attractants so that their 

location in a Voronoi cell means that this cell is occupied by plasmodia. If a cell does not con-

tain any stone, this means that this cell is out of the game. 

Hence, in the Physarum interpretation of this Go game, the non-empty syllogistic letters 

S, P, M, …, i.e. the cells denoted by S, P, M, … containing black stones are considered at-

tractants and the empty syllogistic letters S, P, M, …, i.e. the cells denoted by S, P, M, … con-

taining white stones are considered repellents. So, a data point S is regarded as non-empty if 

and only if an appropriate attractant located in S is occupied by plasmodium. This data point  

S is regarded as empty if and only if an appropriate repellent located in S repell plasmodium.  

Thus, in the Aristotelian version of the Go game we have syllogistic strings of the form 

SP with the following interpretation: ‘S is P’, and with the following meaning: SP is true if 

and only if S and P are neighbors and both S and P are not empty, otherwise SP is false. We 

can extend this meaning as follows: SP is true if and only if S and P are not empty and there is                       

a line of non-empty cells between points S and P, otherwise SP is false.  By the definition of 

true syllogistic strings, we can define atomic syllogistic propositions as follows: 

SaP 

In the formal syllogistic: there exists A such that A is S and for any A, if A is S, then A is 

P. In the Go game model: there is a cell A containing the black stone and for any A, if AS is 

true, then AP is true. In the Physarum model: there is a plasmodium in the cell A and for any  

A, if AS is true, then AP is true.  

SiP 

In the formal syllogistic: there exists A such that both AS is true and AP is true. In the 

Go game model: there exists a cell A containing the black stone such that AS is true and AP is 

true. In the Physarum model: there exists a plasmodium in the cell A such that AS is true and 

AP is true.  

SeP 

In the formal syllogistic: for all A, AS is false or AP is false. In the Go game model: for 

all cells A containing the black stones, AS is false or AP is false. In the Physarum model: for 

all plasmodia A, AS is false or AP is false.  

SoP 

In the formal syllogistic: for any A, AS is false or there exists A such that AS is true and 

AP is false. In the Go game model: for all cells A containing the black stones, AS is false or 



 

there exists A such that AS is true and AP is false. In the Physarum model: for any plasmodia 

A, AS is false or there exists A such that AS is true and AP is false. 

 

Formally, this semantics is defined as follows. Let M be a set of attractants. Take a sub-

set |X|  M of cells containing the black stones (i.e. of cells containing attractants and occu-

pied by the plasmodium) as a meaning for each syllogistic variable X. Next, define an order-

ing relation  on subsets |S|, |P|  M as: |S|  |P| iff all attractants from |P| are reachable for 

the plasmodium located at the attractants from |S|, i.e. iff for all cells of |S| with black stones 

there are lines of black stones connecting them to cells of |P| also containing black stones. 

Hence, |S|  |P|   means that some attractants from |P| are reachable for the plasmodium 

located at the attractants from |S| and |S|  |P| =  means that no attractants from |P| are 

reachable for the plasmodium located at the attractants from |S|. In the Go game model |S|  

|P|   means that some cells from |P| occupied by the black stones are connected by the lines 

of black stones with the cells from |S| occupied by the black stones and |S|  |P| =  means 

that there are no lines of black stones from the cells of |P| to the cells of |S|. 

This gives rise to models  ,= MM  such that   

    SaPM  iff |S|  |P|;  

    SiPM  iff |S|  |P|  ;  

    SePM  iff |S|  |P| = ;  

    qp M  iff pM  and qM ;  

    qp M  iff pM  or qM ;  

    pM  iff it is false that pM .  

 

Proposition 1. The Aristotelian syllogistic is sound and complete relatively to M  if we 

understand   as an inclusion relation (it is a well-known result [16]).   

 

However, relatively to all possible Go games (plasmodium behaviors) the Aristotelian 

syllogistic is not complete. Indeed, the relation   can have the following verification on the 

Aristotelian Go game model on plasmodia according to our definitions: |S|  |P| and  |S|  |P'|, 

where |P|  |P'| = , i.e. all attractants from |P| are reachable for the plasmodium located at 

the attractants from |S| and all attractants from |P'| are reachable for the plasmodium located at 

the attractants from |S|, but between |P| and |P'| there are no paths. In this case   is not an 

inclusion relation and proposition 1 does not hold. Hence, we need repellents to make   the 

inclusion relations in all cases. Therefore, to obtain the Aristotelian Go game model on plas-

modia we shall deal with the coalitional game, where two players will cooperate to build spa-

tial reasoning satisfying the rules of Aristotelian syllogistic. The first player places black 

stones to designate places of growing plasmodia. The second player places white stones to 

designate places of repelling plasmodia. So, both players follow coalitional strategies to simu-

late Aristotelian syllogistic reasoning.  



 

Figure 3. The Aristotelian Go game diagrams for the basic existence strings. 

         
 

 

14.2.1. Coalition Go game for verifying Aristotelian reasoning 

 

 

In the Aristotelian Go game model for verifying all the basic syllogistic propositions, 

we will use the following four cells: x, y, x', y' of the game board with the 19x19 grid of lines, 

where x' means all cells which differ from x, but they are neighbors for y, and y' means all 

cells which differ from y and are neighbors for x. These cells express appropriate meanings of 

syllogistic letters. The corresponding universe of discourse will be denoted by means of the 

following diagram: 

 x y' 

y x' 

  

Assume that a black stone denotes an attractant and if it is placed within a cell x, this 

means that “this Voronoi cell contains an attractant Nx activated and occupied by the plasmo-

dium”. It is a verification of the syllogistic letter Sx at cell x of the board. A white stone de-

notes a repellent and if it is placed within a cell x, this means that “this Voronoi cell contains  

a repellent Rx activated and there is no plasmodium in it”. It is a verification of a new syllo-

gistic letter [Sx]. For the sake of convenience, we will denote Sx by x and [Sx] by [x]. Using 

these stones, we can verify all the basic existence syllogistic propositions (see Fig. 3). 

Aristotelian Go game strings of the form xy, yx are interpreted as particular affirmative 

propositions “Some x are y” and “Some y are x” respectively, strings of the form [xy], [yx], 

x[y], y[x] are interpreted as universal negative propositions “No x are y” and “No y are x”.            

A universal affirmative proposition “All x are y” are presented by a complex string ][& yxxy 

. The sign & means that we have strings xy and x[y'] simultaneously and they are considered 



 

the one complex string. All these strings are verified on the basis of the diagrams of Fig. 4. 

So, we use only black stones for building particular propositions, only white stones for build-

ing universal negative propositions, and we combine black and white stones for building uni-

versal affirmative propositions. Consequently, we need a cooperation of two players to im-

plement a spatial version of Aristotelian syllogistic within coalition Go games. 

For verifying syllogisms we will use the following diagrams symbolizing some neigh-

bor cells: 

 m m'  

m' x y' m 

m y x' m' 

 m' m  

  

The motion of plasmodium starts from one of the central cells (x, y, x', y') and goes to-

wards one of the four directions (northwest, southwest, northeast, southeast). The syllogism 

shows a connection between two not-neighbor cells on the basis of its joint neighbor and says 

if there was either multiplication or fusion of plasmodia (i.e. either splitting or fusion of the 

lines of black stones). As a syllogistic conclusion, we obtain another diagram:  

 

x m' 

m x' 

Different syllogistic conclusions derived show directions of plasmodium's propagation. 

Some examples are provided in fig. 5 – 7. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 4. The Aristotelian Go game  diagrams for syllogistic propositions.   

 
 

 

 

 



 

Figure 5. The Aristotelian Go game diagrams for syllogisms (part 1). 

 
 



 

Figure 6. The Aristotelian Go game diagrams for syllogisms (part 2). 

 
 



 

Figure 7. The Aristotelian Go game diagrams for syllogisms (part 3). 

 
 

Continuing in the same way, we can construct a syllogistic system, where conclusions 

are derived from three premises. The Aristotelian Go game (i.e. the suitable motion of plas-

modium) starts from one of the central cells (x, y, x', y') and goes towards one of the four di-

rections (northwest, southwest, northeast, southeast), then towards one of the eight directions 



 

(north-northwest, west-northwest, south-southwest, west-southwest, north-northeast, east-

northeast, south-southeast, east-southeast), etc. 

Hence, a Go game or spatial expansion of plasmodium is interpreted as a set of syllo-

gistic propositions. The universal affirmative proposition xy & x[y'] means that the plasmodi-

um at the place x goes only to y and all other directions are excluded. The universal negative 

proposition x[y] or [xy] means that the plasmodium at the place x cannot go to y and we know 

nothing about other directions. The particular affirmative proposition xy means that the plas-

modium at the place x goes to y and we know nothing about other directions. Syllogistic con-

clusions allow us to mentally reduce the number of syllogistic propositions showing plasmo-

dium's propagation. 

For the implementation of Aristotelian syllogistic we appeal to repellents to delete some 

possibilities in the plasmodium propagation. So, model M  defined above should be under-

stood as follows: 

 

   M All x are y iff xy & x[y'], i.e. the plasmodium is located at x and can move only 

to y and cannot move towards all other directions (the black stone is placed at x and we can 

build the line of black stones only to y);  

  M Some x are y iff xy, i.e. the plasmodium is located at x and can move to y (the 

black stone is placed at x and we can build the line of black stones to y);  

  M  No x are y iff x[y] or [xy], i.e. the plasmodium cannot move to y in any case 

(there is no line of black stones to y).  

 

It is evident in this formulation that the Aristotelian syllogistic is so unnatural for plas-

modia. Without repellents (the coalition game of two players), this syllogistic system cannot 

be verified in the medium of plasmodium propagations (Go game). In other words, we can 

prove the next proposition: 

 

Proposition 2. The Aristotelian syllogistic is not sound and complete on the plasmodi-

um without repellents.  In other words, the Aristotelian syllogistic is not sound and complete 

in the Go game without a coalition of two players. 

 

In other words, the Aristotelian syllogistic reasoning can be implemented as a Go game 

if and only if two players agree to play cooperatively to place black and white stones in ac-

cordance with spatial implementation of syllogisms. 

 

 

 

 

 

 

 



 

14.2.2. Examples of Aristotelian Go game 

 

 

Let us consider a game of Go at time step 10, i.e. when White and Black players have 

placed the 10 white stones and the 10 black stones respectively. Let this game be pictured in 

figure 8. Each Voronoi cell is denoted from S1,1 to S18,18. So, in figure 8 syllogistic letters S6,4, 

S7,5, S7,6, S8,7, S8,8, S7,9, S8,10, S6,11, S4,9, S4,10 are understood as non-empty and syllogistic letters 

S4,6, S5,6, S6,8, S6,9, S6,10, S4,11, S7,10, S7,12, S11,8, S12,8 as empty. As a result, we can build some 

true syllogistic propositions in this universe like that: ‘Some S7,5 are S7,6’, ‘Some S8,7 are S8,8’, 

‘Some S4,9 are S4,10’, ‘No S4,6 are S5,6’, ‘No S6,8 are S6,9’, ‘No S6,9 are S6,10’, ‘No S6,10 are S7,10’, 

‘No S11,8 are S12,8’, etc. 

Let us notice that in the universe of fig. 8 we do not have universal affirmative proposi-

tions. But we can draw some syllogistic conclusions such as ‘If S4,10[S4,11] and S4,9 S4,10, then 

S4,9[S4,11]’ (i.e. ‘If no S4,10 are S4,11 and some S4,9 are S4,10, then no S4,9 are S4,11’). 

 

Figure 8. The Aristotelian Go game 1 at time step 10. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

On the contrary, in the universe pictured in the Go game of fig. 9 we have universal af-

firmative propositions such as ‘All S8,10 are S8,11’ and ‘All S4,9 are S3,9’. Some possible conclu-

sions: ‘If no S8,11 are S8,12 and all S8,10 are S8,11, then no S8,10 are S8,12’ and ‘If no S3,9 are S3,10 

and all S4,9 are S3,9, then no S4,9 are S3,10’. 

 

 

 

 

 

 

 

 



 

Figure 9. The Aristotelian Go game 2 at time step 10.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

14.3. Non-Aristotelian syllogistic Go game on plasmodia 
 

 

While in Aristotelian syllogisms we are concentrating on one direction of many 

Physarum motions, and dealing with acyclic directed graphs with fusions of many protoplas-

mic tubes toward one data point, in most cases of Physarum behavior, not limited by repel-

lents, we observe a spatial expansion of Physarum protoplasm in all directions with many 

cycles. Under these circumstances it is more natural to define all the basic syllogistic proposi-

tions SaP, SiP, SeP, SoP in a way they satisfies the inverse relationship when all converses 

are valid: SaP  PaS, SiP  PiS, SeP  PeS, SoP  PoS. In other words, we can draw 

more natural conclusions for protoplasmic tubes which are decentralized and have some cy-

cles. The formal syllogistic system over propositions with such properties is constructed in 

[9], [10]. This system is called the performative syllogistic. The alphabet of this system con-

tains as descriptive signs the syllogistic letters S, P, M, …, as logical-semantic signs the syllo-

gistic connectives  a, e, i, o, and the propositional connectives  ,  ,  ,  . Atomic propo-

sitions are defined as follows: SxP, where x{a, e, i, o}. All other propositions are defined 

thus: (i) each atomic proposition is a proposition, (ii) if X, Y are propositions, then X, Y, X

å Y, where },,{ å , are propositions, too.  

Let us consider Go games with the two different kinds of plasmodia: (i) plasmodia of 

Physarum polycephalum and (ii) plasmodia of Badhamia utricularis [14]. They try to occupy 

free attractants antagonistically. So, if an attractant is occupied by the plasmodium of 

Physarum polycephalum, it cannot be occupied by the plasmodium of Badhamia utricularis 

and if it is occupied by the plasmodium of Badhamia utricularis, it cannot be occupied by the 

plasmodium of Physarum polycephalum. In this way we observe a competition between two 

plasmodia. 



 

In order to implement the performative syllogistic in the Go games with Physarum pol-

ycephalum and Badhamia utricularis plasmodia, we will interpret data points denoted by ap-

propriate syllogistic letters as black stones (attractants) if we assume that appropriate cells are 

occupied by the plasmodium of Physarum polycephalum and we will interpret data points 

denoted by appropriate syllogistic letters as white stones (attractants) if we assume that ap-

propriate cells are occupied by the plasmodium of Badhamia utricularis. A data point S is 

considered empty for the Black player if and only if an appropriate attractant denoted by S is 

occupied by the white stone (plasmodium of Badhamia utricularis). A data point S is consid-

ered empty for the White player if and only if an appropriate attractant denoted by S is occu-

pied by the black  stone (plasmodium of Physarum polycephalum). Let us define syllogistic 

strings of the form SP with the following interpretation: (i) ‘S is P’: SP is true for the Black 

player if and only if  S and  P are reachable for each other by the plasmodium of Physarum 

polycephalum and both S and P are not empty for the Black player, otherwise SP is false;                 

(ii) ‘S is P’: SP is true for the White player if and only if S and P are reachable for each other 

by the plasmodium of Badhamia utricularis and both S and P are not empty for the White 

player, otherwise SP is false. In other words, SP is true for the Black player (respectively, for 

the White player) if and only if S and  P are not empty for the Black player (respectively, for 

the White player) and there is a line of non-empty cells for the Black player (respectively, for 

the White player) between points S and P, otherwise SP is false. Using this definition of syl-

logistic strings, we can define atomic syllogistic propositions as follows: 

SaP 

In the formal performative syllogistic: there exists A such that A is S and for any A, AS is 

true and AP is true. In the Go game model: there is a black (white) stone in A connected by 

black (white) stones to S and connected by black (white) stones to P. In the Physarum model: 

a plasmodium of Physarum polycephalum (a plasmodium of Badhamia utricularis) in  A oc-

cupies S and for any plasmodia A of Physarum polycephalum (for any plasmodia A of Bad-

hamia utricularis) which is a neighbor for S and P, there are strings AS and AP. This means 

that we have a massive-parallel occupation of the region by plasmodia of Physarum poly-

cephalum (plasmodia of Badhamia utricularis) where the cells S and P are located.  

SiP 

In the formal performative syllogistic: for any A, both AS is false and AP is false. In the 

Go game model: for any cell A there are no lines of black (white) stones connecting A to S and 

A to P. In the Physarum model: for any plasmodium of Physarum polycephalum (of Bad-

hamia utricularis) A which is a neighbor for S and P, there are no strings AS and AP. This 

means that the plasmodium of Physarum polycephalum (of Badhamia utricularis) cannot 

reach S from P or P from S immediately.  

SeP 

In the formal performative syllogistic: there exists A such that if AS is false, then AP is 

true. In the Go game model: there exists a cell A with the black (white) stone which is                          

a neighbor for cells S and P such that there is a string AS or there is a string AP. In the 

Physarum model: there exists the plasmodium of Physarum polycephalum (of Badhamia 

utricularis) A which is a neighbor for S and P such that there is a string AS or there is a string 

AP. This means that the plasmodium of Physarum polycephalum (of Badhamia utricularis) 

occupies S or P, but not the whole region where the cells S and P are located.  



 

SoP 

In the formal performative syllogistic: for any A, AS is false or there exists A such that 

AS is false or AP is false. In the Go game model: for any cell A with the black (white) stone 

which is a neighbor for S and P there is no string AS or there exists a black (white) stone in                 

A which is a neighbor for S and P such that there is no string AS or there is no string AP. In 

the Physarum model: for any plasmodium of Physarum polycephalum (of Badhamia utricu-

laris)  A which  is a neighbor for S and P there is no string AS or there exists A which is                      

a neighbor for S and  P such that there is no string AS or there is no string AP. This means that 

the plasmodium of Physarum polycephalum (of Badhamia utricularis) does not occupy S or 

there is a neighboring cell which is not connected to S or P by a protoplasmic tube.  

Notice that there are the following semantic correlations between propositions in the 

sense of the Black player and propositions in the sense of the White player: 

• SaP is true for the Black player iff SiP is true for the White player with the same cells                    

S and P; 

• SoP is true for the Black player iff SeP is true for the White player with the same cells                     

S and P; 

• SaP is false for the Black player iff SiP is false for the White player with the same cells                    

S and P; 

• SoP is false for the Black player iff SeP is false for the White player with the same cells                   

S and P. 

 

Composite propositions are defined in the standard way. 

In the performative syllogistic we have the following axioms:  
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The formal properties of this axiomatic system are considered in [9], [10]. In the per-

formative syllogistic we can analyze the collective dimension of behavior. Within this system 

we can study how the plasmodium of Physarum polycephalum and the plasmodium of Bad-

hamia utricularis occupy all possible attractants in any direction if they can see them. So, this 

system shows logical properties of a massive-parallel behavior (i.e. the collective dimension 

of behavior). One of the most significant notions involved in this implementation of the per-

formative syllogistic in plasmodia topology is a neighborhood. We can define a distance for 

the neighborhood differently, i.e. we can make it broader or narrower. So, from different 

neighborhoods it will follow that we deal with different ‘universes of discourse’. 

 

 

 

14.3.1. Antagonistic Go game for verifying performative                              

syllogistic reasoning 

 

 

In the Go game diagrams for the performative syllogistic, the ‘universe of discourse’ 

cover cells x, y, non-x (which be denoted by x'), non-y (which be denoted by y'): 

  

x y' 

y x' 

  

where x, y, x', y' are neighbor cells containing black stones (interpreted as attractants                                

for Physarum polycephalum) and white stones (interpreted as attractants for Badhamia utricu-

laris), x' are all neighbors for y which differ from x, and y' are all neighbors for x which differ 

from y. Let us consider the Go game from the point of view just of the Black player. Suppose 

that we have black, white, and grey stones and (i) if a black stone is placed within a cell, this 

means that “this cell is occupied by the plasmodium of Physarum polycephalum” (i.e. “there 

is at least one thing in it for the Black player”), (ii) if a white stone is placed within a cell, this 

means that “this cell is not occupied the plasmodium of Physarum polycephalum” (i.e. “there 

is not thing in it for the Black player”), (ii) if a grey stone is placed within a cell, this means 

that “it is not known if this cell is occupied by the plasmodium of Physarum polycephalum” 

or “it is not known what color of stone placed within a cell is from the point of view of the 

Black player”. All possible combinations of Go game diagrams for atomic propositions within 

our universe of discourse are pictured in fig. 10. 

The universe of discourse for simulating performative syllogisms by means of 

Physarum behaviors covers cells x, y, m, x', y', m' in the following manner: 



 

 

y' m m' x' 

m' x y' m 

m y x' m' 

x m' m y 

  

The motion of plasmodium starts from one of the central cells (x, y, x', y') and goes to-

wards one of the four directions (northwest, southwest, northeast, southeast). The Go game 

diagram for syllogistic conclusions is as follows: 

 

x m' 

m x' 

  

Some examples of performative syllogistic conclusions are regarded in fig. 11.  

Thus, the performative syllogistic allows us to study different zones containing attract-

ants for Physarum polycephalum and Badhamia utricularis if they are connected by proto-

plasmic tubes homogenously. 

A model  xM |,=' |M  for the performative syllogistic, where M   is the set of attract-

ants and MX x
||  is a meaning of syllogistic letter X which is understood as all attractants 

reachable for the plasmodium of Physarum polycephalum from the point x, is defined as fol-

lows: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 10. The Go game diagrams for premises of performative syllogisms. Strings of the form (x' & y')x mean 

that in cells x' and y' there are neighbors A for x such that Ax, i.e. (x' & y') is a metavariable in (x' & y')x that is 

used to denote all attractants of x' and y' which are neighbors for the attractant of x.   

 
 



 

'M  All x are y iff |X|x   , |X|y   , and |X|x   |X|y   , more precisely both                   

(x' & y')x and (x' & y')y hold in 'M , i.e. the plasmodium of Physarum polycephalum can move 

from neighbors of y to x and it can move from neighbors of x to y (we can place black stones 

in the line from neighbors of y to x and from neighbors of x to y);  

'M  Some x are y iff y  |X|x  and x  |X|y, more precisely neither (x' & y')x nor                   

(x' & y')y hold in 'M , i.e. the plasmodium of Physarum polycephalum cannot move from 

neighbors of y to x and it cannot move from neighbors of x to y (we can place white stones in 

the line from neighbors of y to x and from neighbors of x to y);  

 

Figure 11. The Go game diagrams for performative syllogisms with true conclusions from the point of view of 

the Black player.   

 



 

'M  No x are y iff y  |X|x  or x  |X|y, more precisely (x' & y')x or (x' & y')y hold in             

'M , i.e. the plasmodium of Physarum polycephalum can move from neighbors of y to x or it 

can move from neighbors of x to y (we can place black stones in the line from neighbors of           

y to x or from neighbors of x to y);  

'M  Some x are not y iff y  |X|x  or x  |X|y, more precisely (x' & y')x or (x' & y') do not 

hold in 'M , i.e. the plasmodium of Physarum polycephalum cannot move from neighbors of             

y to x or it cannot move from neighbors of x to y (we can place white stones in the line from 

neighbors of y to x or from neighbors of x to y);  

 qp 'M  iff  p'M  and q'M ;  

 qp 'M  iff  p'M  or q'M ;  

 p'M  iff it is false that p'M . 

 

Proposition 3. The performative syllogistic is sound and complete in 'M .  

 

For more details on formal properties of performative syllogistic, please see [9], [10]. 

This syllogistic describes the logic of plasmodium propagation in all possible directions. For 

the implementation of this syllogistic we do not need repellents. It is a natural system. The 

performative syllogistic  as a Go game is an antagonistic game, where two players draw own 

conclusions without any coalition (see Fig. 10). 

 

 

14.3.2. Examples of performative-syllogistic Go game  

 

 

Let us also examine a game of Go at time step 10 to provide an example for performa-

tive syllogistic. Let this game be shown in figure 12. As usual, each Voronoi cell is denoted 

from S1,1 to S18,18. In the universe of fig. 12 there are no universal affirmative propositions and 

particular affirmative propositions. We face only universal negative propositions and particu-

lar negative propositions such as ‘No S'4,9 are S'4,10’, where S'4,9 are neighbors for S4,10 differ-

ing from S4,9 and S'4,10 are neighbors for S4,9 differing from S4,10, and ‘Some S'4,11 are not 

S'5,11’, where S'4,11 are neighbors for S5,11 differing from S4,11 and S'5,11 are neighbors for S4,11 

differing from S5,11. 

In the universe of figure 13 there is a universal affirmative proposition: ‘All S6,5 are 

S6,6’, and a particular affirmative proposition: ‘Some S5,8 are S5,9’. 

 

 

Conclusion 
 

We have just shown that we can simulate the plasmodium motion as a Go game, where 

black stones are interpreted as attractants and white stones as repellents. We can consider con-

figurations of stones as spatial reasoning. If we implement the Aristotelian syllogistic, we 



 

need a coalition of two players. If we implement the performative syllogistic [9], [10], we 

deal with an antagonistic game. In the latter case black stones are interpreted as attractants for 

Physarum polycephalum and white stones as attractants for Badhamia utricularis. 

 

Figure 12. The performative syllogistic Go game 1 at time step 10. The black stones are attractants occupied 

by the plasmodium of Physarum polycephalum and the white stones are attractants occupied by the plasmodi-

um of Badhamia utricularis. So, we construct syllogisms from the point of view of the Black player. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13. The performative syllogistic Go game 2 at time step 10. The black stones are attractants occupied 

by the plasmodium of Physarum polycephalum and the white stones are attractants occupied by the plasmodi-

um of Badhamia utricularis. We build syllogisms from the point of view of the Black player.   
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Abstract 
 

 

We make use of a Physarum machine that is a biological computing device implement-

ed in the plasmodium of Physarum polycephalum and/or Badhamia utricularis which are one-

cell organisms able to build complex networks for solving different computational tasks. The 

plasmodium behavior can model an ancient Chinese game called Go. In the paper, we de-

scribe implementation of the Go game on the Physarum machines. A special version of the 

game is presented, where payoffs are assessed by means of the measure defined on the basis 

of rough set theory. Theoretical foundations given in the paper are supplemented with de-

scription of a specialized software tool developed, among others, for simulation of the de-

scribed game.   

 

 

Introduction 
 

 

Go is a game, originated in ancient China, in which two people play with a Go board 

and Go stones (cf. [5]). In general, the two players alternately place black and white stones, 

on the vacant intersections of a board with a 1919  grid of lines, to surrounding territory. 

Whoever has more territory at the end of the game is the winner. Vertically and horizontally 

adjacent stones of the same color form a group. One of the basic principles of Go is the fact 

that stones must have at least one liberty to remain on the board. A liberty of a given stone is  

a vacant intersection adjacent to it. If a stone has at least one liberty, then the next stone of                      

a given player can be placed on it to extend his/her group. 

As it was shown in [12], the Go game can be simulated by means of a Physarum ma-

chine. A Physarum machine is a programmable amorphous biological computing device ex-

perimentally implemented in the plasmodium of Physarum polycephalum, also called true 

slime mould [1]. Physarum polycephalum is a single cell organism belonging to the species of 

order Physarales. General assumptions for games implemented on Physarum machines were 

presented in [16] and [17]. In our case, we assume that Physarum machines are experimental-

ly implemented in the plasmodium of Physarum polycephalum, as well as in the plasmodium 



 

of Badhamia utricularis (cf. [7], [17]). Badhamia utricularis is another species of order 

Physarales. The plasmodium of Physarum polycephalum or Badhamia utricularis, spread by 

networks, can be programmable by adding and removing attractants and repellents. Two syl-

logistic systems implemented as Go games were considered in [12], namely, the Aristotelian 

syllogistic as well as the performative syllogistic. In the first case, the locations of black and 

white stones are understood as locations of attractants and repellents, respectively. In the sec-

ond case, the locations of black stones are understood as locations of attractants occupied by 

plasmodia of Physarum polycephalum and the locations of white stones are understood as 

locations of attractants occupied by plasmodia of Badhamia utricularis. The Aristotelian syl-

logistic version of the Go game is a coalition game. The performative syllogistic version of 

the Go game is an antagonistic game. 

In the paper, we will consider the second case (i.e., an antagonistic game implemented 

in plasmodia of Physarum polycephalum and Badhamia utricularis). For this case, we pro-

pose  a new version of the Go game. In the presented approach, payoffs are assessed by means 

of the measure defined on the basis of rough set theory. Rough sets are a tool to deal with 

rough (ambiguous, imprecise) concepts in the universe of discourse (cf. [10]). In our previous 

research, we used rough sets to describe behavior of Physarum machines (see [8] and [14]). In 

this case Physarum machines were modeled by means of transition systems or timed transi-

tion systems and rough set models were more abstract models built over transition systems. 

As it was shown, in rough set descriptions of Physarum machines, both a standard definition 

of rough sets proposed by Z. Pawlak [10] and the Variable Precision Rough Set Model 

(VPRSM) can be used. The VPRSM approach is a more relaxed and generalized rough set 

approach, proposed by W. Ziarko in [18]. Basic definitions, notions and notation concerning 

rough set theory as well as the VPRSM approach are recalled in Section 15.1. A rough set 

based approach was also used by us to describe strategy games implemented on Physarum 

machines [7]. The strategies of such games were approximated on the basis of a rough set 

model, describing behavior of the Physarum machine, created according to the VPRSM ap-

proach. 

In the paper, another rough set based approach to assessing payoffs of games imple-

mented on Physarum machines is proposed in Section 15.2. This time, for the Go game, we 

do not use transition system models describing behavior of Physarum machines, but our atten-

tion is focused on the adjacent surroundings of stones. Rough sets are used to determine how 

(i.e., exactly or roughly) these surroundings approximate sets of intersections occupied by 

either black or white stones (i.e., occupied by either plasmodia of Physarum polycephalum or 

plasmodia of Badhamia utricularis). 

To support research on programming Physarum machines and simulating Physarum 

games, we are developing a specialized software tool, called the Physarum software system, 

shortly PhysarumSoft (see [13]). The approach presented in this paper is also implemented in 

PhysarumSoft. A short description of the Physarum game module is given in section 15.3. 

 

 

 

 

 



 

15.1. The rudiments of rough sets 
 

 

In this section, we recall necessary definitions, notions and notation concerning rough 

sets. 

The idea of rough sets (see [10]) consists of the approximation of a given set by a pair 

of sets, called the lower and the upper approximation of this set. Some sets cannot be exactly 

defined. If a given set X  is not exactly defined, then we employ two exact sets (the lower and 

the upper approximation of X ) that define X  roughly (approximately). 

Let U  be a finite set of objects we are interested in. U  is called the universe. Any 

subset UX   of the universe is called a concept in U . Let R  be any equivalence relation 

over U . We denote an equivalence class of any Uu  by 
Ru][ . With each subset UX   and 

any equivalence relation R  over U , we associate two subsets:   

 

}][:{=)(* XuUuXR R  , 

 

}][:{=)(*  XuUuXR R , 

 

called the R -lower and R -upper approximation of X, respectively. A set 

)()(=)( *

* XRXRXBNR   is called the R -boundary region of X . If =)(XBNR
, then           

X  is sharp (exact) with respect to R . Otherwise, X  is rough (inexact). 

The definitions given earlier are based on the standard definition of set inclusion.                   

Let U  be the universe and UBA , . The standard set inclusion is defined as  

 

.BuifonlyandifBA
Au

 


 

 

In some situations, the application of this definition seems to be too restrictive and rig-

orous. W. Ziarko proposed in [18] some relaxation of the original rough set approach.                         

His proposition was called the Variable Precision Rough Set Model (VPRSM).                           

The VPRSM approach is based on the notion of the majority set inclusion. Let U  be the uni-

verse, UBA , , and 0.5<0  . The majority set inclusion is defined as  
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Acard

BAcard
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where card  denotes the cardinality of the set. BA


 means that the specified majority of 

elements belonging to A  belongs also to B . One can see that if 0= , then the majority set 

inclusion becomes the standard set inclusion. 



 

By replacing the standard set inclusion with the majority set inclusion in definitions of 

approximations, we obtain the following two subsets:   

}][:{=)(* XuUuXR R


 , 

 

}>
)]([

)]([
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R
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ucard

Xucard
UuXR


 , 

 

called the R -lower and R -upper approximation of X , respectively. 

 

 

15.2. Rough set based assessment of payoffs 
 

 

In this section, we present basic principles of the rough set version of the Go game im-

plemented on the Physarum machine. Let a board for the Go game, with a 1919  grid of 

lines, be in use. The set of all intersections of the grid is denoted by I . At the beginning, the 

fixed numbers of original points of both the plasmodia of Physarum polycephalum and the 

plasmodia of Badhamia utricularis are randomly deployed on intersections. An example of 

the initial configuration of the Go game is shown in figure 1. In this case, three original points 

of the plasmodia of Physarum polycephalum, Ph1, Ph2, and Ph3, understood as black stones, 

as well as three original points of the plasmodia of Badhamia utricularis, Ba1, Ba2, and Ba3, 

understood as white stones, are deployed on intersections.  

 

Figure 1.  An example of the initial configuration of the Go game implemented on the Physarum machine. 

 



 

During the game, the two players alternately place attractants on the vacant intersections 

of the board. The first player plays for the Physarum polycephalum plasmodia, the second one 

for the Badhamia utricularis plasmodia. The plasmodia look for attractants, propagate proto-

plasmic veins towards them, feed on them and go on. In a real-life implementation of 

Physarum machines, attractants are sources of nutrients or pheromones, on which the plasmo-

dium feeds (see [1]). The attractants occupied by plasmodia of Physarum polycephalum are 

treated as black stones whereas the attractants occupied by plasmodia of Badhamia utricu-

laris, as white stones. 

Remark 1 We assume that the state of the Go game (i.e., the state of the Physarum ma-

chine) is observed only at discrete time instants, i.e., after each move in the game. Therefore, 

whenever time instant t  is used, it means that 0,1,2,=t .  

For our version of Go, we assume the following formal structure of the Physarum ma-

chine. The Physarum machine is a triple:  

 

),,,(= ABPPM  

 

where:   

 },,,{= 21 kPhPhPhP   is a set of original points of the plasmodia of Physarum poly-

cephalum.  

 },,,{= 21 lBaBaBaB   is a set of original points of the plasmodia of Badhamia utricu-

laris.  

 0,1,2,=}{= t

tAA  is the family of the sets of attractants, where },,,{= 21

tAAAA
t

r

ttt   is the 

set of all attractants present at time instant t in PM .  

 

One can see that the structure of the Physarum machine PM  is changing in time (new 

attractants are added by the players). Positions of original points of the plasmodia as well as 

attractants are considered in the two-dimensional space of intersections. Hence, each intersec-

tion Ii  is identified by two coordinates x  and y . This fact will be denoted by ),( yxi . For 

each intersection ),( yxi , we can distinguish its adjacent surroundings:  

 

19)}.(1)(1)=1=(

19)(1)(1)=1=(

:),({=)(









yyyyyy

xxxxxx

IyxiiSurr

 

 

It is worth noting that liberties of stones placed at intersections are defined only in adja-

cent surroundings of stones. 

After each move (i.e., placement of a new attractant on the board by one of the players), 

the following rules of behavior of the plasmodia are applied:   



 

• As soon as the attractant is placed on an intersection and the adjacent surroundings con-

tain the plasmodium of either Physarum polycephalum or Badhamia utricularis, this new 

attractant is occupied by the plasmodium.  

• If there exist more than one intersection occupied by both the plasmodia of Physarum 

polycephalum and the plasmodia of Badhamia utricularis in the adjacent surroundings of 

the intersection where the attractant was placed, then only the plasmodia of one type 

(randomly selected) are attracted. The plasmodium of Physarum polycephalum and the 

plasmodium of Badhamia utricularis cannot occupy the same attractants.  

 

In case of Rule 2, the fusion of the plasmodia of one type can hold. Moreover, Rule                         

2 causes that, in some situations, given moves are taken under the players' own risk. Let us 

consider an illustrative configuration of the Go game shown in figure 2. There are two attract-

ants occupied by the plasmodia of Physarum polycephalum (black stones) and one attractant 

occupied by the plasmodia of Badhamia utricularis (white stone) in the adjacent surroundings 

of the intersection marked with  . If the first player places a new attractant 
A  at intersection 

 , two situations, mutually exclusive, will be possible. In the first situation, two plasmodia of 

Physarum polycephalum will be attracted by 
A  and fused on it. In this case, a new black 

stone will appear. In the second situation, the plasmodium of Badhamia utricularis will be 

attracted by 
A . In this case, a new white stone will appear. It means that the first player's 

move may work to the advantage of the opponent.  

 

Figure 2. An illustrative configuration of the Go game, where a move is taken under the player's own risk. 

 
 

 

 



 

Formally, during the game, at given time instant t , we can distinguish three kinds of in-

tersections in the set tI  of all intersections:   

• 


tI  - a set of all vacant intersections at t .  

• 


tI  - a set of all intersections occupied by plasmodia of Physarum polycephalum at              

t  (black stones).  

• 

tI  - a set of all intersections occupied by plasmodia of Badhamia utricularis) at t  (white 

stones).  

 

One can see that 

tttt IIII  = , where 



tI , 


tI , and 

tI  are pairwise disjoint. 

A set 


tI  of all intersections occupied by given plasmodia   (either the plasmodia of 

Physarum polycephalum or the plasmodia of Badhamia utricularis) at given time instant              

t  can be approximated (according to rough set definition) by surroundings of intersections 

occupied by these plasmodia. Such approximation will be called surroundings approximation. 

The lower surroundings approximation )(*



tISurr  of 


tI  is given by configuration of 

the Go game.  

 

},)()(:{=)(*



ttt IiSurriSurrIiISurr   

 

where   is either   or  . The lower surroundings approximation consists of all intersections, 

occupied by plasmodia  , whose all of not vacant adjacent intersections are also occupied by 

 . Each intersection Ii  such that )(*



tISurri  is called a full generator of the payoff of 

the player playing for the plasmodia  . 

The upper surroundings approximation )(* 

tISurr  of 


tI  is given by  

 

},)(:{=)(*  

ttt IiSurrIiISurr  

 

where   is either   or  . The upper surroundings approximation consists of all intersections, 

occupied by plasmodia  , whose adjacent surroundings cover at least one intersection also 

occupied by  . 

The set )()(=)( *

* 

tttSurr ISurrISurrIBN   is referred to as the boundary region                      

of surroundings approximation of 


tI  at time instant t . Each intersection Ii  such that 

)( 

tSurr IBNi  is called a partial generator of the payoff of the player playing for the                      

plasmodia  . 

By replacing the standard set inclusion with the majority set inclusion in the definition            

of the lower surroundings approximation (according to the VPRSM approach recalled in  sec-

tion 2), we obtain the  -lower surroundings approximation:  



 

},)()(:{=)(*






ttt IiSurriSurrIiISurr   

 

Each intersection Ii  such that )(*



tISurri  is called a full quasi-generator of the 

payoff of the player playing for the plasmodia  . 

On the basis of lower surroundings approximations, we define a measure assessing pay-

offs of the players. For the first player playing for the Physarum polycephalum plasmodia, the 

payoff measure has the form:  

 )).((= *

 tISurrcard  

 

For the second player playing for the Badhamia utricularis plasmodia, the payoff meas-

ure has the form:  

 )).((= *


tISurrcard  

 

In a more relaxed case, we have respectively:  

 

 )).((= *

 tISurrcard 
 

 

and  

 )).((= *


tISurrcard   

 

One can see that the VPRSM approach enables us to set different levels of difficulty of 

the Go game. 

The goal of each player is to maximize its payoff. 

Let us consider an illustrative configuration of the Go game after several moves shown 

in figure 3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 3. An illustrative configuration of the Go game after several moves. 

 
 

 

In case of a standard definition of rough sets (i.e., the most rigorous case), intersections 

belonging to lower surroundings approximations )(*



tISurr  and )(*


tISurr  of )( 

tI  and )( 
tI , 

respectively, are marked with grey rectangles in figure 4. It is worth noting that all of the in-

tersections from )(*



tISurr  and )(*


tISurr  are full generators of the payoffs of the players 

playing for the Physarum polycephalum plasmodia and Badhamia utricularis plasmodia, re-

spectively. Hence, we obtain 1=  and 2= . The second player, playing for the Bad-

hamia utricularis plasmodia, wins.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 4. A configuration of the Go game after several moves (payoffs defined on the basis of a standard defini-

tion of rough sets). 

 
 

 

In case of the VPRSM approach (i.e., a more relaxed case), for 0.25= , intersections 

belonging to lower surroundings approximations )(0.25

*



tISurr  and )(0.25

*


tISurr  of )( 

tI  and 

)( 
tI , respectively, are marked with grey rectangles in figure 5. It is worth noting that some of 

intersections from )(*



tISurr  and )(*


tISurr  are full quasi-generators of the payoffs of the 

players playing for the Physarum polycephalum plasmodia and Badhamia utricularis plasmo-

dia, respectively. Hence, we obtain 3=  and 3= . No player wins.  

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 5. A configuration of the Go game after several moves (payoffs defined on the basis of the VPRSM ap-

proach for 0.25= ). 

 
 

 

Let us consider now how we can define strategies in our Go game if we deal with                        

the standard surroundings approximation. A mapping from the intersections belonging to           

upper surroundings approximations )(* 
tISurr  at t  to the intersections belonging to lower          

surroundings approximations )(*


ktISurr   at kt   is said to be a set of rational strategies                  

of   of radius k  to win. A mapping from the intersections belonging to  -lower surround-

ings approximations )(*



tISurr 
 at t  to the intersections belonging to the union 

)()( **



  ktkt ISurrISurr  
 at kt  , where  <0  and 

 

))((<))()(())(( ****









  ktktktt ISurrcardISurrISurrcardISurrcard  
, 

 

is said to be a set of rational strategies of   (the player playing for Badhamia utricularis)                   

of radius k  not to lose. A mapping from the intersections belonging to  -lower surroundings 

approximations )(*


tISurr  at t  to the intersections belonging to the union 

)()( **


ktkt ISurrISurr 



  
 at kt  , where  <0  and 

))((<))()(())(( ****


ktktktt ISurrcardISurrISurrcardISurrcard 



  
,  



 

is said to be a set of rational strategies of   (the player playing for Physarum polycephalum) 

of radius k  not to lose. 

The agent is rational if (s)he follows one of the rational strategies to win or not to lose in 

moves. Also, we can define strategies in the Go game if we deal with the VPRSM surround-

ings approximation. A mapping from the intersections belonging to  -lower surroundings 

approximations )(*



tISurr  at t  to the intersections belonging to  -lower surroundings 

approximations )(*


ktISurr   at kt   is said to be a set of rational  -strategies of   of ra-

dius k  to win if beta< . A mapping from the intersections belonging to  -lower surround-

ings approximations )(*



tISurr  at t  to the intersections belonging to the union  

)()( **



  ktkt ISurrISurr  
 at t + k, where  <0  and  <0  and 

))((<))()(())(( ****









  ktktktt ISurrcardISurrISurrcardISurrcard  
, is 

said to be a set of rational  -strategies of   (the player playing for Badhamia utricularis)         

of radius k  not to lose. A mapping from the intersections belonging to  -lower                             

surroundings approximations )(*


tISurr 

 at t  to the intersections belonging to the                     

union )()( **


ktkt ISurrISurr 



  
 at kt  , where  <0  and  <0  and 

))((<))()(())(( ****


ktktktt ISurrcardISurrISurrcardISurrcard 



  
, is 

said to be a set of rational  -strategies of   (the player playing for Physarum polycephalum) 

of radius k  not to lose. 

The agent is  -rational if (s)he follows one of the rational  -strategies to win or not 

to lose in moves. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

15.3. A software tool 
  

 

In [13], we described selected functionality of the current version of a new software 

tool, called PhysarumSoft, developed by us for programming Physarum machines and simu-

lating Physarum games. In this section, we recall important features of this tool, as well as 

present additional information about the part of the tool responsible for simulating a rough set 

version of the Go game. 

PhysarumSoft was designed for the Java platform. A general structure of this tool is 

shown in figure 6.  

 

Figure 6. A general structure of PhysarumSoft. 

 
 

We can distinguish three main parts of PhysarumSoft:   

• Physarum language compiler.  

• Module of programming Physarum machines.  

• Module of simulating Physarum games.  

 

The main features of PhysarumSoft are the following:   

• Portability. Thanks to the Java technology, the created tool can be run on various soft-

ware and hardware platforms. In the future, the tool will be adapted for platforms availa-

ble in mobile devices and as a service in the cloud.  

• User-friendly interface.  

• Modularity. The project of PhysarumSoft and its implementation covers modularity.                         

It makes the tool extend easily in the future.  

 

To simulate games on Physarum machines, we are developing a special module of 

PhysarumSoft called the Physarum game simulator. This module works under the client-

server paradigm. A general structure of the Physarum game simulator is shown in figure 7.  



 

Figure 7. A general structure of the Physarum game simulator. 

 
 

In PhysarumSoft, communication between clients and the server is realized through text 

messages containing statements of the Physarum language. The Physarum language, is a new 

object-oriented programming language, utilizing the prototype-based approach (cf. [3]), de-

signed by us to program Physarum machines, i.e., to set the spatial distribution (configura-

tion) of stimuli (attractants, repellents) controlling propagation of protoplasmic veins of the 

plasmodium. For a detailed description of the Physarum language, we refer the reader to [6], 

[9], and [15]. 

The server sends to clients information about the current configuration of the Physarum 

machine (localization of the original points of Physarum polycephalum and Badhamia utricu-

laris, localization of stimuli, as well as a list of edges, corresponding to veins of plasmodia, 

between active points) through the XML file. Each original point of the plasmodia of 

Physarum polycephalum or the plasmodia of Badhamia utricularis and each attractant occu-

pied by these plasmodia is called an active point in the Physarum machines. 

The server-side application of the Physarum game simulator is called PGServer. The 

main window of PGServer is shown in figure 8. In this window, the user can:   

• select the port number on which the server listens for connections,  

• start and stop the server,  

• set the game:   

- a Physarum game with strategy based on stimulus placement (see [7]),  

- a Physarum game with strategy based on stimulus activation (see [7]),  

- a rough set version of the Go game (see Section 15.2),  

• shadow information about actions undertaken.  

 

 

 

 

 

 

 

 

 



 

Figure 8. The main window of PGServer. 

 
 

The client-side application of the Physarum game simulator is called PGClient. The 

main window of PGClient is shown in figure 9. In case of the Go game, the user can:   

• set the server IP address and its port number,  

• start the participation in the game,  

• put attractants at the vacant intersections of a board,  

• monitor the current state of the game as well as the current assessment of payoffs.  

 

Figure 9. The main window of PGClient. 

 
 

 

 

 



 

Conclusions 
 

 

A new version of the Go game, based on rough set theory and implemented on the 

Physarum machines, has been presented. The presented version is an antagonistic game. The 

locations of black stones are understood as intersections occupied by plasmodia of Physarum 

polycephalum and the locations of white stones are understood as intersections occupied by 

plasmodia of Badhamia utricularis. The main aim of our further research is to propose                              

a coalition game based on a rough set assessment of payoffs. Moreover, we will extend the 

spectrum of measures by applying various rough set approaches. 
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Abstract 
 

 

The plasmodium is the large one-cell organism containing a mass of multinucleate pro-

toplasm. It is an active feeding stage of Physarum polycephalum or Badhamia utricularis and 

it moves by protoplasmic streaming which reverses every 30-60 s. In moving, the plasmodium 

switches its direction or even multiplies in accordance with different biosignals attracting or 

repelling its motions, e.g. in accordance with pheromones of bacterial food, which attract the 

plasmodium, and high salt concentrations, which repel it. So, the plasmodium motions can be 

controlled by different topologies of attractants and repellents so that the plasmodium can be 

considered a programmable biological device in the form of a timed transition system, where 

attractants and repellents determine the set of all plasmodium transitions. Furthermore, we can 

define p-adic probabilities on these transitions and, using them, we can define a knowledge 

state of plasmodium and its game strategy in occupying attractants as payoffs for the plasmo-

dium. As a result, we can regard the task of controlling the plasmodium motions as a game 

and we can design different interfaces in a game-theoretic setting for the controllers of plas-

modium transitions. 

 

 

Introduction 
  

 

Conventionally, the intelligent behavior of animals is explained by their nervous system 

that coordinates voluntary and involuntary actions of animal's body and transmits signals be-

tween different parts of its body, which allows animals to act intentionally and efficiently. 

There is an approach in artificial intelligence, consisting in building computational models 

inspired by these nervous systems, that is called artificial neural network. 

Nevertheless, there are one-cell organisms like Physarum polycephalum or Badhamia 

utricularis (supergroup Amoebozoa, phylum Mycetozoa, class Myxogastria) without any 

nervous system and they are able at their plasmodial stage to build complex networks for 

solving different tasks: maze-solving (Nakagaki, Yamada and Toth 2000), minimum-risk path 



 

finding (Nakagaki, Yamada and Toth 2001), (Nakagaki et al. 2007), associative learning (Shi-

rakawa, Gunji and Miyake 2011), etc. In other words, Physarum polycephalum and Badhamia 

utricularis demonstrate an intelligent behavior with intentionality and efficiency, although 

they do not have nervous systems at all. In particular, they demonstrate the ability to memo-

rize and anticipate repeated events (Saigusa et al. 2008). Furthermore, by means of plasmodi-

um behavior, it is possible to simulate the behavior of some collectives such as collectives of 

parasites (Schumann, Akimova 2013). Thus, the complex intelligent behavior of plasmodium 

is biologically unexplained still and shows the limits of our understanding what natural intel-

ligence is. 

Now, there are many attempts to involve the plasmodium into semi-electrical devices to 

obtain a semi-biological and semi-electrical chip in due course (Sun et al. 2009), (Tsuda, 

Aono and Gunji 2004), (Tsuda et al. 2011), (Adamatzky 2010). The point is that the plasmo-

dium spread by networks can be programmable and thereby it may simulate different intelli-

gent processes. We are working on this problem, too (Adamatzky et al. 2012). In this paper, 

we are going to present our results in modelling the plasmodium networks as timed transition 

systems (Section 16.1). Propagations in these systems can be calculated by means of p -adic 

valued probabilities and fuzziness (Khrennikov, Schumann 2006), (Schumann 2008), (Schu-

mann 2010), (see Section 16.2). In terms of these probabilities we can define a knowledge 

state of plasmodium and its game strategy in occupying attractants as payoffs for the plasmo-

dium (Section 16.3). Hence, we can control the plasmodium motions as a game (Section 

16.4). As a consequence, user interfaces for the controllers of plasmodium propagations can 

have a natural form of game-theoretic setting. 

 

 

16.1. Timed transition systems for programming                                   

the plasmodium motions 
 

 

The plasmodium is an amorphous yellowish mass with networks of protoplasmic tubes, 

programmed by spatial configurations of attracting and repelling stimuli. Any motion of 

plasmodium proceeds from one stimuli to others. As a result, we deal with a kind of natural 

transition systems with states presented by attractants and events presented by plasmodium 

transitions between attractants. We can distinguish several operations (instructions) in the 

plasmodium networks like: add node, remove node, add edge, remove edge (Adamatzky 

2010). Adding and removing nodes can be implemented through activation and deactivation 

of attractants, respectively. Adding and removing edges can be implemented by means of re-

pellents put in proper places in the space. An activated repellent can avoid a plasmodium tran-

sition between attractants. 

Adding and removing edges (in fact, adding and removing protoplasmic tubes) can 

change dynamically over time. To model such behavior, we have proposed to use timed tran-

sition systems as a high-level model of behavior of plasmodium. Let N  be a set of nonnega-

tive integers. Formally, a timed transition system  ulsTESTTS ,,,,,= 0  consists of the non-



 

empty set of states S , the set of events E , the transition relations SEST  , the initial 

state 0s  as well as a minimal delay function (a lower bound) NEl :  assigning a nonnega-

tive integer to each event and a maximal delay function (an upper bound) }{:  NEu  

assigning a nonnegative integer or infinity to each event. Usually transition systems are based 

on actions which may be viewed as labelled events. If Tses  ,, , then the idea is that TS  

can go from s  to s  as a result of the event e  occurring at s . In timed transition systems, 

timing constraints restrict the times at which events may occur. The timing constraints are 

classified into two categories: lower-bound and upper-bound requirements. A transition sys-

tem can be presented as a graph structure with nodes corresponding to states and edges corre-

sponding to transitions. In case of plasmodium, states represent attractants whereas edges rep-

resent protoplasmic tubes (plasmodium transitions between attractants). 

To program computation tasks for the plasmodium propagations, we are developing               

a new object-oriented programming language (Schumann, Pancerz 2013) called the Physarum 

language, where the following three basic set descriptions are defined: (i) StateTS.  – setting 

states of plasmodium, including initial states; (ii) EventTS.  – setting events transiting one 

states to others; (iii) TransitionTS.  – setting transitions of plasmodium. The proposed lan-

guage can be used for developing programs for plasmodium motions by the spatial configura-

tion of stimuli. 

Let us consider a simple timed transition system shown as a graph structure in figure              

1 with the following timing constraints: 0=)( 1el , =)( 1eu , 0=)( 2el , =)( 2eu , 5=)( 3el

, 10=)( 3eu . 

 

Figure 1. An example of timed transition system. 

 

 
 

The code in the Physarum language has the following form:  

#TRANSITION_SYSTEM s1=new TS.State("s1");  

s1.setAsInitial; s2=new TS.State("s2");  

s3=new TS.State("s3");  

e1=new TS.Event("e1");  

t1=new TS.Transition(s1,e1,s2);  

e2=new TS.Event("e2");  

t2=new TS.Transition(s1,e2,s3);  

e3=new TS.Event("e3");  

e3.setTimingConstraints(5,10);  



 

t3=new TS.Transition(s2,e3,s3);  

  

The default timing constraints are 0  as a lower bound and   as an upper bound. 

As a result of programming the plasmodium transitions, we obtain spatial configura-

tions of stimuli presented in figure 2: (a) for the time instant 4=t , (b) for the time instant 

8=t , where P  is plasmodium, 
1

sA , 
2

sA , 
3

sA  are attractants, and R  is a repellent. It is easy 

to see that the event 3e  is allowed only if actual time ,10}{5,6,t . Therefore, in the model 

in figure 2(a), a repellent, avoiding the transition between states 
2s  and 3s  as a result of the 

event 3e , is present, i.e. it is activated.   

 

Figure 2. Spatial configurations of stimuli for the plasmodium motions. 

 

 
(a) 

 

 
(b) 

 

 

 

 

 

16.2. p-Adic valued probabilities and fuzziness 
 



 

 

We have supplemented our language with instructions enabling us to determine (in the 

simulation stage) possible properties of experiments in terms of the probability space:   

 

• psetTimeSte  – setting a time step from which the experiment starts, nt ,0,1,2,=  ,  

• setTimeEnd  – setting a time end when the experiment stops, ,0,1,2,= t ,  

• rdgetNeighCa  – getting a cardinality number of neighboring attractants for a given at-

tractant at the given psetTimeSte  and setTimeEnd ,  

• ardgetAccessC  – getting a cardinality number of attractants accessible for a given at-

tractant by protoplasmic tubes at the given psetTimeSte  and setTimeEnd .  

 

Instructions for the simulation stage are preceded with $ . Let us consider a simple timed 

transition system given earlier. 

If we add the following instructions to the code:   

 

$setTimeStep(0);  

$setTimeEnd(10);  

$getNeighCard(s2);  

$getAccessCard(s2);  

 

we obtain the following 3-adic streams: 

   

• 22222222222  for getting a cardinality number of neighboring attractants for 
2

sA ,  

• 11111222222  for getting a cardinality number of attractants accessible for 
2

sA .  

 

Thus, if we have 1p  neighbor attractants for 
2

sA , we deal with p -adic streams.                   

If (0)psetTimeSte  and )(setTimeEnd  we deal with infinite p-adic streams. All these 

streams including both finite and infinite can be identified with p-adic integers. Let us recall 

that each p-adic integer has a unique expansion  

 

,==
0=

10

t

t

t

t

t pppn  


   

 

where 1},{0,1,  pt  , Nt . This number sometimes has the following notation: 

0123= n , where t  can be interpreted as a value of   at time step ,0,1,2,= t . 

We have used the latter notation in our example. The set of p-adic integers is denoted by pZ . 

For more details about p-adic numbers, please see (Koblitz, 1984). Now, p-adic analysis is 

used in many applications including quantum mechanics (Vladimirov, Volovich 1989), (Vo-

lovich 1987). 



 

The set pZ  cannot be linearly ordered, but there are many possibilities to define a partial 

ordering relation. For example, we can assume that (i) for any finite p-adic integers           

N , , we have    in N  iff    in pZ ; (ii) each finite p-adic integer 0123= n  

(i.e. such that 0=i  for any ji > ) is less than any infinite number  , i.e.  <  for any 

N  and NZ \p ; (iii) each infinite p-adic integer   is less, than p-adic integer    iff 

tt    for all t  = 0, 1, 2,  Let us denote this ordering relation by 
p

ZO . We can see that there 

exist p-adic integers, which are incompatible by 
p

ZO . For example, let p  = 2 and let   rep-

resents the p-adic integer 1/3  =  10101 101 and   the p-adic integer 2/3  =  01010 010. 

Then the p-adic streams   and   are incompatible. Now we can define sup  and inf  digit 

by digit. Then if   , so  =),(inf  and  =),(sup . The greatest p-adic integer accord-

ing to our definition is xxxxxx=1 , where 1= px , and the smallest is 0 =  00000. 

Let us define the Boolean operations on attractants 
i

sA , 
j

sA , ... so that  

 
 :=)( sjsirdgetNeighCa   

 
 );(),(( sjrdgetNeighCasirdgetNeighCainf  

 
 :=)( sjsiardgetAccessC   

 
 );(),(( sjardgetAccessCsiardgetAccessCinf  

 
 :=)( sjsirdgetNeighCa   

 
 );(),(( sjrdgetNeighCasirdgetNeighCasup  

 
 )( sjsiardgetAccessC   

 
 );(),((:= sjardgetAccessCsiardgetAccessCinf  

 
 );(1:=)( sirdgetNeighCasirdgetNeighCa   

 
 ).(1:=)( siardgetAccessCsiardgetAccessC   

 

Let *  denote all attractants both activated and deactivated at each ,0,1,2,= t . It is 

a union of all attractants 
i

sA , 
j

sA , ... at each time step. Its subsets will be denoted by 

***, BA . 



 

Let us define p-adic fuzziness as follows: a p-adic fuzzy measure is a set function )(
p

ZF  

defined for sets 
***, BA , it runs over the set pZ  and satisfies the following properties:  

•  1=)( * 
p

ZF  and 0=)( *
p

ZF .  

• If ** A  and ** B  are disjoint, i.e. 
p

ZF(inf  )( *A , ))( *BF
p

Z
 = 0, then 

)( ** BAF
p

Z  = )( *AF
p

Z
 + )( *BF

p
Z

. Otherwise, )( ** BAF
p

Z  = )( *AF
p

Z
 + 

)((inf)( ** AFBF
p

Z
p

Z  , )((=))( ** AFsupBF
p

Z
p

Z
, ))( *BF

p
Z

.  

• If 
***, BA , then )( ** BAF

p
Z   = )(( *AFinf

p
Z

, ))( *BF
p

Z
.  

• )(1=)( ** AFAF
p

Z
p

Z   for all ** A , where *** \= AA  .  

 

A p-adic probability measure is a set function )(
p

ZP  defined for sets 
***, BA  thus:   

• 
p

p
Z

p
Z AFAP Z )(=)( **   

• 
p

p
Z BAP Q)( **  is characterized by the following constraint:  

 

,
)(

)(
=

)(

)(
=)(

*

**

*

**

**

BF

BAF

BP

BAP
BAP

p
Z

p
Z

p
Z

p
Z

p
Z



 

 

where 0)( * BP
p

Z
, )( ** BAP

p
Z   = )((inf *AP

p
Z

, ))( *BP
p

Z
.  

 

The measure )(
p

ZP  runs over the set pQ  of all p-adic numbers (not only integers).          

Notice that while pZ  is the ring of p-adic integers, pQ  is the field of p-adic numbers. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

16.3. States of knowledge and strategies of plasmodium 
 

 

Using p-adic valued fuzziness and probabilities, we can define games of plasmodia.             

So, in the given topology of attractants, active zones of plasmodia (initial states) can be con-

sidered players. Suppose, we have a set of N  players, call them i  = 1, ... , N . Agent i 's 

knowledge structure is a function iP  which assigns to each attractant *  a non-empty 

subset of * , so that each thing   belongs to one or more elements of each iP , i.e. *  is con-

tained in a union of iP , but iP  are not mutually disjoint. Then )(iP  is called i 's knowledge 

state at the attractant  . This means that if the actual state is  , the individual only knows 

that the actual state is in )(iP . 

We can interpret )(iP  probabilistically as follows: )(i
P  = :{  )|( iP

p
Z  0}> .     

Evidently that )|( iP
p

Z  0>  for all * , therefore for all * , )( iP . 

Now we consider the relation )(* iA P , where ** A , as the statement that at             

  agent i  accepts the performance *A :  

 

 )}.(:{= **  ii AAK P  (1) 

 

Let 
*

iB  mean ‘Attractants, which can be occupied by agent i ’. After several steps, we 

expect fusions of all protoplasmic tubes so that all attractants are occupying by all agents. 

Does it mean that we observe a union of 
*

iB ? No, it does not. We face just the situation that 

since a time step kt =  the sets 
*

iB  are intersected. Let 
*

iC  mean ‘Attractants accessible for the 

attractant iN  by protoplasmic tubes’. Assume, 
*

iB  and 
*

iC . Evidently, 0>)|( iP
p

Z

. As a consequence, we assume according to our definitions that each agent        i  knows   

at   and knows   at  , i.e. agent i  accepts the performance 
*

iB  at   and       i  accepts 

the performance 
*

iC  at  . 

Let getAcessSet(i, k) be a set of all attractants such that i  knows about them                            

at the given setTimeStep(t0) and setTimeStep(tk). A strategy of a player i  is a mapping 
*

, ),(: kietgetAccessSstrat ki  such that for any history knowledge getAcessSet(i, k) it 

is true that kistrat ,  belongs to the set of attractants accessible at k . 

 

 

16.4. Game-theoretic interfaces for plasmodium 
 



 

 

It is known due to the experiments performed by Andrew Adamatsky and Martin Grube 

that if there are only two agents of the plasmodium game, where the first agent is presented by 

a usual Physarum polycephalum plasmodium and the second agent by its modification called  

a Badhamia utricularis plasmodium, then both start to compete with each other. In particular, 

the Physarum polycephalum plasmodium grows faster and could grow into branches of Bad-

hamia utricularis, while the Badhamia utricularis plasmodium could grow over Physarum 

polycephalum veins. So, we face an interesting form of zero-sum games. 

The user interface for this game is designed on the basis of the following game steps: 

   

• first, the system of Physarum language generates locations of attractants and repellents;  

• second, we can chose n plasmodia/agents of Physarum polycephalum and m plasmo-

dia/agents of Badhamia utricularis;  

• third, we obtain the task, for example to reach as many as possible attractants or to con-

struct the longest path consisting of occupied attractants, etc.;  

• fourth, we can chose initial points for Physarum polycephalum transitions and initial 

points for Badhamia utricularis transitions;  

• fifth, we start to move step by step;  

• sixth, we define who wins, either Physarum polycephalum or Badhamia utricularis.  

 

Thus, the plasmodium game has the form of cycle of figure 3. 

 

Figure 3. The operative cycle of game-theoretic controller of plasmodium motions. 

 
 

In this game, we have two players (the first plays for the Physarum polycephalum plas-

modia, the second for the Badhamia utricularis plasmodia). The system places attractants and 

repellents automatically. Then the players choose which attractants are occupied before the 

game and which rules of the game hold (to reach as many as possible attractants or to con-

struct the longest path consisting of occupied attractants, etc.). Then the system shows who 

wins and who loses. 

 



 

 

Conclusion 
 

 

The plasmodium motion is an intelligent way of constructing expanding networks for 

solving complex tasks. This motion has the form of transitions determined by locations of 

attractants and repellents. On these transitions, it is possible to define p-adic probabilities 

which are used for defining a knowledge state of plasmodium and its game strategy in occu-

pying attractants as payoffs for the plasmodium. Consequently, the task of controlling the 

plasmodium motions is considered a game. 
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